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EXTENDING THE PRODUCT REPLACEMENT ALGORITHM

HENRIK BÄÄRNHIELM, CHARLES LEEDHAM-GREEN, AND LAWRENCE PETTIT

Abstract. We present three extensions to the product replacement algo-
rithm. First we prove that the well-known accumulator extension does not
increase the mixing time. Then we present a new heuristic extension, called
the Prospector, with the aim of finding random elements with short straight
line programs in the given generators. Finally we analyse the behaviour of the
well-known accelerator extension on a large generating set.

The Prospector has been implemented in Magma, and experimental evi-
dence is provided which indicates that it is a very practical method.

1. Introduction

Let G be a black box group[11, pp. 17], defined by a generating set X . The
problem that we wish to address is how best to find an element of G that belongs
to some given subset S of G as a straight line program (abbreviated SLP) in X , by
random search.

The only known algorithms for solving this problem that work well in practice are
variations of product replacement[3], which is implemented in both the two major
software systems for group theory, Magma[2] and GAP[5]. Better algorithms exist
in many important special cases, but we are assuming here that we have a true black
box group, as opposed to a permutation group, or a group of known isomorphism
type. There are three aspects of this problem that we wish to consider.

(1) Product replacement in its original form consists of a team which is updated
and the new element of the team is then returned. This has the defect that
there is a systematic bias against certain group elements. Although this
bias is generally harmless, it can be (and generally is) removed by adding
an accumulator to the process[7]. Then the team and the accumulator are
updated, and the new value of the accumulator is returned. There is no sys-
tematic bias in the value of the accumulator. A question of great theoretical
interest is the mixing time of product replacement. When no accumulator
is used this mixing time has been studied by Diaconis and Saloff-Coste,
and by Pak who proved that the mixing time is polynomial[9, 10]. Our first
objective is to prove that the mixing time for product replacement with
an accumulator is not significantly worse than the mixing time without an
accumulator; that it to say, the mixing time for the accumulator is not se-
riously worse than the mixing time for the team. This is done in Section
2.

(2) We are not simply looking for an element of G of a particular type; we are
looking for such an element as an SLP in X . Clearly we should like this
length to be as short as possible. If the proportion of elements of G of the
required type is 1/ε then the length of the SLP will need to be at least
O(log(ε)); but the graph in which product replacement searches has high
valency, so we can hope that the logarithm will be to a large base (or that the
constant concealed by the O()-notation will be small). However, if we use
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product replacement in the traditional way the length of the SLP will be the
length of the search (or twice this length with an accumulator, as each step
then requires two multiplications). In Section 3 we explore an idea whereby
the length of the SLP may be closer to O(log(ε)) rather than O(ε). Our
approach is heavily statistical, in that the process is based on sampling the
elements that are returned, and not on any theoretical assessment of what
elements should be returned. Thus the success or failure of the technique has
to be decided experimentally. There is a balance to be considered between
having a faster algorithm and a shorter straight line program. Our general
bias is towards having a shorter SLP. There is an assumption that the SLP

will be evaluated in a preimage of G in a larger group, and group operations
may be slower in this larger group. This need for short SLPs has arisen as
a practical issue in the matrix recognition project[8].

(3) We are concerned also with the question of what to do if the given gener-
ating set is large. There has been a suggestion that an “accelerator” should
be used in this context[7]. In Section 4 we explore the use of an accelerator
and other ideas, particularly within the context of obtaining short SLPs.

In summary, our objective is to construct a fast algorithm for finding random
elements of a given type in a general black box group, and to provide a little more
theoretical justification for using an accumulator.

2. The product replacement algorithm

We now give a brief but more formal description of the product replacement
algorithm. It maintains an array A of length n of group elements, called the seed

or the “team”. Initially, A are filled with the generators of G. More specifically, if
X = {x1, . . . , xt} then we let A[i] = xi mod t for i = 1, . . . , n.

The original version of the algorithm, known as Shake, then works as in Algo-
rithm 1 at each invocation.

Algorithm 1: Shake(A)

1 Input: The seed A.
2 Output: The next random element.
3 i := Random(1, n)
4 repeat

5 j := Random(1, n)
6 until i 6= j
7 A[i] := A[i]A[j]
8 return A[i]

In [7] the variant known Rattle was introduced. The seed is then extended with
an entry A[0], called the accumulator. Each invocation is then as in Algorithm 2.

Algorithm 2: Rattle(A)

1 Input: The seed A.
2 Output: The next random element.
3 i := Random(1, n)
4 repeat

5 j := Random(1, n)
6 until i 6= j
7 k := Random(1, n)
8 A[i] := A[i]A[j]
9 A[0] := A[0]A[k]

10 return A[0]
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In [7] it is proved that the distribution of the elements returned from Rattle
converges to the uniform distribution, which is not the case for Shake.

