TENSOR DECOMPOSITION OF THE REE GROUPS

HENRIK BAARNHIELM

ABSTRACT. We give a polynomial time Las Vegas algorithm that, given X C
GL(d, ¢) such that d > 7 and (X) is isomorphic to a small Ree group Ree(q),
finds an explicit isomorphism from (X) to Ree(q).

The algorithm consists of several cases depending on the degree of (X) and
on the field size.

Implementations of the algorithms are available for the computer algebra
system MAGMA.

1. INTRODUCTION

The problem of constructive recognition of G < GL(d, q) can be defined as fol-
lows: given X C GL(d,q) such that (X) = G, construct an explicit isomorphism
from G to a standard copy H of G. An explicit isomorphism ¢ : G — H is an
isomorphism where 1(g) and 1 ~1(h) can be computed efficiently for every g € G
and h € H.

This paper will consider constructive recognition for the small Ree groups Ree(q),
where ¢ = 32"+ for m > 0, one of the infinite families of finite simple groups. In
[1] we considered constructive recognition Ree(q) in any of its equivalent represen-
tations in dimension 7.

When G = Ree(q) and G < GL(d, ¢") where ¢’ is not an odd power of 3, then
by [14] and [19], d > q(g — 1) so ¢ € O(v/d). Thus ¢ is polynomial in the size of
the input and all interesting problems regarding G can be solved efficiently using
permutation group techniques.

Here we show how to construct explicit isomorphisms from G < GL(d, q), where
G = Ree(q), d > 7 and ¢ = 32™*! for m > 0, to the standard copy of Ree(q).
The standard copy we use is defined in [1]. The motivation for the constructive
recognition of Ree(q) comes from the matriz recognition project (see [15]).

Let V be the given module of G. In general we want an algorithm that works
when V' is any projective module of Ree(q) in characteristic 3, but we can reduce to
the case where V' is absolutely irreducible and written over the minimal field modulo
scalars, using the MeatAxe (see [12] and [13]) and [10], so henceforth assume that
this is the case. Then V' is isomorphic to a tensor product of twisted versions (see
Section 2) of either the natural module of Ree(q) or its module of dimension 27.
Hence, to construct an explicit isomorphism from G to a conjugate H of Ree(q),
it is sufficient to find a tensor decomposition of V' and then possibly decompose
the 27-dimensional module. In Section 2 we describe the theoretical background in
more detail.

Tensor decomposition amounts to finding a basis of V' that exhibits V as a tensor
product. This is described in Section 4. In Section 3 and algorithm for decomposing
the 27-dimensional module is described.

Implementations of the algorithms are available in MAGMA (see [4]).
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2. PRELIMINARIES

We now discuss the theoretical background in more detail. If V' is an F'G-module
for some group G and field F, with action f : V x FG — V, and if ® is an
automorphism of G, denote by V® the FG-module which has the same elements
as V and where the action is given by (v, g) — f(v,®(g)) for g € G and v € V®,
extended to F'G by linearity. We call V'® a twisted version of V, or V twisted by ®.

Now assume that G < GL(d,q) where G = Ree(q), d > 7 and ¢ = 32"+ for
some m > 0. Then AutF, = (¢), where ¢ is the Frobenius automorphism. Let W
be the given module of G and let V' be the natural module of the standard copy of
Ree(q), so that dimW = d and dimV = 7. We will assume that W is absolutely
irreducible and over the minimal field modulo scalars. From [21] we then know that

WM oM R @ MO (2.1)

for some integers 0 < ip < i1 < -+ < ip,—1 < 2m, and where M is either V' or the
absolutely irreducible 27-dimensional submodule S of the symmetric square S? (V).
In fact we may assume that ig = 0, and if we can find an explicit isomorphism
between V' and W, we will immediately obtain an explicit isomorphism between G
and a conjugate of Ree(q). Hence the essential problem is to find a tensor decompo-
sition of W. This amounts to finding a change of basis ¢ € GL(d, ¢) which exhibits
W as the tensor product of (2.1). When W is such an explicit tensor product, it is
straightforward to find the image of an element of W in one of the tensor factors.

