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Abstract

The conformal structure of static, spherically symmetric electrovacuum black holes is
analysed from the point of view of Cauchy problem in General Relativity. Key tools in
this discussion are the extended conformal field equations and generalised conformal Gaus-
sian gauge systems. The implied evolution equations allow to construct global numerical
evaluations of the Schwarzschild and Reissner-Nordström spacetimes by solving a system of
transport equations. These transport equations are also used to discuss by analytic means the
behaviour of the conformal fields along some special conformal curves. Evidence is obtained
of the existence of a regular conformal representation of the extreme Reissner-Nordström
spacetime.

1 Introduction

The purpose of the present article is to discuss, from the perspective of an initial value problem,
certain aspects of the conformal boundary of spherically symmetric solutions, (M̃, g̃µν , F̃µν), to
the Einstein-Maxwell field equations with vanishing Cosmological constant

R̃µν −
1
2
g̃µνR̃ = F̃µλF̃

λ
ν −

1
4
g̃µν F̃λρF̃

λρ, (1a)

∇̃µF̃µν = 0, (1b)

∇̃[µF̃νλ] = 0, (1c)

where R̃µν denotes the Ricci tensor of the Lorentzian metric g̃µν , and F̃µν is the Faraday tensor.
As a consequence of the Birkhoff theorem the solutions are described by the Reissner-Nordström
family of solutions.

The structure of the the conformal boundary of the maximal analytic extension of the Reissner-
Nordström spacetime in general and the Schwarzschild spacetime in particular are well known and
can be found in several books —see e.g. [10, 9]. Despite this, to the best of the author’s knowledge,
the only place in the literature where a discussion of the conformal boundary from the point of
view of an initial value problem is the PhD thesis [17] which is the main inspiration of the present
analysis —see also [18]. The purpose of the present analysis is to identify conformal structures
which could be of potential use in the analysis of the non-linear stability of the Schwarzschild and
Reissner-Nordström spacetimes in particular, and the Kerr-Newman spacetime in general.

Notations and conventions

In what follows µ, ν, . . . will denote spacetime tensorial indices ranging 0, . . . , 3. The indices
α, β, . . . are spatial tensorial indices ranging 1, 2, 3. The signature convention for the Lorentzian
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metrics is (+,−,−,−). Thus, the induced metrics on spacelike hypersurfaces are negative definite.
The Latin indices i, j, . . . denote spacetime frame indices, while a, b, . . . correspond to spatial
frame ones. The indices A, B, . . . denote abstract spinor indices. The spinorial conventions of
Penrose & Rindler [14] will be followed throughout.

2 The Schwarzschild and Reissner-Nordström spacetimes

In this section we briefly discuss in an unified fashion some results concerning the Schwarzschild
and Reissner-Nordström spacetimes that will be used in the present article.

2.1 Basic expressions and coordinates

The line element and the Faraday tensor of the Reissner-Nordström spacetime is given in standard
coordinates (t, r̃, θ, ϕ) by

g̃ =
(

1− 2m
r̃

+
q2

r̃2

)
dt⊗ dt−

(
1− 2m

r̃
+
q2

r̃2

)−1

dr̃ ⊗ dr̃ + r̃2
(
dθ ⊗ dθ + sin2 θdϕ⊗ dϕ

)
,

F̃ =
q

2r̃2
dt ∧ dr̃.

All throughout it is assumed that
m > 0, m2 ≥ q2.

Isotropic coordinates (t, r, θ, ϕ) can be introduced via the coordinate transformation

r =
1
2

(
r̃ −m+

√
r̃2 − 2mr̃ + q2

)
, r̃ =

1
4r

(2r +m+ q)(2r +m− q),

so that one obtains the line element

g̃ =

(
1 +

q2 −m2

4r2

)2

(
1 +

m+ q

2r

)2(
1 +

m− q
2r

)2 dt2−
(

1 +
m+ q

2r

)2(
1 +

m− q
2r

)2 (
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
.

(2)
In these coordinates the Faraday tensor takes the form

F̃ =
q

2r2

(
1 +

q2 −m2

4r2

)
(

1 +
m+ q

2r

)(
1 +

m− q
2r

)dt ∧ dr. (3)

When q = 0 the expression (2) reduces to the well-known line element of the Schwarzschild
spacetime in isotropic coordinates:

g̃ =

(
1− m

2r

)2

(
1 +

m

2r

)2 dt2 −
(

1 +
m

2r

)4 (
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
.

2.2 Time symmetric initial data

From the expressions in the previous section one can readily construct time symmetric initial
data for the Reissner-Nordström and Schwarzschild spacetimes.

Let (S̃, h̃αβ , K̃αβ , F̃αβ) denote an initial data set for the Einstein-Maxwell field equations. If
S̃ is regarded as an hypersurface of an spacetime M̃, then the Faraday can be decomposed in its
electric and magnetic parts with respect to the normal to S̃. In what follows, we will consider time
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symmetric initial data sets —notice that as the spacetimes under consideration are static, there is
such data. For the case of Einstein-Maxwell system, time symmetric initial data sets are charac-
terised by the vanishing of both the extrinsic curvature K̃αβ and the magnetic part of F̃αβ . One
can readily verify that the hypersurface S̃ = {t = 0} of the Reissner-Nordström/Schwarzschild
spacetime is time symmetric —the spacetime has a discrete time reflexion symmetric with re-
spect to this surface. From expressions (2) and (3) it follows that the intrinsic metric h̃αβ of this
hypersurface and the corresponding electric part of the Faraday tensor are given by

h̃ = −φ2χ2δ, (4a)

Ẽ =
q

r2
φ−1χ−1dr, (4b)

with

φ ≡
(

1 +
m+ q

2r

)
, χ ≡

(
1 +

m− q
2r

)
.

and
δ = dr2 + r2dθ2 + r2 sin2 θdϕ2

the 3-dimensional flat metric —hence, the initial metric is conformally flat. If m > q the 3-
metric (4a) has two asymptotically Euclidean ends. In the extremal case, q = m, one has one
asymptotically Euclidean end and one trumpet-like end. The tensors h̃αβ and Ẽα as defined by
(4a)-(4b) satisfy the time symmetric constraints

r̃ = 2ẼαẼα,
D̃αẼ

α = 0.

3 Spinorial structures on the 3-sphere

The spacetimes to be analysed in the present article will be regarded as having spatial sections
which can be compactified to S3. In order to exploit the spherical symmetry of the setting, one
would like to introduce a frame formalism which makes this symmetry manifest. Frames of this
form are not globally defined on S3, thus one considers the conformal field equations on a bundle
manifold which is a subset of the bundle space-spinors over S3. This approach is inspired by the
discussion in [5] —see also [2].