Normally one executes the algorithm s times as an initial scrambling, since at
the beginning A consists of the generators of G, which might not be random. It
follows from [10] that for Shake, the mixing time, the minimum number of scrambles
that is necessary in order to produce nearly uniformly random elements of G, is
polynomial in the size of the input, when n is large enough. In [7] it was conjectured
that this is also true for Rattle.

Theorem 2.1. The mixing time for Rattle is no worse than the mixing time for

Shake.

Proof. TODO �

The product replacement algorithm can be thought of as a random walk in a
directed graph, where each vertex corresponds to an n-tuple of elements of G, given
by the seed. There is an edge between two vertices if one can move between them
using an invocation of the algorithm. Hence in general the vertices have very high
valency. One can also note that the random walk determines a discrete Markov
chain. Much can be said about the theoretical issues of the algorithm, see [9], but
our concerns are different.

Since the algorithm constructs random elements directly from the generators
of G, it is easy to also maintain SLPs of the elements of A and hence to return
every random element as a straight line program in the generators of G. This is an
essential feature which is used in many algorithms.

As the number of invocations of the product replacement algorithm increases,
the elements that are returned become more random, but at the same time the
lengths of their straight line programs increase. Hence one has to choose between
good random elements, which might be necessary in order to find certain group
elements, or short straight line programs, which might be necessary in order to
evaluate them quickly on the generators of some other group. It might even be
necessary to produce two different versions of an algorithm corresponding to these
choices, which turn out to have different time complexity.

3. The Prospector

The dichotomy of the above situation is undesirable. We will describe a heuristic
extension of the product replacement algorithm that tries to maintain short straight
line programs while still producing elements that look random.

The idea is to try to detect when the elements that we find are random, and
when we think that this is the case we save the seed at the current vertex. Then
when we have moved a few steps we return to this vertex by resetting the seed.
Later we might notice that the elements are in fact not random and then move on
to another vertex. The similarity with a prospector looking for gold has led to the
name The Product Replacement Prospector.

We call one instance of the ordinary product replacement algorithm a random

process. The Prospector maintains two processes, a sampler process and a seeker

process.
The seeker process is used by the Prospector to return random elements. The

seed of this process will occasionally be reset as described above, to move back to
a good vertex. We maintain SLPs of the seed in the seeker process in order to be
able to return random elements as SLPs.

The sampler process is used to determine if we have good random elements. For
this the Prospector needs as input a function τ : G → N, which is used to produce
test values of the elements. The sampler process is advanced as the ordinary product
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replacement algorithm and the seed is never reset. We do not maintain SLPs of the
seed in the sampler process.

More specifically, we choose parameters m, tl, ca, al ∈ N, and at invocation l of
the Prospector, the following happens:

(1) The next element ga ∈ G of the sampler process is fetched, and τ(ga) is
appended to a list Ta of sampler test values. Similarly ge ∈ G is fetched
from the seeker process and τ(ge) is appended to Te. If |Ta| > m then the
first element of Ta is removed. Similarly if |Te| > m.

(2) If tl | l and |Ta| = m then the values of Ta are collected into buckets and
a χ2 test is performed that compares the bucket sizes either with their
expected sizes, if these are known, or with the buckets from the previous
χ2 test using Ta, to see if there is any change. Note that these cases involve
different types of χ2 tests, as explained in the next section. The test uses
significance level αa.

(3) If ca consecutive such tests are successful, the sampler process is stopped, so
no more elements ga are chosen and the list Ta is assumed to be a random
distribution.

(4) If tl | l and |Te| = m then similarly the values of Te are collected and a χ2

test using significance level αe is performed that compares them with the
values in Ta. If the test is successful, the current vertex is assumed to be
good.

(5) If al | l then, if the current vertex is good, we reset the seeker seed to the
last known good seed, or we save the current seeker seed as the last known
good seed.

The parameters have the following interpretations:

al The length of the “arm” that we traverse in the graph before we reset the
seed and move back to a good vertex.

m The sizes of the test batches in the χ2 tests for the sampler and seeker
processes.

tl The number of invocations between the χ2 tests.
ca The number of consecutive tests that must be successful until we conclude

that we probably have good enough random elements and the sampler
process is stopped.

3.1. The χ2 tests. Given a list of values T , we construct a list of buckets B. The
number of buckets nb is the number of distinct elements of T , so each bucket is
labelled by such an element. The value of each bucket is the multiplicity of its label
in T . In other words, we consider T as a multiset and let the buckets contain the
multiplicities of each element.