More specifically, it is sufficient to find an isomorphism W = U; ® Uy where
dim Uy € {7,27}. Then U, is a twisted version of V or S. The tensor decomposition
algorithm of [16] can be used to find such an isomorphism of W. By [17] it is
sufficient to find a flat in a projective geometry corresponding to the decomposition,
where a flat is a subspace of W of the form A ® Us where A is a proper subspace of
U;. This flat contains a point, which is a flat with dim A = 1. If we can provide a
flat to the algorithm of [16], then it will find a tensor decomposition in polynomial
time. Thus the essential problem is to find a flat of W. We consider this problem
in Section 4.

If dim U; = 27, we also have to decompose S into V' to obtain an isomorphism
between W and V. We consider this problem in Section 3.

Proposition 2.1. Let G < GL(27,q) such that G = Ree(q), let j € G be an
involution and let H = Cg(j) = PSL(2,q). Then Sgp = Vs & Vo & Vi as an H-
module, where dimV; = 1. Moreover, Vy is absolutely irreducible and Vi and Vi
are uniserial with submodules Vo Z2 Vs 2 Vi 2 Vo =0 and Vio 2 Vs > V4, > V5 = 0.
The 4-dimensional composition factors at the top and bottom of V1o are isomorphic,
while the middle one is twisted by ¢™ 11,

Proof. Experimental evidence. O

Corollary 2.2. Let G < GL(27, q) such that G = Ree(q), let j € G be an involution
and let H = Cg(j) =2 PSL(2,q). Then dimHompy (Sy, Sy) = 5.

Proof. O

2.1. Complexity. We shall be concerned with the time complexity of the algo-
rithms involved, where the basic operations are the field operations, and not the
bit operations. All simple arithmetic with matrices can be done using O(d®) field
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operations, and raising a matrix to the O(q) power can be done using O(d?) field
operations using [7].

We will need to find an element of order ¢ — 1. The order can be computed
using the algorithm of [7]. To obtain the precise order, this algorithm requires a
factorisation of ¢ — 1, otherwise it might return a multiple of the correct order.
However, it is sufficient for our purposes to learn the pseudo-order of the element,
which is a multiple of its order, since it is sufficient to find a nontrivial element
of order dividing ¢ — 1. Hence we avoid the requirement to factorise ¢ — 1. The
algorithm of [7] can also be used to obtain the pseudo-order, and for this it has
time complexity O(d>log (q) loglog (¢%)) field operations.

2.2. Random elements. Our analysis assumes that we can construct uniformly
distributed random elements of a group G defined by a generating set X. The
polynomial time algorithm of [2] produces nearly uniformly distributed random
elements; an alternative polynomial time algorithm is the product replacement al-
gorithm of [8]. We will assume that we have a random element oracle, which can pro-
duce a uniformly random element using O(£(d)) field operations, where £ : N — N.

2.3. Las Vegas algorithms. Most of the algorithms we consider are probabilistic
of the type known as Las Vegas algorithms. This type of algorithm is discussed in [22,
Section 25.8], [20, Section 1.3] and [11, Section 3.2.1]. In short it is a probabilistic
algorithm with an input parameter e that either returns failure, with probability
at most e, or otherwise returns a correct result. The time complexity naturally
depends on €.

We present Las Vegas algorithms as probabilistic algorithms that either return
a correct result, with probability bounded below by 1/p(n) for some polynomial
p(n) in the size n of the input, or otherwise return failure. By enclosing such
an algorithm in a loop that iterates [loge/log (1 —1/p(n))] times, we obtain an
algorithm that returns failure with probability at most e, and hence is a Las
Vegas algorithm in the above sense. Clearly if the enclosed algorithm is polynomial
time, the Las Vegas algorithm is polynomial time.

One can also enclose the algorithm in a loop that iterates until the algorithm
returns a correct result, thus obtaining a probabilistic time complexity, and the
expected number of iterations is then O(p(n)).