Let ~~~ denote the (negative definite) standard metric of S3 in the spherical coordinates (ψ, θ, ϕ)
with 0 ≤ ψ ≤ π, 0 ≤ θ ≤ π and 0 ≤ ϕ < 2π. One has that

~~~ = −
(
dψ2 + sin2 ψdθ2 + sin2 ψ sin2 θdϕ2

)
. (5)

In what follows, the North Pole (ψ = 0) will be denoted by i1 while the South Pole (ψ = π) will
be denoted by i2.

3.1 The bundle manifold C(S3)

As mentioned previously, instead of working with S3, an associated bundle manifold C(S3) will be
considered. Let SU(S3) denote the bundle of normalised spin frames over S3 with structure group
SU(2,C) and projection π onto S3. It is convenient to think of S3 as a spacelike hypersurface
with future directed (spinorial) normal τAA′ of a 4-dimensional Lorentzian manifold (M, g) and
of the group SU(2,C) as

SU(2,C) = {tAB ∈ SL(2,C) | τAA′tAB t̄
A′

B′ = τBB′}.
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3.1.1 Construction

To obtain the manifold C(S3) one starts by choosing a fixed spin dyad δ∗A at i1. Any other spin
frame is of the form δA(t) = δ∗Bt

B
A, t = (tBA) ∈ SU(2,C). In particular, for some values of t,

the frame vector e3(t) = σ3
ABδA(t)δB(t) corresponds to the radial vector at i1. Keeping t fixed,

one then constructs the ~~~-geodesic starting at i1 that has tangent vector e3(t) and that ends at
i2. The coordinate ψ is an affine parameter of this geodesic that vanishes at i1. The spin dyad δA
is then propagated along the geodesic. For a particular value of ψ the spin dyad so constructed
will be denoted by δA(ψ, t). One then sets

C(S3) =
{
δA(ψ, t) ∈ SU(S3) | 0 ≤ ψ ≤ π

}
.

The bundle manifold C(S3) consists of two disconnected components I0
1 = {ψ = 0} and I0

2 =
{ψ = π}. One has that I0

1 ' I0
2 ' SU(2,C), so that the components of the boundary can be

regarded as the blow up of the points at infinity i1 and i2.

3.1.2 Lifts to C(S3)

Any smooth spinor field on S3 is represented on C(S3) by a spinor valued function given at
δA ∈ C(S3) by the components of the spinor in the dyad defined by δA. This procedure will be
referred to as the lift of the spinor field. The lift to C(S3) of any symmetric valence 2 spinor on
S3 can be spanned in terms of symmetric spinors xAB , yAB , zAB such that

xA
QxBQ = 1

2εAB , xBQyA
Q = 1√

2
yAB , xBQzA

Q = − 1√
2
zAB , yA

QzBQ = − 1
2
√

2
xAB + 1

4εAB ,

and yAQyBQ = zA
QzBQ = 0. Higher valence spinors can be spanned by suitable combinations of

these spinors and εAB —[5, 7].

3.1.3 Vector fields on C(S3)

The manifold C(S3) has a dimension more than S3. This extra dimension corresponds to the
action of the subgroup U(1) of SU(2,C). In what follows, we will use tAB ∈ SU(2,C) and ψ as
coordinates on C(S3). In order to obtain a calculus on C(S3), one considers a basis {X+, X−, X}
of the Lie algebra su(2,C), such that X is the generator of U(1) and one has the commutation
relations

[X,X+] = 2X+, [X,X−] = −2X−, [X+,X−] = −X,

and X+ and X− are complex conjugates of each other. These vector fields are extended to C(S3)
by the requirements

[∂ψ,X] = 0, [∂ψ,X+] = 0, [∂ψ,X−] = 0.

The vector fields ∂ψ, X, X± constitute a frame field on C(S3). A function f is said to have spin
weight s if Xf = 2sf , with s an integer. Any spinor-valued function on C(S3) has a well defined
spin weight —see [5]. To complete the discussion, one requires to consider forms α+, α− and α
which annihilate the the vector fields ∂τ and ∂ψ and have the non-vanishing pairings

〈α+,X+〉 = 〈α−,X−〉 = 〈α,X〉 = 1.

The normalisation conventions being used are such that 2(α+ ⊗ α− + α− ⊗ α+) pulls back to
the standard metric on S2.

3.1.4 Frame fields, solder forms and connection forms

The vector fields and 1-forms on C(S3) introduced in the previous subsection will be used to span
the following frame fields and corresponding solder forms:

eAB = xAB∂ψ + cscψ zABX+ + cscψ yABX−, (6a)
σAB = −xABdψ − 2 sinψ yABα+ − 2 sinψ zABα−. (6b)
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On has that
~~~ = hABCDσ

AB ⊗ σCD, 〈σAB , eCD〉 = hABCD,

where hABCD = −εA(CεD)B is the spinorial counterpart of −δab. The associated connection
coefficients γABCD an be computed using the spinorial version of the Cartan structure equations
and that S3 has constant curvature with Ricci scalar given, in the present conventions, by r = −6.
One has that

γABCD = 1
2 cotψ(εACxBD + εBDxAC). (7)

Covariant differentiation on C(S3) is performed using the standard rules. Let F denote the
lift to C(S3) of a smooth function, f , on S3. The covariant derivative DABf is represented on
C(S3) by eABF . In order to ease the notation, in what follows the same symbol will be used to
denote a function on S3 and its lift to C(S3) and write DABf = eABf . Using this convention, let
µAB denote the lift to C(S3) of the spinorial field µAB on S3. The lift of the covariant derivative
DABµCD is then given by

DABµCD = eABµCD − γABPCµPD − γABPDµCP .

Similar expressions hold for higher valence spinors.

4 The extended conformal evolution equations for elec-
trovacuum spacetimes

The conformal Einstein-Maxwell field equations have been first discussed in [3]. This formulation
of the conformal equations considered connections which are the Levi-Civita connection of some
metric. A formulation of the conformal Einstein-Maxwell field equations which allows for the
use of Weyl connections has been given in [13]. The latter system equations will be referred to
as the extended conformal field equations. The (extended) conformal equations allow to discuss
the solutions to Einstein-Maxwell field equations (1a)-(1c) in terms of an unphysical metric gµν
and and unphysical Faraday tensor Fµν related to the physical metric g̃µν and physical Faraday
tensor F̃µν according to the conformal rescaling

gµν = Θ2g̃µν , Fµν = Θ−1F̃µν (8)

for some (non-negative) conformal factor Θ. In what follows, let ∇̃, ∇ denote, respectively, the
Levi-Civita connections of the metrics g̃µν , gµν .

4.1 The fields of the extended conformal field equations

Given a metric g̃µν , its conformal class [g̃] is defined as the set of metric conformally related to
g̃µν . A Weyl connection ∇̂ is the defined as a torsion free connection (not necessarily Levi-Civita)
which respects the conformal structure of the conformal class of g̃ in the sense that

∇̂λg̃µν = −2bλg̃µν , ∇̂λgµν = −2fλgµν ,

for some 1-forms bµ and fµ. As a consequence of the rescaling (8), it follows that

bµ = Θ−1∇µΘ + fµ (9)

—see e.g. [4, 13]. In what follows, it will be convenient to consider a 1-form dµ defined via

dµ ≡ Θbµ. (10)

The extended conformal Einstein-Maxwell field equations discussed in [13] are equations relat-
ing the conformal factor Θ, the 1-form dµ, a g-orthonormal frame ei, the 1-form fµ, the connection
coefficients Γ̂ijk of the Weyl connection ∇̂, the components of the Schouten tensor P̂ij of ∇̂ with
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respect to ei, the components of the rescaled Weyl tensor dijkl and those of the rescaled Faraday
tensor Fij and its derivative ψijk ≡ ∇̂iFjk. In this formulation, the fields Θ and dµ are not subject
to differential equations, and can be fixed through gauge conditions. In the sequel a spinorial
version of the equations will be considered. The spinorial counterparts of the fields

ei, fi, Γ̂ijk, P̂ij , dijkl, Fij , ψijk

will be denoted, respectively, by

eAA′ , fAA′ , Γ̂AA′BC , P̂AA′BB′ , φABCD, ϕAB , ψAA′BC .

It this transcription to spinors, the symmetries of the various fields have been exploited. In
particular,

Γ̂AA′BC = Γ̂AA′(BC), φABCD = φ(ABCD), ϕAB = ϕ(AB), ψAA′BC = ψAA′(BC).

4.2 Gauge considerations

In order to extract a system of evolution equations from the extended conformal Einstein-Maxwell
equations, a gauge based on certain conformal curves will be employed —see [13].