Then we can perform a χ2 test between B and the expected values E of the
buckets. If we have a group G where the distribution of the values from the function
t are known, then we use the classical Pearson’s test, but in our situation it is more
likely that this is not the case. Then we want to check if B and E come from the
same distribution, i.e. we perform a χ2 for homogeneity. We describe this test now.

Let r1 =
∑nb

i=1 B[i], r2 =
∑nb

i=1 E[i], ci = B[i] + E[i] for i = 1, . . . , nb, and let
r = r1 + r2 =

∑nb

i=1 ci. Let S be the 2 × nb matrix with rows B and E. The test
statistic is then

X = r

2
∑

i=1

nb
∑

j=1

(Si,j − ricj/r)2

ricj

(3.1)

and X is approximately χ2-distributed with f = nb − 1 degrees of freedom,
assuming the null hypothesis. If tl is small, so that about 1/10 or more of the values
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in B are less than 5 then we use the well-known Yates’ correction for continuity on
X : subtract 0.5 from each numerator, inside the brackets.

Now to perform the test with significance level α, we need a threshold value Xα,
such that the probability that X > Xα is less than α if the null hypothesis is true.
In our case α is given in the input, so we use the well-known Wilson-Hilferty normal
approximation[6]. If we let

Y =
3

√

X/f − 1 − 2/(9f)
√

2/(9f)
(3.2)

then Y is approximately N(0, 1)-distributed. Hence if Φ is the normal cumulative

distribution function, the threshold is Yα = Φ−1(1− α) =
√

2 erf−1(1− 2α), where
erf(x) is the error function. Since in our case α will be close to 0, we use the well-

known approximation to the inverse error function erf−1(z) that is valid when z is
close to 1:

erf−1(z) ≈

√

log 2
π(z−1)2 − log log 2

π(z−1)2

2
. (3.3)

3.2. Analysis. Given the immense difficulties of proving anything at all about
the ordinary product replacement algorithm, we have little hope in proving that
the Prospector produces good enough random elements with short SLPs. We will
instead highlight the essential questions, and provide experimental evidence for our
answers.

It is clear that the length of the straight line programs will be kept short if
we reset the seed of the seeker process. The first question is instead the following.
Assume we search randomly for elements of G that satisfy a certain property, and
assume that the sampler process has stopped and the seeker process has found a
good vertex. Hence our statistical tests have concluded that the elements appear to
be random. Is it then sufficient to search in a neighbourhood of size al of the good
vertex in the graph, in order to find an element of G with the required property?
Do we have to make significantly more invocations of the seeker process in this
neighbourhood in order to find such an element, compared to if we used the ordinary
product replacement algorithm?

Most likely these questions cannot be answered for a general G, but our ex-
periments indicate that for many interesting G the answers are “yes” and “no”,
respectively.

The other question is what test function τ to use. We want a test such that
the distribution of images of τ on a sample of elements from G differ significantly
depending on whether or not the sample comes from a uniformly random distribu-
tion. And optimally we want a test that works well for every G. This is probably
impossible, but it might be possible to have one test that works reasonably well for
permutation groups, and one for matrix groups. These are the contexts that we are
most interested in.

For a matrix group G 6 GL(d, q) we could take τ : G → {1, . . . , d} such that
τ(g) is the number of factors of the characteristic polynomial of g.

For a permutation group G 6 Sym(d), we could try one of the following tests:

• τ(g) is the number of cycles of g
• τ(g) is the length of the longest cycle of g
• τ(g) is the number of fixed points of g

Evidently, in the first two cases the codomain of τ is {1, . . . , d} and in the last case
it is {0, . . . , d}. Our experiments indicate that all these tests work well in practice.
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3.2.1. Experimental evidence. The Prospector has been implemented in Magma.
We have performed tests to see how it compares with the ordinary product replace-
ment algorithm. Hence we executed the Magma built-in product replacement ma-
chinery and our Prospector implementation simultaneously on a number of groups:

• Sym(d) for various d. Here we used a random generating set of size 3, and
searched for elements with a cycle of length d. The proportion of these
elements is 1/d. The function τ was “number of cycles”.

• SL(d, q) for various d, q. Here we used a random generating set of size 2, and
searched for elements whose characteristic polynomial had a factor of degree
d. The proportion of these elements is approximately 1/d. The function τ
was “number of factors of characteristic polynomial”.

In each case, we made 10 consecutive searches for an element of the required
kind. We recorded the average number of random selections r1 and r2 that was
necessary in order to find such an element, for the ordinary product replacement
algorithm and the Prospector, respectively. We also recorded the average length
l of the resulting SLPs from the Prospector. Of course, for the ordinary product
replacement algorithm, the lengths of the resulting SLPs were about 2r1.