3. THE SYMMETRIC SQUARE

The two basic irreducible modules of Ree(q) are the natural module V' of di-
mension 7, and an irreducible submodule S of the symmetric square S?(V). The
symmetric square itself is not irreducible, since Ree(q) preserves a quadratic form,
and S?(V) therefore has a submodule of dimension 1. The complement of this has
dimension 27 and is the irreducible module S.

Lemma 3.1. The exterior square of S has a composition factor isomorphic to a
twisted version of V.

Proof. Use results of Ryba? g

Theorem 3.2. There exists a Las Vegas algorithm that, given X C GL(27,q) with
module W such that W is isomorphic to a twisted version of S, finds an explicit
isomorphism from (X) to Ree(q)9 for some g € GL(7,q). The algorithm has time
complezity O(| X |log(q)) field operations.

Proof. Using Lemma 3.1, this is just an application of the MeatAxe. We construct
the exterior square A%(W) of W, which has dimension 351, and find a composition
series of this module using the MeatAxe. By the Lemma, the natural module of
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dimension 7 will be one of the composition factors and the Meat Axe will provide an
explicit isomorphism to this factor, in the form of a change of basis A € GL(27, q)
of W that exhibits the action on the composition factors.

This induces an isomorphism ¢ : (X) — H, where H is conjugate to Ree(q). For
g € (X), ¢(g) is computed by taking a submatrix of g4 of degree 7. Clearly ¢ can
be computed using O(1) field operations.

Since the MeatAxe is Las Vegas and has time complexity O(|X|log(q)), the
Theorem follows. (|

4. TENSOR PRODUCTS

Given a module W of the form (2.1), we now consider the problem of finding a
flat. We will use the notation from Section 2.

If g%, ..., ¢"~1 are the elements of Gal(F,,F;) where F; < F,, then G is con-
jugate in GL(d, q) to a subgroup of GL(d, s). Therefore, W may be given to our
algorithms as an F;G-module, but the recognition algorithm of [3] will determine
q such that G = Ree(g). In the case where W is not over Fy, we can embed it
canonically into an F;G-module, so henceforth assume that W is an F,G-module.

For k = 0,...,n — 1, let Hy be the image of the representation corresponding
to M?"* so Hj < GL(7,q) or Hy < GL(27,q), and let ¢y, : G — Hj be an
isomorphism. Our goal is then to find 1y, explicitly for some k.

For A € FY denote Ey = {1, A&, AX(E=D Z=@=D1 and Sy = {zy |z € Ex,y € Ex}.
We need the following conjectures.

Conjecture 4.1. Let Ree(q) & G < GL(d,q) with module W of the form (2.1),
with dmW =d = 7" for some n > 1.

Let g € G have order ¢ — 1 and let E be its multiset of eigenvalues. If 2m > n
then there exists X € F such that Ex C E and the sum of the eigenspaces of g
corresponding to Ex has dimension dim V.

Conjecture 4.2. Let Ree(q) = G < GL(d, q) with module W of the form (2.1) and
dimW =d > 7. Let j € G be an involution.

If there are tensor factors both of dimension 7 and 27, then Wlc, ;) has unique
submodules W3 and Wy of dimensions 3 and 4 respectively, such that Ws + Wy is
a point of W of dimension 7.

Conjecture 4.3. Let Ree(q) = G < GL(d, q) with module W of the form (2.1) and
dim W = 27" for some n > 1. Let j € G be an involution and let H = Cg(j)’.

If 2m > n then dimHomH(Sg, Wg) =5 for some 0 < i< 2m.

Theorem 4.4. Assuming Conjecture 4.1 and given a random element oracle for
subgroups of GL(d, q) with time complexity O(£(d)) field operations, there exists a
Las Vegas algorithm that, given (X) < GL(d,q), where ¢ = 3?™+ d="7"n > 1,
2m > n and (X) = Ree(q), with module W of the form (2.1), finds a point of W.
The algorithm has time complexity

O(&(d) + d®log(q) log log(q%))

field operations.