4.2.1 Generalised conformal Gaussian systems

In what follows let ∇̂ be a Weyl connection obtained from the unphysical Levi-Civita connection
∇ using a 1-form fµ. In the case of an electrovacuum spacetime, the conformal curves introduced
in [13] are characterised by the conditions

ẋµ∇̂µẋν = 0, P̂µν ẋ
ν = 1

2Θ2
(
FµλF

λ
ν − 1

4gµνFλρF
λρ
)
. (11)

In the case of vacuum, these conditions reduce to the conformal geodesic equations of [4, 6].
A generalised conformal Gaussian system will be constructed using a congruence of conformal
curves. To this end, the g-orthonormal frame ei is propagated using the conditions

ẋµ∇̂µeiν = 0, e0
µ = ẋµ. (12)

The affine parameter of the conformal curves, τ will be used a time coordinate. Spatial coordinates
are extended off an initial hypersurface by requiring them to remain constant along a given
conformal curve. In [13] it has been shown that a generalised conformal Gaussian system satisfies
in addition to (11)-(12), the condition

Γ̂0
j
k = 0, ẋµfµ = 0. (13)

The spinorial version of the gauge conditions (11)-(13) is given by

τAA
′
Γ̂AA′BC = 0, τAA

′
fAA′ = 0, τAA

′
P̂AA′BB′ = 1

2Θ2τBB
′
φABφ̄A′B′ ,

where τAA
′

is the spinorial counterpart of ẋµ. It satisfies the normalisation τAA′τAA
′

= 2.

4.2.2 The a priori conformal boundary

The use of a conformal Gaussian gauge system allows an a priori identification of the conformal
boundary of the spacetime. In [4, 5, 11, 12, 13] it has been shown that if on the initial hypersurface
one sets

〈n, ẋ〉∗ = 1, Θ∗ = κ−1Ω, Θ̇∗ = Θ∗〈b, ẋ〉∗, b∗ = Ω−1dΩ, (14)

where at this stage Ω will be regarded as a non-negative scalar field on the initial hypersurface,
κ a further smooth function expressing the remaining conformal freedom in this gauge, and n is
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the unit normal to the initial hypersurface, then one obtains the following explicit expression for
the spacetime conformal factor Θ:

Θ = κ−1Ω
(

1 + 〈b, ẋ〉∗τ +
(

1
4 〈b, ẋ〉

2
∗ −

κ2

ω2

)
τ2

)
, ω ≡ 2Ω√

|h](dΩ,dΩ)|
, (15)

where the subscript ∗ indicates that the relevant quantity is constant along a given conformal
geodesic —its actual value defined at τ = 0. Furthermore, the components of the form dµ —see
equation (10)— with respect to a Weyl propagated frame ek satisfying (12) are given by

dk ≡ 〈d, ek〉 = (Θ̇,Θba∗).

For convenience, the a priori conformal boundary is defined as the set of points for which
Θ = 0. As it will be seen in the sequel, points in the a priori conformal boundary may not
be realised in the actual development of an initial data set of the electrovacuum Einstein field
equations.

As pointed out in [4, 11], in a conformal Gaussian system the relation (9) provides information
about the nature of the conformal boundary if fk ≡ fµek

µ and ek remain smooth at the points
for which Θ = 0 and dΘ 6= 0 one has that

g](dΘ,dΘ) = 0.

Thus, the part of the a priori conformal boundary for which dΘ 6= 0 corresponds to a null
hypersurface. The various parts of this null hypersurface are separated by caustic sets. Caustics
on the conformal boundary occur whenever Θ = 0 and dΘ = 0.

In the sequel, points for which κ−1Ω = 0 will correspond to the point at infinity of an
asymptotically Euclidean end. Clearly, for these points one has Θ = 0. A connected set of points
for which κ−1Ω = 0 and |τ | < τcritical where τcritical corresponds to the solutions to(

1 + 〈b, ẋ〉∗τ +
(

1
4 〈b, ẋ〉

2
∗ −

κ2

ω2

)
τ2

)
= 0,

will be called —following the terminology of [5]— a cylinder at spatial infinity. The sets for which
τ = τcritical will be called critical sets, and will be interpreted as the sets where null infinity meets
spatial infinity. It can be readily checked that the critical sets are caustic sets as dΘ = 0.

Another possibility for a caustic set occurs when at points for which Θ = 0 and dΩ = 0. It
can be readily checked that if this is the case then one indeed has dΘ = 0. As discussed in [11],
such points correspond to potential “Minkowski-like” timelike infinities. Using the formula of the
conformal factor one finds that the time location of the caustic is given by

τi+ = −2/〈b, ẋ〉∗.

In particular, if 〈b, ẋ〉∗ = 0, one has a conformal representation for which the potential timelike
infinity has no finite coordinate location.

Finally, it is noticed that the set of points for which Θ = 0 and dΘ 6= 0 can be grouped in
two categories: (i) those points corresponding to the end points of physical null geodesics, so
that these points can be considered as belonging to a null infinity in the spirit of the definition
of asymptotic simplicity —see e.g. [15]; (ii) those points which do not correspond to the end
points of null geodesics. In the sequel, the latter category of points will be ascribed to a Cauchy
horizon. Points in the conformal boundary with dΘ 6= 0 close to a critical point can be shown
to actually belong to a null infinity in the sense described in this paragraph. By continuity the
whole connected component of the conformal boundary will also be a null infinity.

Remark. The discussion in the previous paragraphs is only meaningful is the solutions to the
conformal evolution equations are regular at the points under discussion.
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4.3 Initial data

Initial data for the conformal evolution equations (21a)-(21d) it to be obtained from a suitable
solution to the conformal constraint equations. Given a solution (hαβ , χαβ ,Ω,Σ, Eα, Bα) to the
conformal Hamiltonian and momentum constraints

2ΩDαD
αΩ− 3DαΩDαΩ + 1

2Ω2r − 3Σ2

− 1
2Ω2

(
χ2 − χαβχαβ

)
+ 2ΩΣχ = Ω4 (EαEα +BαB

α) , (16a)

Ω3Dα(Ω−2χαβ)− Ω
(
Dβχ− 2Ω−1DβΣ

)
= Ω3εα

βγEβBγ , (16b)

and the conformal electromagnetic constraints

DαEα = 0, DαBα = 0, (17)

there is a definite procedure for the construction of a solution to the conformal constraint equations
—see e.g. [4, 16]. In the previous expressions hαβ denotes a (negative definite) 3-metric, χαβ is a
symmetric tensor corresponding to the extrinsic curvature of the initial unphysical manifold as a
hypersurface in the unphysical spacetime, Ω is a conformal factor relating the 3-metric hαβ to a
physical 3-metric h̃αβ , Σ denotes the derivative of the spacetime conformal factor in the direction
of the g-normal of the initial hypersurface and Eα and Bα denote two 3-vectors corresponding
to the initial values of the electric and magnetic fields. The explicit expressions relating the
unphysical data (hαβ , χαβ ,Ω,Σ, Eα, Bα) to the physical data (h̃α, χ̃αβ , Ẽα, B̃α) is given by

hαβ = Ω2h̃αβ , χαβ = Ω(χ̃αβ + Σh̃αβ), Eα = Ω−1Ẽα, Bα = Ω−1B̃α. (18)

4.4 The manifold Mκ

The unphysical spacetime metric g has the spinorial representation

g = εAB ε̄A′B′σAA
′
⊗ σBB

′
,

where σAA
′

is the spacetime solder form. All throughout it will be assumed that M is threaded
by a congruence of conformal curves with parameter τ with tangent vector given by τµ. The
spinor τAA

′
used in Section 3 is then related to the solder form σAA

′
via

〈σAA
′
,∂τ 〉 = 1√

2
τAA

′
.

Consistent with the discussion of Section 3, instead of considering the extended conformal field
equations on an unphysical spacetime (M, g) with the topology of R×S3, the field equations will
be lifted to a bundle manifold. To this end, given a non-negative function smooth function, κ,
we define

Cκ(S3) ≡
{
κ1/2δA | δA ∈ C(S3)

}
.

