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1. Under the assumptions of and using the notation in Theorem 3.6 show that the test
statistic F' in the theorem can be written as

(Y — Xo%)' (Y — Xo¥) — (Y = XB)(Y — X3)

F =
MSE rank(M — M) ’

where B and 4 are least squares estimates of the corresponding parameter vectors.

The numerator of the test statistic F' in Theorem 3.6 or (3.8) is equal to Y/ (M —M,)Y.
Since M — My = (I — My) — (I — M) this can be written as

Y'(I-My) - (I-M)Y =Y'(I-M)Y -Y'(I-M)Y

The matrices I — My and I — M are idempotent and symmetric, which implies that
Y'I-MyY =((IT-Mp)Y)I—-MpY and Y(I-M)Y = (I-M)Y)(I-M)Y.
Further by Theorem 2.2 we have that MY = Xy and MY = X,[:}, where 4 and ,3
are least squares estimates of the parameter vectors v and 8. Thus

Y'(M - Mo)Y = (Y — Xo9)'(Y — Xod) — (Y — XB) (Y — XB),
and so F' in Theorem 3.6 can be represented as claimed.

2. In the linear model Y = X3 + € where E(e) = 0 and V(e) = oI suppose that the
vector A’ is estimable so that A’ = A’X for some matrix A. Let M be the orthogonal
projection matrix onto C'(X) and M be the orthogonal projection matrix onto C'(MA).

(a) Show that for every vector b of appropriate dimension b’A’X = 0 if and only if
b’A'M = 0.
Suppose that b’A’X = 0. Since M = X(X'X)~X’ it then follows that b’A’'M =
b’A’X(X'X)"X’ = 0. For the converse suppose that b’A’M = 0 and note that
X = MX. It then follows that b’A’X = b’A’MX = 0.

(b) Hence prove that rank(A) = rank(M).

The column spaces of the matrices M and MA are equal, that is C(M) = C(MA).
It then follows from part (a) that

C(A)t =CA'X)t =Cc(A'M)*F = Cc(A'M))* = C(MA))*+

and so C(A')* and C((MA)')* have the same dimension. Let m be the number of
row of A’. It then follows that dim(C(A’)*) = m—dim(C(A’)) = m—rank(A’) and
dim(C((MA)")*) = m — dim(C((MA)')) = m — rank((MA)") and so rank(A’) =
rank((MA)’). Because a matrix and its transpose have the same rank and since

C(MA) = C(M) it finally follows that rank(A) = rank(M).



3. Consider the multiple regression model
Yi = Bo + Brwit + Bowio + Paiz + €

for three continuous explanatory variables X1, Xo, X3, where it is assumed that ¢; ~
N(0,0?) and that the random errors ¢; and €; are independent for i # j.

(a) For the data in the following table

Y X1 Xo X3
10 -1 -1 -—1.0001
12 -1 1 —-0.9999
20 1 -1 1.0000

22 1 1 1.0000
16 0 0 0.0000
18 0 0 0.0000

test the hypothesis 81 = fo = 0 against a two-sided alternative at the 5% level of
significance.

This is equivalent to testing if the model can be reduced to the model
Yi = Bo + Paiz + €.

For this test we can use the F statistic in Theorem 3.6. In the lectures it was noted
that the form (3.10) of F is frequently more convenient for hand calculations and
hence we use this here, that is we calculate

(Y — Xo9)'(Y = Xo¥) — (Y = XB)(Y — XB3)

F:
MSE rank(M — M) ’
where

1 —1 —1 —1.0001 ] "1 —1.0001 7
1 -1 1 —0.9999 1 —0.9999
1 1 —1  1.0000 1 1.0000
X=11 1 1 10000 and - Xo=| 1 4 1509
1 0 0 0.0000 1 0.0000
1 0 0 0.0000 | | 1 0.0000 |

and ,3 and 4 are respectively the least squares estimates in the full and the reduced
model. Note that rank(M — Mj) in the denominator is equal rank(X) — rank(Xj),
as was explained in Section 3.3 of the lecture notes.

In the full model we have B = [16.33 5 1 0] and so the vector y = X2 of fitted
values and the residual vector e =y — y are equal to

10.33 ©0.33
12.33 ~0.33
A 20.33 ~0.33
Y= 9233 | #d e=] o33
16.33 ~0.33

| 16.33 | 167 |



giving rise to a residual sum of squares equal to
ee = (Y — XB) (Y — X03) = 3.33.
Furthermore the mean square error in the full model is

(Y —X3) (Y —XB3) _ 333

MSE =
5 n — rank(X) 2

=1.67.