Proof. Let G = (X). By [1, Lemma 2.7], we can easily find g € G such that |g| | ¢—1.
Our approach is to construct a point as a suitable sum of eigenspaces of g. We know
that for k = 0,...,n — 1, ¥(g) has 7 eigenvalues )\ft, )\ki(tfl), /\f(%*l) and 1 for
some A\, € Fy. Let E be the multiset of eigenvalues of g. Each eigenvalue has the
form

AN (4.1)
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where each A\, € F)X and each j, € {£t,+(t —1),£(2t —1),1}. We can easily
compute F. ‘

Because each AJ* may be 1, for each k = 0,...,n — 1 we have E,, C E. We
can determine which A\ € E can be one of the Ay since if A\ = A; for some k then
Eyse CE.

Thus we can get a list with length between n and d of subsets E) of E. Now
Conjecture 4.1 asserts that there is some p € Fj such that £, C E and such
that the sum of the eigenspaces corresponding to £, has dimension 7, and by its
construction it must therefore be a point of W. Since p' € E, the set E,, will be on
our list, and we can easily find the point.

The algorithm is Las Vegas since we can easily calculate the dimensions of the
subspaces. The complexity of finding g is O(£(d)) field operations, and by [7] we
can find its order using O(d® log(q) loglog(q?)) field operations. We find the charac-
teristic polynomial using O(d?) field operations and then find the eigenvalues using
O(d(log d)? loglog(d) log (dq)) field operations (see [22, Corollary 14.16]). Hence the
time complexity is as stated. |

Theorem 4.5. Assuming Conjecture 4.2 and given a random element oracle for
subgroups of GL(d,q) with time complexity O(£(d)) field operations, there exists
a Las Vegas algorithm that, given (X) < GL(d,q), where ¢ = 3?™*L 7 | d and
(X) = Ree(q), with module W of the form (2.1), finds a point of W. The algorithm
has time complexity

O(&(d) + d’ log(q)(log log(q?) + | X))

field operations.

Proof. Let G = (X). Similarly as in [1, Corollary 6.8], we find an involution j € G
and probable generators for C¢(j). Using the MeatAxe, we find the composition
factors of W]c, ;). For each pair of factors of dimensions 3 and 4 we compute
module homomorphisms into W/ (;) and then find the sum of their images.

Conjecture 4.2 asserts that this will produce a point of W. We can easily calculate
the dimensions of the submodules and hence verify that we do obtain a point, so
the algorithm is Las Vegas.

The time complexity to find j is O(&(d)) field operations, and by [7] we can
find its order using O(d® log(q) loglog(q?)) field operations. From the proof of [1,
Corollary 6.8] we see that we can find Cg(j) using O(d®) field operations. The
MeatAxe uses O(d®log(q) | X|) field operations and the rest of the algorithm is just
linear algebra. O

Theorem 4.6. Assuming Conjecture 4.3 and given a random element oracle for
subgroups of GL(d, q) with time complezity O(&(d)) field operations, there exists a
Las Vegas algorithm that, given (X) < GL(d, q), where ¢ = 3*™T1 d=27" n > 1,
2m > n and (X) = Ree(q), with module W of the form (2.1), finds a point of W.
The algorithm has time complezity

O(&(d) + d® log(q)(loglog(q) + X))

field operations.

Proof. Let G = (X). Similarly as in [1, Corollary 6.8], we find an involution j € G
and probable generators for H = Cg(j)’ = PSL(2, ¢). Using the MeatAxe, we find
the composition factors of Wy . Let S; be the group corresponding to a non-trivial
composition factor. Using [9] we constructively recognise S; as PSL(2, ¢) and obtain
an explicit isomorphism « : PSL(2,q) — H.

Now let R be the image of the representation corresponding to S, so R <
GL(27,q). Again we find an involution j' € R and probable generators for K =



6 HENRIK BAARNHIELM

Cr(j) = PSL(2,q). As above, we chop the module Sk with the MeatAxe, con-
structively recognise one of its factors and obtain an explicit isomorphism [ :
PSL(2,q9) — K.