Using the extended bundle manifold Cκ(S3), one further defines

Mκ ≡
{

(τ, ψ, tAB) | τ ∈ [−τmax, τmax] ⊂ R, (ψ, tAB) ∈ Cκ(S3)
}
,

for some τmax > 0. Following the discussion of [5], it can be seen thatMκ is, in fact, a subbundle
of

CSL(M) =
{
λδA | δA ∈ SL(M), λ ∈ R+

}
,

where SL(M) denotes the bundle of normalised spin frames over M with structure group given
by SL(2,C). In particular, Cκ(S3) can be regarded as a submanifold of the extended bundle
CSL(M). Furthermore, it can be shown that τAA

′
, σAA

′
and the connection form associated

to the Weyl connection ∇̂ can be lifted to Mκ. The same procedure can also be applied to all
the conformal fields appearing in the extended conformal field equations. The lifts of all these
quantities will be denoted with the same symbols.

The manifold Cκ(S3) is diffeomorphic to C(S3), thus the coordinates ψ and tAB , as well as
the vector fields ∂ψ, X, X+ and X+ defined on C(S3) can be carried over in a natural way to
Cκ(S3). Furthermore, the coordinates can be extended to the whole of Mκ by requiring them to
remain constant along a given conformal curve. In the case of the vector fields, the extension is
obtaining by demanding that their commutator with ∂τ vanishes.
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4.5 Some expressions concerning the space spinor decomposition

The frame fields eAA′ are related to the frame forms via

〈σAA
′
, eBB′〉 = εB

Aε̄B′
A′
.

In terms of the vector fields ∂τ , ∂ψ, X± one has that

eAA′ = e0
AA′∂τ + e1

AA′∂ψ + e+
AA′X+ + e−AA′X−,

σAA
′

= σAA
′

0 dτ + σAA
′

1 dψ + σAA
′

+ α+ + σAA
′

− α−.

The space spinor decomposition of eAA′ and σAA
′

is given by

eAA′ = 1√
2
τAA′∂τ − τQA′eAQ,

σAA
′

= 1
2τ

AA′
(τPP ′σPP

′
) + τQ

A′
σQA,

with

eAB ≡ τ(AB
′
eB)B′ = e0

AB∂τ + e1
AB∂ψ + e+

ABX+ + e−X−,

σAB ≡ −τ (A
P ′σB)P ′

= σAB1 dψ + σ+
ABα+ + σ−

ABα−,

and
〈τAA′σAA

′
,∂τ 〉 =

√
2, 〈τAA′σAA

′
, eBC〉 = 0, 〈σAB , eCD〉 = hABCD.

Finally, we recall the space spinor split of the unphysical metric g:

g = 1
2 (τPP ′σPP

′
)⊗ (τQQ′σQQ

′
) + hABCDσ

AB ⊗ σCD. (19)

4.6 Structural properties of the conformal evolution equations

The procedure of hyperbolic reduction for the extended conformal Einstein-Maxwell field equa-
tions under the assumption of a generalised conformal Gaussian system has been discussed with
some detail in [13]. It makes use of a space-spinor formalism based on the spinor τAA

′
tangent to

the conformal curves. By means of this formalism, spinors with primed indices can be translated
to spinors with only unprimed indices which, in turn, can be readily decomposed in terms of
their irreducible decomposition. Thus, instead of dealing with the spinors eAA′µ, Γ̂AA′CD, fAA′

and P̂AA′CC′ , one considers their space-spinor counterparts eABµ, Γ̂ABCD, fAB and P̂ABCD. As
discussed in [3] readily allows the identification of constraints and hyperbolic evolution equations.

The detailed evolution equations —computed using the suited xAct for Mathematica will not
be required here. Instead, a schematic discussion of their structure will be provided. To this end,
let

υ ≡
(
es̄AB , Γ̂ABCD, P̂ABCD

)
, φ ≡ (φABCD) , ϕ ≡ (φAB) , ψ ≡ (ψABCD) , (20)

where it is understood that υ, φ, ϕ and ψ contain only the independent irreducible components of
the respective spinors. In terms of these quantities the conformal Einstein-Maxwell propagation
equations can be written as:

∂τυ = Kυ + Q(υ,υ) + R(ϕ,ψ) + T(φ,ψ,υ) + Lφ, (21a)(√
2E5×5 + A0

5×5

)
∂τφ+ Ar̄

5×5∂r̄φ = B(υ)φ+ M(ψ,ϕ) + N(ϕ,ϕ), (21b)(√
2E3×3 + A0

3×3

)
∂τϕ+ Ar̄

3×3∂r̄ϕ = C(υ)ϕ, (21c)(√
2E9×9 + A0

9×9

)
∂τψ + Ar̄

9×9∂r̄ψ = D(υ)ψ + U(υ,ϕ) + V(υ,φ) + W(υ,υ,φ), (21d)

where K denotes a matrix with constant coefficients, Q(υ,υ), R(ϕ,ψ) bilinear vector value
functions with constant coefficients and T(φ,ψ,υ) a trilinear vector valued function with constant
coefficients. On the other hand, L is a linear matrix-valued function with coefficients depending
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on the coordinates. Furthermore, E3×3, E5×5, E8×8 denote, respectively, the 3 × 3, 5 × 5 and
8 × 8 identity matrices, while As̄

3×3, As̄
5×5, As̄

9×9, s̄ = 0, . . . , 3 are 3 × 3, 5 × 5 and 8 × 8
Hermitian matrices depending on the coordinates. On the other hand B(υ), C(υ), D(υ) denote
constant matrix-valued linear function of the entries of υ, while M(ψ,ϕ), N(ϕ,ϕ), U(υ,ϕ),
V(υ,φ) denote bilinear functions with coordinate dependent coefficients. Finally, W(υ,υ,φ) is
a trilinear function.

Remark. It can be verified that the evolution system given by equations (21a)-(21d) is symmetric
hyperbolic. Furthermore, if these evolutions are satisfied, then the constraint equations implied by
the extended conformal Einstein-Maxwell equations propagate —that is, if they are satisfied on
an initial hypersurface, then they are also satisfied at latter time. For details on this see [4, 13].

5 Initial data for static electrovacuum black holes on C(S3)

In this section it is discussed how to make use of the time symmetric initial data for electrovacuum
black holes discussed in Subsection 2.2.

5.1 Compactification to S3

The (negative definite) standard metric on S3, equation (5) is related to the flat metric in spherical
coordinates