In a similar way the least squares estimate of 4 = [y 3]" in the reduced model is
4 = [16.33 5)" and the vectors of fitted values yo = X% and residuals eg =y — yo

are B _ B _
11.33 ~1.33
11.33 0.67
. 91.33 ~1.33
Yo=1| o133 | ad eo=| 47
16.33 ~0.33
| 16.33 | 167 |

with a corresponding residual sum of squares of
6680 = (Y - XQ"A)’)/(Y — Xo"A}’) =17.33.

From these the observed value of the test statistic is
7.33 —3.33

= —— — =1.20.
F 1.67 x 2 0

Under Hj the test statistic F' has an Fy 9 distribution. For the test at the 5% level
we need the upper 5% point of this distribution, which can be found, for example,
in the New Cambridge Statistical Tables to be equal to 19.00. Thus there is no
evidence to reject Hy at the 5% level of significance. You may also check that the
p-value of the test is equal to 0.455.
Note that equivalently we could have used the test statistic in Section 3.4 of the
lecture notes with some appropriate matrix A’.

(b) For the data in (a) also test the hypothesis 51 = 3 = 0 against a two-sided
alternative, again using a 5% significance level.
In the same way as in (a) we find that

_ 103.33 — 3.33
0 1.67x2

The critical value of the test is the same as in (a) and since F' > 19.00 we reject
Hy at the 5% level of significance. The p-value can be found to be equal to 0.03.

= 29.94.

4. The two-way analysis of variance model without interaction for two factors A and B
with respectively a and b levels where each combination of the levels of A and B is
replicated r times is given by

Yijk = p+ ai + B35 + €iji,
wheret=1,...,a,j=1,...,band k = 1,...,r. Further it is assumed that the random
errors €;;, are independent and identically distributed as N (0, a?).

In what follows suppose that a = b = 2 and also that r = 2.



(a) Write the model in matrix notation with parameter vector 8 = [u a1 ag (1 32]'.
For a = b = r = 2 the model can be written in matrix notation as Y = X3 + ¢,

where

I Y111 1 1 1 0 1 07 [ €111 1

Y112 1 1 010 €112

Y121 1 1 0 01 €121

. Y122 . 1 1 0 0 1 . €122

Y=ty X511 01 10| ™ =],

Y212 1 01 10 €212

Yoo1 1 01 01 €291
L Yoo | L1 01 0 1] L €222 |

It is further assumed that F(e) = 0 and V(e) = o2, which is equivalent to
assuming that F(Y) = X3 and V(Y) = 1.

(b) Find the test statistic F' for testing Hp : A’3 = 0, where

|

and B = [pu a1 az B B2. Also state the distribution of F under Hj.
The vector A’B3 is estimable since A’ = A’X where

A,_111110000
410000 1 11 1]}

The F statistic (3.12) for testing Hy : A’3 = 0 from Section 3.4 is

0
1

1
r_
Vel

DO 00| =
NI NI

(A'B) (A'(X'X)"A)"A'B
MSE rank(A) ’

F:

where MSE is the mean square error from Section 2.2 of the lecture notes.
The rank of X is equal to 3. By using the first method in Section 1.3 with

« | 10000
X' = { 1100 0}
a g-inverse of X’X can be found as
1 -1 -1 0 O
1 2 2 -1 -1
R O I
0 -1 -3 % 3
5 b 1t
0 -1 -7 § %
It follows that )
AN(X'X)"A = {é ?}
1



From Section 2.2 of the lecture notes the unique least squares estimate of A’3 is

- _ I Y111 + Yii2 + Yio1 + Yiao Yi..
ANB=ANXX)XYy=-|_ " |t
p ( ) 4 | Yor1 + Yo12 + Yaoo1 + Yooo Ys.

where Y;.. is the mean of the responses at level 1 of the first factor and Ya.. is the
mean of the responses at level 2 of the first factor.

The test statistic for testing Hy : A’/3 = 0 is thus
2(YE +Y3)
MSE ’

where we have used that rank(A) = 2. Under Hp : A’ = 0 this has an Fy
distribution.

F:



