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1. Assume Y; ~ N(u,0?) for i = 1,...,n, with all random variables independent. Show

how this can be written as a linear model, i.e. specify the matrix X and the vector 3.

The linear model in matrix notation for this situation is
Y =X +¢€,

where the design matrix X = [1 1 --- 1]’ has only a single column and 8 = [u]. It is
assumed that F(e) = 0 and V(€) = 1.

2. Consider the model Y;; ~ N(u;,0?), for data from two groups i = 1,2, j = 1,...,n
with p; = p + o4, and all random variables independent.

(a) Write this as a linear model.

For simplicity of notation we assume that the n observations from the first group
come first and the n observations from the second group next. The corresponding
linear model is then

Y =X3 + €,

where the 2n x 3 design matrix is given by

110
110
X=1101
10 1]

and the parameter vector is 3 = [u a1 ag]’. The first n rows of X contain a 1 in the
second and a 0 in the third column, whereas for the remaining n rows the second
column contains a 0 and the third column the value 1. Note that here we are
considering a normal linear model in which in addition to assuming F(e) = 0 and
V(€) = o1 it is also assumed that the random errors have a normal distribution.

(b) Draw a sketch to show how a histogram of such data would look (for large n).

The histogram would be bimodal. The point is that even in a normal linear model
we should not expect a plot of the raw data to look as if they come from a single
normal distribution.

3. Verify that the matrix (X’X)~ in Example 1.7, where the simple linear regression model
was considered, is a generalized inverse of X'X.

In Example 1.7 we have
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and
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where x* # x. We need to show that
X'X(X'X)"X'X = X'X.

This is however true since
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. Let G be a square matrix. Show that if G possesses an inverse G~!, then G~ is the
unique g-inverse of G.

Suppose that G has an inverse G™! and that G~ is some g-inverse of G. Let I be the
identity matrix with the same number of rows and columns as G. It follows that

GG =GG I=GG GG '=GG!

since GG~G = G by definition of a g-inverse. Multiplying the equation GG~ = GG™!
from the left with G~! then shows that G~ = G~!. Since this is true for every g-inverse,

it follows that every g-inverse of G is equal to G™'. Thus G~ is the unique g-inverse
of G.

. Let G be a symmetric real m xm matrix. Denote the eigenvalues of G by Ay, ..., Ay, and
let P be an m x m matrix whose columns are corresponding orthonormal eigenvectors.
Fori=1,...,m set v; = 1/)\; if \; # 0 and ~; = 0 otherwise.

Show that G+ = Pdiag(v1,...,vm )P’ is the Moore-Penrose inverse of G, that is show
that the given G has the four properties in Definition 1.2.

The columns of P are orthonormal and so P'P = I, where I is the m x m identity
matrix. Thus P is an orthogonal matrix with inverse P~! = P’. The fact that the
columns of P are the eigenvectors corresponding to the eigenvalues Ai,..., A, of G
implies that P'GP = diag(\1, ..., \n) and so G = Pdiag(Aq, ..., \pn)P.

We need to show that the matrix G* defined above has the four defining properties
(a)-(d) of the Moore-Penrose inverse in Definition 1.2. Property (a) follows from
GGTG = Pdiag(\1, ..., \)P'Pdiag(vi, ..., vm)P'Pdiag(A1, ..., AP’
= Pdiag(\1, ..., \p)diag(y, .. -, Ym)diag( A1, - .o, A )P
= Pdiag(\,..., )P =G,



where it has been used that A;y;A; = A; for every ¢ = 1,...,m. Similarly, the calculation

GTGGT = Pdiag(yi,...,7m)P'Pdiag(\, ..., \pn)P'Pdiag(y1, ..., 7m)P’
= Pdiag(v1, ..., ym)diag(A1, . .., Am)diag(yi, - - ., Y )P’
= Pdiag(y1,...,7m)P = G™

shows that G has property (b). Finally, the symmetry properties (c) and (d) are also
fulfilled since

(GGT) = (Pdiag(\i,..., \pm)P'Pdiag(y1,...,7%m)P’)
Pdiag(v1, . .., vm)P'Pdiag(A1, ..., AP’
= Pdiag(\1, ..., \n)P'Pdiag(ve,. .., vm)P = GGT

and
(G*G)' = (Pdiag(+1, .., m)P'Pdiag(\, ..., Am) P"Y

Pdiag(\1, ..., A\pn)P'Pdiag(v1, . .., ym)P’
= Pdiag(71,...,vm)P'Pdiag(A1,..., )P = GTG.