δ = dr2 + r2dθ2 + r2 sin2 θdϕ2,

with (r, θ, ϕ), 0 ≤ r < ∞, 0 ≤ θ ≤ π and 0 ≤ ϕ < 2π via a conformal rescaling and a change of
coordinates. More precisely, one has

~~~ = −ω2δ,

with
ω =

2
α

sin2 ψ

2
, r(ψ) = α cot

ψ

2
,

and where α is a positive constant which will be fixed in the sequel. This conformal transformation
sends the point at infinity in R3 to the North Pole of S3 (ψ = 0), and the origin to the South
Pole (ψ = π). From the discussion in the previous paragraphs and the expression (4a) for the
3-metric h̃ it follows that

h̃ = −φ2χ2δ = −φ2χ2ω−2~~~ = −Ω2~~~, Ω ≡ ωφ−1χ−1.

A short computation then shows that

Ω =
2
α

sin2 ψ

2(
1 +

(m+ q)
2α

tan
ψ

2

)(
1 +

(m− q)
2α

tan
ψ

2

) .
5.1.1 Non-extremal black holes

In order to simplify the analysis of the Schwarzschild and non-extremal Reissner-Nordström so-
lutions, the constant α will be chosen such that at ψ = π/2 one has dΩ = 0. This requirement
yields

α = 1
2

√
m2 − q2, if m2 > q2.

Thus, one obtains the following conformal factor

Ω =
4√

m2 − q2

sin2 ψ

2(
1 +

√
m− q
m+ q

tan
ψ

2

)(
1 +

√
m+ q

m− q
tan

ψ

2

) . (22)
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In the uncharged case this expression reduces to

Ω =
4
m

sin2 ψ

2(
1 + tan

ψ

2

)2 . (23)

For future reference it is noticed that

Ω =
ψ2√

m2 − q2
+O(ψ3), Ω =

(ψ − π)2√
m2 − q2

+O
(
(ψ − π)3

)
.

Remark. The locus of points for which dΩ = 0 (i.e. ψ = π/2) corresponds to the bifurcation
sphere —a minimal surface for the physical 3-metric h̃.

5.1.2 Extremal black holes

The intrinsic asymmetry of the initial data for the extremal Reissner-Nordström spacetime does
not allow to have dΩ = 0 at ψ = π/2. Thus, for simplicity, in this case we will set α = 1. The
conformal factor takes then the form

Ω =
2 sin2 ψ

2(
1 +m tan

ψ

2

) . (24)

The location of the interior extrema of Ω will depend on the value of Ω via the solution of a cubic
equation. The behaviour of the conformal factor at i1 and i2 is given, respectively, by

Ω = 1
2ψ

2 +O(ψ3), Ω = − 1
m

(ψ − π) +O
(
(ψ − π)2

)
. (25)

Observation. A short computation with the conformal factor (22) shows that

lim
q→±m

Ω =
1
m

sinψ.

This conformal factor corresponds to a physical metric h̃ with 2 trumpet asymptotic ends. This
3-metric, together with its initial electric field should give rise to a spacetime with 2 timelike
singularities similar to that of the extremal Reissner-Nordström spacetime. This solution does
not describe a black hole spacetime as there is no asymptotically Euclidean end and, hence, no
null infinity. This computation also shows clarifies why for initial data for the extremal Reissner-
Nordström spacetime one cannot use the constant α to have dΩ = 0 at ψ = π/2.

5.1.3 The initial electric field

A computation using the formulae of the previous subsection together the transformation rules
(18) and the expression (4b) for the initial physical electric field implies that

E = −q csc2 ψ dψ, (26)

independently of the choice made for the constant α. Notice that this expression is singular at
both i1 and i2.
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5.2 Construction of non-time symmetric data

The triple (~αβ ,Ω, Eα) with ~αβ given by the line element (5), Ω by either expression (22) or (24)
and Eα given by (26) constitute a solution to the conformal constraints, equations (16a)-(16b)
and (17), with χαβ = 0, Σ = 0. This initial data naturally leads to a spacetime factor Θ with
Θ̇∗ = 0 —see expressions (14) and (15) . In order to accommodate conformal factors for which
Θ̇ 6= 0, one has to consider data sets with non-vanishing Σ. From the transformation rules (18) it
follows that if Σ 6= 0, then the unphysical second fundamental form is non-zero even if χ̃αβ = 0.
More precisely, one has that

χαβ = −Ω−1Σ ~αβ . (27)

It can be verified that (~αβ , χαβ ,Ω,Σ, Eα) with ~αβ , Ω, Eα as given by (5), (22) or (24) and (26),
together with a smooth choice of Σ and and associated χαβ given by expression (27) is a solution
to the conformal constraints (16a)-(16b) and (17) with Bα = 0.

5.3 Initial data for the conformal evolution equations

As discussed in for example [1], given a solution to the conformal Hamiltonian and momentum
constraints (16a)-(16b) one can use the conformal constraint equations to construct initial data
for the conformal evolution equations —see also [5]. The relevant expressions for the spinorial
counterparts of the Weyl and Schouten tensors are given, for the class of initial data sets under
consideration, by

P̂ABCD = −κ2Ω−1D(ABDCD)Ω− 1
2κ

2hABCD − κ2Ω2E(ABECD) − κ2Ω−1Σ,

φABCD = κ3Ω−2D(ABDCD)Ω + κ3ΩE(ABECD).

Furthermore, one also has that

χABCD = κ2Ω−1ΣhABCD, ϕAB = κ2EAB ,

where EAB is the spinorial counterpart of the (unphysical) electric given by expression (26):

EAB = −q csc2 ψ xAB .

For the remaining conformal fields one has the following initial data:

e0
AB = 0, e1

AB = κxAB , e+
AB = κ cscψ zAB , e−AB = κ cscψ yAB ,

ξABCD = 1√
2
κ cotψ(εACxBD + εBDxAC)− 1√

2
(εACκBD + εBDκAC) ,

fAB = κAB ,

with κAB = eABκ, and Ω given by expressions (22) or (24). If κ = 1 and Σ = O(1) at i1 one has
that

φABCD = O(ψ−3), ϕAB = O(ψ−2), χABCD = O(ψ−2).

A similar behaviour holds for non-extremal data at i2 if Σ = O(1) there. For extremal data one
has at i2 that

φABCD = O
(
(ψ − π)−2

)
, ϕAB = O

(
(ψ − π)−2

)
, χABCD = O

(
(ψ − π)−2

)
.

This singular behaviour of the initial data at i1 and i2 can removed by choosing κ = O(ψ2) and
κ = O((ψ − π)2). In what follows, for concreteness, the choice

κ = sinψ

will be adopted.
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6 The conformal evolution equations for spherically sym-
metric electrovacuum spacetime

In this section a discussion of the properties of the evolution equations for spherically symmetric
electrovacuum spacetimes is provided. In particular, it is shown that the essential dynamics of
these evolution equations is governed by a certain subset of equations which will be referred to as
the core system. The core system allows for simplified numerical and analytical considerations.

6.1 The general spherically symmetric Ansatz

Following up from the discussion of subsection (4.6), one has that the unknowns appearing in the
electrovacuum conformal evolution equations (21a)-(21d) are given by the irreducible components
of the spinors in (20). These spinors are to be understood as the lift to C(S3) of the corresponding
spinors on S3. As such, they possess a well defined spin-weight. In the present context, spinors
having spherical symmetry are invariant under the action of SU(2,C) —in other words, they can
only be made up from irreducible components having spin weight zero which vanish upon the
application of the operators X±. The more general Ansatz for the spinors of (20) satisfying these
requirements is given by:

e0
AB = e0xAB , e1

AB = e1xAB , e+
AB = e+zAB , e−AB = e−yAB , (28a)

ξABCD = ξ2ε
2
ABCD + 1

3ξhhABCD + 1√
2
ξx(εACxBD + εBDxAC), (28b)

χ(AB)CD = χ2ε
2
ABCD + 1

3χhhABCD + 1√
2
χx(εACxBD + εBDxAC), (28c)

fAB = fxAB , (28d)
PABCD = θ2ε

2
ABCD + 1

3θhhABCD + 1√
2
ϑx(εACxBD + εBDxAC) + 1√

2
θxεABxCD, (28e)

φABCD = φε2ABCD, (28f)
ϕAB = ϕxAB , (28g)
ψABCD = ν2ε

2
ABCD + 1

3νhhABCD + 1√
2
νx (εACxBD + εBDxAC) + µxεABxCD, (28h)

where the various numerical coefficients in the above expressions have been introduced for con-
venience. Notice that save for e+

AB and e−AB which are paired with the operators X+ and X−, all
the other spinors are constructed by combinations of the spinors xAB and εAB .

In addition, spherical symmetry requires the vanishing of the magnetic parts of φABCD and
