Probability 2 - Notes 11

The bivariate and multivariate normal distribution.

Definition. Two r.v.s (X,Y) have a bivariate normal distribution N(uy,u2,07,63,p) if their
joint p.d.f. is

. L[ () () ()]
fX,Y( ’y)_ZRG]GZ\/m <1>

for all x,y. The parameters up,u, may be any real numbers, 61 >0, 62 > 0,and —1 <p < 1.

It is convenient to rewrite (1) in the form
1

1
fxy(x,y = ce 220Y) | where ¢ = and
(x.7) 2161624/ (1 — p?)
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Statement. The marginal distributions of N(uy,up,67,63,p) are normal with rv.’s X and Y
having density functions

1 @m)? 1 _ m)?
fr(x) = e 1, fy(y)= e
V27O V2103

Proof. The expression (2) for Q(x,y) can be rearranged as follows:

x— . 2 . 2 X—Clz . 2
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where a = a(y) = 1 +pgl(y — p2). Hence

oo 0-m)? _ (a)? 1 ()2

y\y) = Yy (x,y)dx=ce % ></ e 2070707 gy — e 9%
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where the last step makes use of the formula [*_e 2% dx = /270 with 6 =014/1 —p2. O

Exercise. Derive the formula for fx(x).

Corollaries.

1. Since X ~ N(u1,62), Y ~ N(u2,65), we know the meaning of four parameters involved into
the definition of the normal distribution, namely

EX)=pm, Var(X)=0?, E(Y)=pwm, Var(X)=o03.

2. X|(Y =y) is anormal r.v. To verify this statement we substitute the necessary ingredients
into the formula defining the relevant conditional density:
(x—a(y))?
Sy (x,y) 1 ~2701p7)

Txpy (xly) = PORE 2n(1—p2)cle




In other words, X|(Y =y) ~ N(a(y), (1 —p?)o?). Hence:

3. E(X|Y =y) =a(y) or, equivalently, E(X|Y) = u; + p%(Y — t2). In particular, we see that
E(X]Y) is a linear function of Y.

4. E(XY) = ©102p + 1 42.

Proof. E(XY) = E[E(XY[Y)] = EYE(X|Y)] = E[Y (1 + pL (Y — )] = E(Y)+
PLLE(Y?) — mE(Y)] = pup + pELE(Y?) — ] = iz + pELVar(Y) = 5102p + . O

5. Cov(X,Y) = 6162p. This follows from Corollary 4 and the formula Cov(X,Y) = E(XY) —

6. p(X,Y) = p. In words: p is the correlation coefficient of X, Y. This is now obvious from the

iti Cov(X,Y
definition p(X,Y) = m

Exercise. Show that X and Y are independent iff p = 0. (We proved this in the lecture; it is
easily seen from either the joint p.d.f.)

Remark. It is possible to show that the m.g.f. of X,Y is
Myy(t1,12) = (it H1002)+ 5 (G717 +2pG1 Gat 1146313 )
Many of the above statements follow from it. (To actually do this is a very useful exercise.)
The Multivariate Normal Distribution.
Using vector and matrix notation. To study the joint normal distributions of more than two

r.v.’s, it is convenient to use vectors and matrices. But let us first introduce these notations for
the case of two normal r.v.’s X1, X,. We set

X:<X1),X:<x1),t:(tl),m:<yl>,V:<G% PgIGZ)
X5 X2 ) M2 po102 O)

Then m is the vector of means and V is the variance-covariance matrix. Note that |V| =
6705(1 —p?) and

Hence fx(x) = We—%(x—m)TV’l(x—m) for all x. Also Mx(t) = et/ mi 5t Vt

We again use matrix and vector notation, but now there are n random variables so that X, x, t
and m are now n-vectors with /" entries X;, x;, t; and u; and V is the n X n matrix with it entry
Giz and ij'" entry (for i # j) o; ;- Note that V is symmetric so that v =V.



The joint p.d.f. is fx(x) = We_%(x_m)wfl(x_m) for all x. We say that X ~ N(m, V).

We can find the joint m.g.f. quite easily.

_ Z';lrjx,-] o tTX) / = / °° 1 ~ 1 (x-m)T V-1 (x—m)—2tTx)
Mx(t)=E [e j Ele" %] RSy —(2n)”/2\V|1/2e dxy...dx,
We do the equivalent of completing the square, i.e. we write

(x—m)’V!ix—m)-2t'x=(x—m—-a)Vi(x—m—a)+b
for a suitable choice of the n-vector a of constants and a constant . Then

1

Mx(t) = e_b/z /oo ”./oo We_Z(X_m—a)TVI(X—m_a)dxl_”dxn — e_b/z‘

We just need to find a and b. Expanding we have

(x—m)—a)"V7i((x—m) —a)+b
(x—m) Vi x—m)—2a"V!i(x—m)+a’V'a+p
(x-m)"V ! (x—m)-2a"V'x+[2a" V'!m+a’ vV 'a+p]

This has to equal (x —m)”V~!(x —m) — 2t"x for all x. Hence we need a’ V-! = t’ and
b=—[2a’V-!m+a’V~'a]. Hence a = Vtand b = — [2t"m+t Vt|. Therefore

_ T 14T
Mx(t> —e b/2 — Mot Vt

Results obtained using the m.g.f.

1. Any (non-empty) subset of multivariate normals is multivariate normal. Simply put ¢; = 0 for
all j for which X is not in the subset. For example Mx, (t;) = Mx, . x,(1,0,...,0) = ehi+iot /2,
Hence X; ~ N(uy, G%). A similar result holds for X;. This identifies the parameters y; and Giz as
the mean and variance of X;. Also

17,22 2.2
MXl X (t17t2) _ MX1 X, (tl,tz,o, ’0) _ etl,ul+t2#2+§(tl61+26121112+62t2)

Hence X; and X, have bivariate normal distribution with 61, = Cov(X;,X3). A similar result
holds for the joint distribution of X; and X for i # j. This identifies V as the variance-covariance
matrix for Xi, ..., Xj,.



2. X is a vector of independent random variables iff V is diagonal (i.e. all off-diagonal entries
are zero so that 6;; = 0 for i # j).

Proof. From (1), if the X's are independent then 6;; = Cov(X;,X;) =0 for all i # j, so that V is
diagonal.

If V is diagonal then t” Vt = Yo G?t]z and hence

Tm+ WVt _ T jti+3053 /2 -
Mx(t) = "™V T (72072 ) = ] My (1)
j=1 j=1
By the uniqueness of the joint m.g.f., X1, ..., X, are independent.
3. Linearly independent linear functions of multivariate normal random variables are multivari-
ate normal random variables. If Y = AX +b, where A is an n X n non-singular matrix and b is

a (column) n-vector of constants, then Y ~ N(Am+b, AVAT).

Proof. Use the joint m.g.f.

My(t) _ E[etTY] _ E[etTAX—i-b] _ ethE[e(ATt)TX] _ ethMx(ATt)
AP AT m+ 3 (AT)TV(ATEY) _ 7 (Am+b)+3t" (AVAT )t

This is just the m.g.f. for the multivariate normal distribution with vector of means Am + b
and variance-covariance matrix AVA”. Hence, from the uniqueness of the joint m.g.f, Y ~
N(Am+b,AVAT).

Note that from (2) a subset of the Y’s is multivariate normal.

NOTE. The results concerning the vector of means and variance-covariance matrix for linear
functions of random variables hold regardless of the joint distribution of X, ..., Xj.

We define the expectation of a vector of random variables X, E[X] to be the vector of the
expectations and the expectation of a matrix of random variables Y, E[Y], to be the matrix of
the expectations. Then the variance-covariance matrix of X is just E[(X — E[X])(X — E[X])7].

The following results are easily obtained:

(1) Let A be an m x n matrix of constants, B be an m x k matrix of constants and Y be an n x k
matrix of random variables. Then E[AY +B] = AE[Y] + B.

Proof. The ij"" entry of E[AY + B] is EY) _A,Yj+Bjj| =Y _, AiE[Y,j| + B;j, which is the
ij"" entry of AE[Y] + B. The result is then immediate.

(i) Let C be a k x m matrix of constants and Y be an n X k matrix of random variables. Then
E[YC] = E[Y]C.



Proof. Just transpose the equation. The result then follows from (i).

Hence if Z = AX + Db, where A is an m X n matrix of constants, b is an m-vector of constants
and X is an n-vector of random variables with E[X] = u and variance-covariance matrix V, then

E[Z]) = E[AX+b] = AE[X]+b=Au+b

Also the variance-covariance matrix for Y is just

E[(Y - E[Y)(Y - E[Y)] = E[AX — ) (X~ )" AT] = AE[(X — ) (X — ) "]AT = AVAT

Example. Suppose that E[X;] = 1, E[Xz] =0, Var(X;) = 2, Var(X2) = 4 and Cov(X;,X) = 1.
Let Y] = X; +X> and Y» = X +aX». Find the means, variances and covariance and hence find
a so that Y7 and Y» are uncorrelated.

Writing in vector and matrix notation we have E[Y] = Am and the variance-covariance matrix
for Y is just AVAT where

Therefore

1 1 2 1 1 1 8 34 5a
T _
AVA_(la)<14)(1a>_(3+5a 2—1—2a—|—4a2>

Hence Y, and Y» have means 1 and 1, variances 8 and 2 + 2a + 442 and covariance 3 + 5a. They
are therefore uncorrelated if 3+ 5a =0, 1.e. if a = —%.