Now v = a o 7! is an explicit isomorphism between K and H. For each i =
0,...,2m, do the following:

(1) Find M = Hompsy(2.q) (S, W) using .
(2) Find random f € M such that dimKer f = 0.
(3) Let U =Im f and use [16] to test if U is a point. If so then return U.

O

Even if Conjectures 4.1 and 4.3 are true, we still need another algorithm in the
case 2m < n and d = 7". Then g € O(d) so we are content with an algorithm
that has time complexity polynomial in ¢q. The approach is not to use the tensor
decomposition algorithm of [16], since in this case we have no efficient method
of finding a flat. Instead we find an explicit isomorphism from G to Ree(q) using
permutation group techniques, then enumerate all tensor products of the form (2.1)
and for each one we determine if it is isomorphic to W.

Lemma 4.7. Given a random element oracle for subgroups of GL(d, q) with time
complexity O(£(d)) field operations, there exists a Las Vegas algorithm that, given
X C GL(d,q) such that ¢ = 3>+ with m > 0 and (X) = Ree(q), finds an explicit
injective homomorphism 11 : (X) — Sym(O) where |O| = ¢+ 1. The algorithm has
time complezity O(&(d) + | X | d?(d?1log(q) + ¢3)) field operations.

Proof. By [1, Proposition 2.2], Ree(q) acts doubly transitively on a set of size ¢®+ 1.
Hence G = (X) also acts doubly transitively on O, where |O] = ¢ + 1, and we can
find the permutation representation of G if we can find a point P € O. The set O
is a set of projective points of FZ, and the algorithm proceeds as follows.

(1) Choose random g € G. Determine if |g| | ¢ — 1 and return with failure if
not.

(2) Choose random =z € G and let h = g*. Let M be the natural module of
(g, h). Determine if M is reducible and return with failure if not.

(3) Find a composition series for M and let P C M be the submodule of
dimension 1 in the series.

(4) Find the orbit O = P€ and compute the permutation group S < Sym(O)
of G on O, together with an explicit isomorphism II : G — S.

By [1, Proposition 2.3], elements in G of order dividing ¢ — 1 fix two points of
O, and hence (g,h) < Gp for some P € O if and only if g and h have a common
fixed point. All composition factors of M have dimension 1, so a composition series
of M must contain a submodule P of dimension 1. This submodule is a fixed point
for (g, h) and its orbit must have size ¢® + 1, since |G| = ¢3(¢> + 1)(¢ — 1) and
|Gp| = ¢*(q — 1). Tt follows that P € O and that M is reducible if and only if ¢
and h have a common fixed point.

To find the orbit O = P% we can compute a Schreier tree on the generators in
X with P as root, using O(|X||O| d?) field operations. Then II(g) can be computed
for any g € (X) using O(|O| d?) field operations, by computing the permutation
on O induced by g. Hence II is explicit, and S is found by computing the image of
each element of X. Therefore the algorithm is correct and it is clearly Las Vegas.

Finding ¢g and h uses O(£(d)) field operations. Finding a composition series for
M using [12] and [13] uses O(]X|d*log(q)) field operations. Thus the theorem
follows. O

Theorem 4.8. Given a random element oracle for subgroups of GL(d, q) with time
complexity O(£(d)) field operations, there exists a Las Vegas algorithm that, given
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(X) < GL(d,q), where g = 3?1 n > 1 andd="7" or d = 27" and (X) = Ree(q),
with module W of the form (2.1), finds a tensor decomposition of W. The algorithm
has time complexity O(£(d) + | X|d?((d(>™,) + d?)log(q) + ¢*)) field operations.

n—1
Proof. Let G = (X). The algorithm proceeds as follows:

(1) Find permutation representations «: G — S7 and [ : Ree(q) — Sa using
Lemma 4.7, where S1,So < Sym(¢® 4+ 1).

(2) Find an isomorphism 6 : S; — S using [6].

(3) Let y=pB"1ofoa, H="(G) and let V be the module of H. If 3 | d then
replace V with the 27-dimensional composition factor of S?(V).

(4) Construct each module of dimension d of the form (2.1) using V as base.
For each one test if it is isomorphic to W, using [12] and [13].

(5) Return the change of basis from the successful isomorphism test.

The returned change of basis exhibits W as a tensor product, so by Lemma 4.7
the algorithm is Las Vegas.

The number of modules of dimension d of the form (2.1) using V' as base is (nQTl)
Module isomorphism testing uses O(| X | d3 log(q)) field operations. Hence by [6] and
Lemma 4.7 the time complexity of the algorithm is O(&(d) + | X | d?(d? log(q) +¢3) +
| X| d®log(q)(>™)) field operations, and the result follows. O

n—1
We are now ready to state the main constructive recognition algorithm.

Corollary 4.9. Assuming Conjectures 4.1, 4.2 and 4.3, and given a random ele-
ment oracle for subgroups of GL(d, q) with time complexity O(&(d)) field operations
and an oracle for the discrete logarithm problem in Iy, there exists a Las Vegas algo-
rithm that, given X C GL(d, q), where ¢ = 3*™*1 m >0, d > 7 and (X) = Ree(q),
finds an explicit isomorphism U : (X) — Ree(q). The algorithm has time complexity
O(&(d) + d®log(q)(loglog(q?) + | X|) + | X| d°) field operations.

Proof. Let W be the given module of G = (X). The algorithm proceeds as follows:

(1) If 3 4d then d = 7" for some n > 1. If 2m > n then use Theorem 4.4 to
find a flat L < M. If 3 | d but d is not a power of 27 then use Theorem 4.5
to find such an L. Otherwise d = 27" for some n > 1. If 2m > n then use
Theorem 4.6 to find a flat L < M.

(2) Use [16] with L to get € GL(d, ¢) such the change of basis determined by
x exhibits W as a tensor product A ® B with dim A =7 or dim A = 27. If
d="7"ord=27" and 2m < n then use Theorem 4.8 to find z. Let G4
and G be the images of the corresponding representations.

(3) Define pg : GAa®Gp — G4 as go @ gy — ga and let Y = {pa(g®) | g € X }.
If dim A = 27 then let 6 be the explicit isomorphism from Theorem 3.2,
otherwise let 8 be the identity map.

(4) Let Z ={6(x) | x € Y}. Then (Z) is conjugate to Ree(q). Use [1, Theorem
7.4] to obtain y € GL(7,q) such that (Z)” = Ree(q).

(5) An explicit isomorphism ¥ : G — Ree(q) is given by g — 0(pa(g”))Y.

The map p 4 is straightforward to compute, since given g € GL(d, q) it only involves
dividing ¢ into submatrices of degree d/7 or d/27, checking that they are scalar
multiples of each other and returning the 7 by 7 or 27 by 27 matrix consisting of
these scalars. Hence by Theorem 4.4, Theorem 4.5, Theorem 4.6, [16], Theorem 3.2
and [1, Theorem 7.4], the algorithm is Las Vegas, and ¥ can be computed using
O(d?) field operations.

In the case where we use Theorem 4.8 we have 2m < n and hence ¢ < 3d. We see
that the (HQTl) < n and the time complexity of the algorithm to find x in Theorem

4.8 simplifies to O(£(d) + | X | d®).
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In the other cases, by Theorem 4.5 finding L uses O(&(d) +d® log(q) (log log(¢?) +
|X|)) field operations. From [16], finding = uses O(d?log(q)) field operations when
a flat L is given.

From Theorem 3.2 finding 6 uses O(|Y|log(q)) field operations, and from [1,
Theorem 7.4], finding y uses O(log(q)(loglog(q) + |Z|)) field operations. O

APPENDIX A. IMPLEMENTATION AND PERFORMANCE

Implementations of the algorithms are available in MAGMA. The implementa-
tions uses the existing MAGMA implementations of the algorithms described in [3],
[5], [7], [8], [9], [10], [12], [16] and [22, Corollary 14.16].

All benchmarks were carried out using MAGMA V2.12-20, on a PC with an Intel
Xeon CPU running at 2.8 GHz and with 1 GB of RAM.

We used the software package R (see [18]), to produce the figures.
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