ϕAB . This is equivalent to requiring φABCD and ϕAB to be real spinors. It follows that

φ = φ̄, ϕ = ϕ̄.

The substitution of the Ansatz (28a)-(28h) into the conformal evolution equations renders
equations for the functions ξ2, ξh, χx and ϑx which are homogeneous in these unknowns —the
precise form of the equations will not be required here. In subsection 6.3.2 it will be seen that
the initial data for these evolution equations is given by ξ2 = ξh = χx = ϑx = 0 on C(S3). It
follows from a standard argument that the homogeneous form of the evolution equations implies

ξ2 = ξh = χx = ϑx = 0 for all times. (29)

Thus, they will be dropped from all subsequent considerations.

The unphysical metric

As a consequence of the spherically symmetric Ansatz discussed in the previous subsection, one
has that

τPP ′σPP
′

=
√

2
(

dτ − e0
x

e1
x

dψ
)
,

σAB = − 1
e1
x

xABdψ − 2
e+
z
yABα+ − 2

e−y
zABα−.
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From these expressions, and taking into account expression (19), it follows that the unphysical
metric, g, is given by

g = dτ ⊗ dτ − e0
x

e1
x

(dτ ⊗ dψ + dψ ⊗ dτ)−

(
1

(e1
x)2
−
(
e0
x

e1
x

)2
)

dψ ⊗ dψ − 1
e+
z e
−
y

dσ2.

6.2 The derivatives of the Maxwell spinor

A peculiarity of the electrovacuum evolution system (21a)-(21d) is that it includes the spinorial
field ψABCD which corresponds to the (Weyl) covariant derivatives of the Maxwell spinor ϕAB .
In spherical symmetry the non-vanishing components of ϕAB can be expressed in terms the
Maxwell spinor and the components of the connection. Hence, it is not necessary to consider
evolution equations for the spinorial field ψABCD. In order to see this one considers the spinorial
Maxwell equation rewritten in terms of the Weyl connection, ∇̂QA′φBQ = fQA′φBQ. Combining
this equation with the spherically symmetric Ansatz (28a)-(28h) it follows that ∇̂QA′φBQ = 0.
Hence, in spherically symmetry one has the symmetry ψA

B
CD = ψ(A

B
CD). From here one

concludes that
µx = −2

√
2νx, νh = 0.

A further computation using the explicit expression of ∇AA′ϕBC in terms of the frame derivative
eAA′ϕCD and connection coefficients together with the Ansatz (28a)-(28h) shows that

ν2 = −6 (ξx + f)ϕ, νx = 1
6 (χ2 + 2χh)ϕ,

where the Maxwell constraint equation τPA
′∇QA′ϕPQ = 0 has been used to eliminate the “radial”

derivative ∂ψϕ.

6.3 The spherically symmetric conformal Einstein-Maxwell evolution
equations

A lengthy computation using the suite xAct for spinorial and tensorial manipulations for Mathematica
which takes into account the vanishing components given by (29), yields the following spherically
symmetric conformal evolution equations

∂τe
0 = 1

3 (χ2 − χh)e0 − f, (30a)

∂τe
1 = 1

3 (χ2 − χh)e1, (30b)
∂τe
± = − 1

6 (χ2 + 2χh)e±, (30c)
∂τf = 1

3 (χ2 − χh)f + θx, (30d)
∂τξx = − 1

6 (χ2 + 2χh)ξx − 1
2χ2f − θx, (30e)

∂τχ2 = 1
6 (χ2 − 4χh)χh − θ2 + Θφ, (30f)

∂τχh = − 1
6χ

2
2 − 1

3χ
2
h − θh − 3

4Θ2ϕ2, (30g)

∂τθx = 1
3 (χ2 − χh)θx − 1

3dxφ+ 1
2dxΘϕ2 − 1

4Θ2ϕ2f, (30h)

∂τθ2 = 1
6 (χ2 − 2χh)θ2 − 1

3χ2θh − Θ̇φ−ΘΘ̇ϕ2 + 3
4Θ2χ2ϕ

2 + Θ2χhϕ
2, (30i)

∂τθh = − 1
6χ2θ2 − 1

3χhθh + 1
4Θ2χhϕ

2 −ΘΘ̇ϕ2, (30j)

∂τφ = − 1
2 (χ2 + 2χh)φ− 1

2Θχ2ϕ
2 −Θχhϕ2 + Θ̇ϕ2, (30k)

∂τϕ = − 1
3 (χ2 + 2χh)ϕ. (30l)

The most remarkable feature of this system is that it consists entirely of transport equations
along the congruence of conformal curves upon which our gauge is based. The functions Θ and Θ̇
are explicit functions of the coordinates (τ, ρ) constructed following the discussion of subsection
4.2.2 and formula (15), while dx = κ−1Ω′, where ′ denotes differentiation with respect to ψ.
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6.3.1 The core system of evolution equations

The dynamics of the evolution system (30a)-(30k) is driven by a limited subset of equations. In
what follows, let

X ≡ χh + 1
2χ2, P ≡ θh + 1

2θ2.

It follows then that equations (30f)-(30g), (30i)-(30j) and (30k) implies the system:

∂τP = − 1
3XP −

1
2 Θ̇φ+ 3

4Θ2Xϕ2 − 3
2ΘΘ̇ϕ2, (31a)

∂τX = − 1
3X

2 − P + 1
2Θφ− 3

4Θ2ϕ2, (31b)

∂τφ = −Xφ−ΘXϕ2 + Θ̇ϕ2, (31c)
∂τϕ = − 2

3Xϕ. (31d)

These equations will be referred to as the core system. Notice that these equations are entirely
decoupled from the rest of the other evolution equations. The evolution of the remaining field
variables can be integrated once the solution to (31a)-(31d) is known. Equation (31a) has the
structure of a Riccati equation with source terms. It is the key to understand the dynamics of
the core system.

6.3.2 Initial data for the spherically symmetric evolution equations

A direct computation using the expressions (6a) and (7) of Section 3.1.4 shows that

DABΩ = Ω′xAB ,
D(ABDCD)Ω = 2(Ω′′ − cotψΩ′)ε2ABCD,

where ′ denotes differentiation with respect to ψ. From these expressions, following the discussion
of Section 5.3 and taking into account the choices κ = sinψ, Σ = 0, it follows that on Cκ(S3) one
has:

e0
AB = 0, e1

AB = sinψ xAB , e+
AB = zAB , e−AB = yAB , (32a)

ξABCD = 0, χ(AB)CD = 0, fAB = cosψ xAB , (32b)

ΘABCD = −2 sin2 ψ
(
Ω−1 (Ω′′ − cotψΩ′) + q2Ω2 csc4 ψ

)
ε2ABCD − 1

2 sin2 ψhABCD, (32c)

φABCD = 2 sin3 ψ
(
Ω2(Ω′′ − cotψΩ′) + q2Ω csc4 ψ

)
ε2ABCD, (32d)

ϕAB = qxAB . (32e)

6.4 Thea priori conformal factor and 1-form d

If 〈b, ẋ〉∗ = 0, then formula (15) renders an a priori conformal factor Θ of the form

Θ = cscψΩ
(

1− sin2 ψΩ′2

4Ω2
τ2

)
. (33)

The time and space components of the 1-form d are, respectively, given by

Θ̇ = − 1
2 sinψΩ−1Ω′2τ, dAB = cscψΩ′xAB .

In what follows a discussion of the implications of expression (33) for the various choices of
Ω discussed in Sections 5.1.1 and 5.1.2 will be given. In the sequel, all the expressions will be
time symmetric. Hence, for simplicity the discussion is it assumed that τ ≥ 0. The discussion for
τ ≤ 0 is analogous.

15



J2
+J1

+

i2
+

i1
+

�

�
I2

+I1
+

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Ψ

0.5

1.0

1.5

2.0

2.5

3.0
Τ

Figure 1: Plot of the a priori conformal boundary for the Schwarzschild spacetime with m = 2.
The dashed lines indicate the parts of the boundary not realised in the spacetime. The thick line
corresponds to the location of the singularity, I+

1 and I+
2 denote the cylinders at spatial infinity,

I +
1 and I +

2 correspond to the two components of future null infinity, while i+1 and i+2 are the
future timelike infinities. This plot has been computed numerically.

6.4.1 A priori conformal factor for Schwarzschild initial data

For the Schwarzschild spacetime, the conformal factor, Ω, of the initial is given by expressions
(23).

The conformal factor satisfies Ω = 0 at ψ = 0, π. Furthermore, dΩ = 0 at ψ = 0, π/2, π. By
contrast, dΘ∗ = cscψdΩ 6= 0 at ψ = 0, π. The locus of points on Mκ for which Θ = 0 —with Θ
as given by equation (33)— can be readily computed —see Figure 1. Notice, however, that not
all the points in I are actually realised —as it will be discussed in the sequel, for certain values
of ψ, the solutions to the conformal evolution equations become singular before the conformal
boundary is reached. Let ψ = ψ denote the value of the ψ coordinate of the first conformal
geodesic for which the solution to the conformal evolution equations vanishes. Because of the
symmetry of Ω, ψ = π − ψ will denote the value of the ψ coordinate of the last conformal
geodesic with a singular behaviour of the conformal evolution equations.Then, the set of points
for which Θ = 0 with ψ ∈ (0, ψ ) ∪ (π − ψ , π) correspond to future null infinity, I +.

Also of interest are the points for which Θ = 0 and dΘ = 0 simultaneously. A computation
for Θ as given by (33) with Ω given by (23) shows that this occurs if and only if ψ = 0, π and
τ = ±1. These correspond to the critical sets where spatial infinity and null infinity meet. Let
I1 and I2 denote the sets of points for which |τ | < 1 and ψ = 0, π —these correspond to the
cylinders at spatial infinity first discussed in [5].

6.4.2 A priori conformal factor for non-extremal Reissner-Nordström initial data

For the non-extremal Reissner-Nordström spacetime, the conformal factor for the initial data is
given by (22).

As in the Schwarzschildean case one has that dΘ 6= 0 at ψ = 0, π unless τ = ±1. Again, the
locus of points on Mκ for which Θ = 0 can be readily computed —see Figure 2. Again, not all
of these points will be realised in the actual solution to the conformal evolution equations.

In the sequel it will be seen that locus of point for which Θ = 0 contains two point located
symmetrically about π/2 at which the solutions to the conformal evolution equation equations are
singular. Let ψ = ψ , π−ψ denote the values of the radial coordinate for which this occurs, and
let τ be the corresponding value of τ obtained from solving Θ = 0 with ψ = ψ , π−ψ . As in the
Schwarzschildean case, the set of points for which Θ = 0 and ψ ∈ (0, ψ )∪ (π−ψ , π) correspond
to future null infinity, I +. The set of points, H +, for which Θ = 0 with ψ ∈ (ψ , π − ψ ) also
belong to the a priori conformal boundary. However, these cannot be considered as belonging to
future null infinity —instead, they correspond to the Cauchy horizon.
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Figure 2: Plot of the a priori conformal boundary for the non-extremal Reissner-Nordström
spacetime with m = 2, q = −1. The dashed lines indicate the parts of the a priori boundary
corresponding to the Cauchy horizon. The cylinders at spatial infinity are denoted by I+

1 and
I+

2 , I +
1 and I +

2 correspond to the two components of future null infinity, while i+1 and i+2 are
the future timelike infinities —the starting point of the timelike singularities. This plot has been
computed numerically.

As in the case of the Schwarzschild spacetime, the critical sets where spatial infinity and null
infinity meet are given by the conditions Θ = 0 and dΘ = 0 simultaneously. A computation
shows, again, that this occurs if and only if ψ = 0, π and τ = ±1. Anew, we define the cylinders
at spatial infinity I1 and I2 by the conditions |τ | < 1, ψ = 0, π.

6.4.3 A priori conformal factor for extremal Reissner-Nordström initial data

In the case of the extremal Reissner-Nordström spacetime, the conformal factor for the initial
data is given by equation (24). A plot of the corresponding a priori conformal boundary is given
in Figure 3.

Close to ψ = 0, the conformal factor Ω behaves like the one of the Schwarzschild and non-
extremal Reissner-Nordstróm spacetimes. In particular at ψ = 0, τ = ±1 one has as in those
cases, the critical set given by Θ = 0, dΘ = 0, where spatial infinity meets null infinity. The
cylinder at spatial infinity I1 (where Θ = 0) is given by the conditions |τ | < 1, ψ = 2. The
situation at the trumpet end ψ = π is, by contrast, completely different. From the expansions
(25) it follows that although Ω = 0 at ψ = π, one nevertheless has that Θ∗ = cscψΩ 6= 0 at ψ = π.
It follows then from formula (33) that Θ = 0 at ψ = π only if τ = ±2. A direct computation
shows that dΘ = 0 at τ = ±2, ψ = π. However, in this case one does not have a critical set nor
a cylinder at spatial infinity as Θ 6= 0 for ψ = π, τ ∈ (−2, 2).

Let ψi+ denote the value of the ψ coordinate for which d Ω = 0 —recall that in the extremal
case this point depends on m. The set of points for which Θ = 0 with ψ ∈ (0, ψi+), τ > 0 will
correspond to future null infinity, I +. The set of points, H +, for which Θ = 0 with τ > 0,
ψ ∈ (ψi+, π] although by definition belonging to the conformal boundary, cannot be regarded as
belonging to future null infinity, but have to be identified with the Cauchy horizon. The value
ψ = ψi+ corresponds to the spatial location of timelike infinity, i+, which because of the gauge
choice 〈b, ẋ〉∗ = 0 has no finite coordinate location in this conformal representation.

Notice, finally, that in this conformal representation the point at infinity in the trumpet
asymptotic end i2, with coordinates (τ = 0, ψ = π) is disconnected from the starting point of
the Cauchy horizon (τ = 2, ψ = π). The standard Penrose diagram of the extremal Reissner-
Nordström spacetime indicates that the timelike singularity of the spacetime starts at the point at
infinity in the trumpet end. However, as it will be seen in the sequel, in the present representation
the numerical integration of the conformal evolution equations along the conformal geodesic with
ψ = π does not show the existence of singularities.
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Figure 3: Plot of the a priori conformal boundary for the extremal Reissner-Nordström spacetime
with m = 2, q = −2. The dashed curve indicates the part of this boundary that is to be identified
with the Cauchy Horizon, H—notice that this curve is disconnected from the initial hypersurface.
The cylinder of the asymptotically Euclidean end is denote by I . This conformal representation
does not have a finite location for future timelike infinity, i+.
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Figure 4: Plots for the numerically constructed solutions to the core system for the Schwarzschild
spacetime with m = 2 along the conformal geodesics described by the conditions ψ = π/4 and
ψ = π/2. The conformal geodesic with ψ = π/4 reaches null infinity at τ ≈ 1.7836. The conformal
geodesic with ψ = π/2 blows up at τ ≈ 2.0137. The value of ψ is found to lie in the interval
(1.0086, 1.0192).

7 Numerical solutions to the evolution equations

In this section we discuss numerically constructed solutions to the core evolution equations (31a)-
(31d) for initial data sets with choices of the parameters m and q corresponding, respectively,
to data for the Schwarzschild, non-extremal and extremal Reissner-Nordström spacetimes. For
simplicity, generalised conformal Gaussian systems with 〈b, ẋ〉∗ = 0. The numerical computations
have been carried out with the numerical integrator routine for ordinary difference equations of
Mathematica which is accurate enough for the purposes of the present analysis.

7.1 The Schwarzschild spacetime

Consistent with the discussion of Section 6.4.1, the numerical integration of the core system
equations (31a)-(31c) for initial data for the Schwarzschild spacetime reveals the existence of
two types of conformal geodesics. The first class consists of conformal geodesics for which ψ ∈
[0, ψ )∪ (π−ψ , π], the solutions of the core system remain regular and bounded up to the value
of τ for which Θ = 0. Furthermore, integration can be continued past this value of τ to yield a
solution which remains regular. The second class of conformal geodesics is given by the condition
ψ ∈ [ψ , π − ψ ]. In this case the numerically constructed solutions blow up before one reaches
the value of τ for which Θ = 0. These computations are in agreement with those reported in
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Figure 5: Plots of the numerically constructed solutions to the core system for the non-extremal
Reissner-Nordstróm spacetime with m = 2 and q = −1 along the conformal curves described
by the conditions ψ = π/4 and ψ = π/2. The conformal curve with ψ = π/4 reaches null
infinity at approximately τ ≈ 1.8242. The conformal geodesic with ψ = π/2 can be integrated
up to arbitrarily large values of τ and exhibits the strong oscillatory behaviour first discussed in
[8]. This solution is at all times regular —the graph has been cut in the τ -axis for the ease of
presentation. The value of ψ is found to lie in the interval (1.040, 1.0507).

[17, 18].

Figure 4 provides plots of the numerically constructed solutions of the core system for two
prototypical conformal geodesics for the Schwarzschild spacetime with m = 2. Similar behaviour
is observed for other values of m.

7.2 The non-extremal Reissner-Nordström spacetime

Consistent with the discussion in Section 6.4.2, the numerical integration of the solutions to the
core system (31a)-(31d) reveals two different behaviours of the solution according to whether ψ ∈
[0, ψ )∪(π−ψ , π] or ψ ∈ (ψ , π−ψ ). In the case of conformal curves with ψ ∈ [0, ψ )∪(π−ψ , π]
one obtains a behaviour similar to that of analogous curves in the Schwarzschild spacetime:
the numerically constructed solutions to the core system remain regular up to and beyond the
corresponding value of τ corresponding to the location of future null infinity. For conformal curves
with ψ ∈ (ψ , π−ψ ), the numerically constructed solutions are found to be regular, but present
a very strong oscillatory behaviour. The number of oscillations increases as one approaches to
the conformal curve with ψ = π/2 —where, presumably, one has an infinite number of these.
This oscillatory behaviour was first discussed in [8]. Presumably, numerically solutions along the
conformal curves with ψ and π−ψ blow up in finite time in the same way as, say, the solutions
along the conformal geodesic with ψ = π/2 in the Schwarzschild spacetime.

Figure 5 provides plots of the numerically constructed solutions to the core system for two
prototypical conformal curves in the non-extremal Reissner-Nordström spacetime with m = 2,
q = −1. Similar behaviour is observed for other values of the parameters.

7.3 The extremal Reissner-Nordström spacetime

Consistent with the discussion in Section 6.4.3, the behaviour of the solutions to the core sys-
tem for extremal Reissner-Nordström spacetime can be grouped in two categories. The first
corresponds to those conformal curves with ψ ∈ [0, ψi+), for where the solutions remain regular
up to and beyond future null infinity. The other second one is that of conformal curves with
ψ ∈ (ψi+ , π]. The solutions along these conformal geodesics remain, again, regular along the
conformal curves, up to and beyond the Cauchy horizon. This is the case even for the conformal
curve with ψ = π, corresponding to the location of the timelike singularity in the physical extremal
Reissner-Nordström spacetime. This is a remarkable property of this conformal representation of
the spacetime and may prove of great utility in applications. The two regimes are separated by
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Figure 6: Plots of the numerically constructed solutions to the core system for the extrema
Reissner-Nordström spacetime with m = 2, q = −2 along the conformal curves with ψ =
π/3, 1.8484, 5π/6. For the conformal curve with ψ = π/3, the integration was carried out up
to future null infinity at τ ≈ 2.0745. The conformal curve with ψ = 1.8484 is the one passing
through future timelike infinity —the solutions along this curve can be integrated up to arbitrarily
large value of τ . The solutions to the core system along the conformal curve with ψ = 5π/6 are
integrated up to the location of the Cauchy horizon at τ ≈ 2.6742.

the conformal curve passing through future timelike infinity given by ψ = ψi+ . Along this curve
one observes a very fast decay of the Weyl and Maxwell spinors.

Figure 6 provides plots of the numerically constructed solutions of the core system along three
different conformal curves of the extremal Reissner-Nordström with m = 2, q = −2. Similar
behaviour is observed for other values of the parameters.

8 Behaviour on selected conformal curves

The structure of the core evolution system suggests the possibility of carrying out an analytic
discussion of the various fields along certain selected conformal curves: those starting at the
spatial infinities and at interior points where dΘ∗ = 0. The analysis presented is of potential
relevance in applications and serve, also, as check of the numeric computations.
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8.1 The Schwarzschild and non-extreme Reissner-Nordström space-
times

8.1.1 Conformal curves starting at the spatial infinities

At the spatial infinities of the Schwarzschild and non-extremal Reissner-Nordström one has that
Θ = Θ̇ = 0. Hence, the core evolution equations reduce to

∂τP = − 1
3XP, (34a)

∂τX = − 1
3X

2 − P, (34b)
∂τφ = −Xφ, (34c)
∂τϕ = − 2

3Xϕ. (34d)

The initial data for these equations is given by

P (0) = − 1
2 , X(0) = 0, φ(0) = −6m, ϕ(0) = q.

It can be readily verified that the solution to equations (34a)-(34d) is given by

P (τ) = − 1
2 , X(τ) = 0, φ(τ) = −6m, ϕ(τ) = q.

That is, one has a (constant) solution which valid for all times. This solution also holds for the
asymptotic flat end of the extremal Reissner-Nordström spacetime.

8.1.2 Conformal curves starting at the bifurcation sphere of the Schwarzschild
spacetime

As discussed in Section 5.1.1, the location of the bifurcation sphere is characterised by the con-
ditions dΩ = 0, Ω 6= 0. For simplicity, it is assumed that 〈b, ẋ〉∗ = 0. Thus, it follows that Θ̇ = 0
along the conformal geodesic passing through it. The corresponding core evolution equations are
given by

∂τP = − 1
3XP, (35a)

∂τX = − 1
3X

2 − P + 1
2Θφ, (35b)

∂τφ = −Xφ. (35c)

The conformal factor Θ is constant along the conformal geodesic under consideration. The cor-
responding initial data is given, in this case, by

P (0) = − 3
4 , X(0) = 0, φ(0) = −6m. (36)

In the sequel, it is shown that this solution must blow-up in finite time.

Standard theorems on ordinary differential equations ensure the existence of a solution to
(35a)-(35c) with the data (36) for at least a τ ∈ [0, T ) with T sufficiently small. The solutions to
equations (35a) and (35c) can be written as

P (τ) = P0ζ
1/3(τ), φ(τ) ≡ φ0ζ(τ),

with
ζ(τ) ≡ e−

R τ
0 X(s)ds. (37)

As a consequence of these expressions and the initial data (36), one has that as long as a solution
exists, P (τ) and φ(τ) must be negative. Also, as a consequence of the initial data one has that
Ẋ(0) < 0. Thus, if T is sufficiently small, one has that X < 0 in [0, T ). Notice that Ṗ < 0 and
φ̇ < 0 on (0, T ), so that P0 > P and φ0 > φ. It follows that

Ẋ = − 1
3X

2 − P + 1
2Θφ ≤ − 1

3X
2 − P0 + 1

2Θφ0, on [0, T ). (38)
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Letting
c2 ≡ P0 − 1

2Θφ0 > 0,

it follows from integration of the inequality (38) that

X ≤ −
√

3α tan
(
α√
3
τ

)
< 0.

Now,

tan
(
α√
3
τ

)
→ −∞, as τ →

√
3

2α
π.

Hence, X must also blow up in finite time.

9 Conclusions

The numerical simulations discussed in the present article provide evidence for the following
conjecture:

Conjecture. The conformal representation of the extremal Reissner-Nordström spacetime given
by the solutions of the evolution equations (30a)-(30l) is regular for τ ∈ [0,∞). Furthermore,
there also exists a similarly regular conformal representation in which i+ has a finite location.

A proof of this conjecture requires a detailed analysis of the solutions to the evolution system
(30a)-(30l) for the various values of ψ. Such a representation may be of potential relevance in a
proof of the stability of the extremal Reissner-Nordström spacetime by conformal methods.
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