The values of the various parameters that we used was: n = 10, s = 0, al = 10,
m = 10, tl = 20, ca = 5. We used two different significance levels: αa = αe = 0.01
and αa = αe = 0.05. In all the tests, the significant levels were the same, so we
used a table to find the correct χ2 threshold value rather than using the approxi-
mations described in Section 3.1. Tables 1 and 2 contain our experimental results.
In addition, for each group we have included the expected number of selections e
for finding an element of the required kind.

Group l r1 r2 e
Sym(300) 21 303 349 300
Sym(500) 28 534 692 500
Sym(1000) 23 1330 1580 1000
SL(50, 113) 22 33 49 50
SL(100, 113) 24 75 127 100
SL(150, 113) 25 117 166 150

Table 1. Experimental evidence with αa = αe = 0.01

Group l r1 r2 e
Sym(300) 235 353 385 300
Sym(500) 294 526 542 500
Sym(1000) 343 1358 1427 1000
SL(50, 113) 25 52 75 50
SL(100, 113) 41 87 222 100
SL(150, 113) 82 208 232 150

Table 2. Experimental evidence with αa = αe = 0.05

We also performed these experiments on various sporadic groups, using some of
the permutation and matrix representations available in the Web-Atlas[1]. We
used the standard generators available in Magma. The elements we searched for
were those with a particular order o, such that the proportion of these elements were
moderately small. To calculate suitable o and the corresponding e for each group,
we used the AtlasRep package in GAP, derived from the Atlas[4]. Table 3 contains
our experimental results in those cases that we used permutation representations.
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The permutation group degree d is listed. Table 4 contains our experimental results
in those cases that we used matrix representations. The matrix group degree d
and field size q are listed. Some representations had elements of the required order
as part of their standard generators, and those representations were deliberately
avoided, since they would give the Prospector a big advantage. We also chose at
most one permutation or matrix representation for each group. With the sporadic
groups, we only used significant level 0.01.

Group d o l r1 r2 e
Co2 4600 4 25 421 754 870
Co3 552 5 27 369 187 250
M24 2024 3 57 106 296 344
Fi22 3510 5 22 798 469 600
HS 4125 3 25 208 704 360
McL 7128 3 25 998 832 941
Suz 1782 4 29 195 144 224
Ru 4060 5 62 243 372 231
HS 5600 3 26 364 573 360

Table 3. Experimental evidence for sporadics

Group d q o l r1 r2 e
Co1 24 2 8 64 183 209 292
Co3 23 11 5 24 365 273 250
M22 45 11 2 59 320 381 384
HS 77 11 3 28 433 411 360
McL 21 3 3 27 605 1171 941
He 51 25 5 25 211 261 300
HS 49 3 3 63 238 358 360

Table 4. Experimental evidence for sporadics

As can be seen in the tables, the Prospector usually seem to require slightly more
random selections. However, we have performed χ2 tests to see if the number of
selections is significantly larger than the expected number. Using significance level
5% there has not been a single instance where the number of selections has been
significantly too large.

The experiments were carried out using Magma V2.13-4, on a PC with an
Intel Pentium 4 CPU running at 2.4 GHz and with 512 MB of RAM. The results
indicate that the Prospector is a very practical extension of the product replacement
algorithm.

4. Large generating sets

We now turn to the question of how to find random elements from a group given
by a generating set that is large and very “non-random”. Typical examples are
Sym(d) generated by its transpositions, or SL(d, q) generated by its transvections.
The Coxeter presentation of Sym(d) provides a more specific example: Sym(d)
generated by the n − 1 transpositions (i, i + 1) for 1 6 i < n, and (n, 1).

As in our earlier considerations, the problem is essentially practical. With these
bad generating sets the mixing time is too large to be really tractable. In [7] it is
suggested that one could use an accelerator to somewhat decrease the mixing time,
and we will analyse this experimentally. The idea is to choose one element of the
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seed as the accelerator, and to use a modified version of the product replacement
algorithm which is heavily biased to choose the accelerator at each step. One then
mixes the bad generating set in this way, then chooses a small number of random
elements as a new generating set and continues using ordinary product replacement
(or the Prospector). More specifically, each invocation of Rattle with accelerator is
as in Algorithm 3.

Algorithm 3: RattleWithAccelerator(A)

1 Input: The seed A.
2 Output: The next random element.
3 i := Random(2, n)
4 j := Random(2, n)
5 k := Random(1, n)
6 A[i] := A[i]A[1]
7 A[1] := A[1]A[j]
8 A[0] := A[0]A[k]
9 return A[0]

We have performed an experiment where we compared the mixing time of ordi-
nary product replacement with the version where an accelerator is used. The groups
we used were Sym(d) on the above Coxeter generators, for various d. For each d, we
searched for a d-cycle without performing any initial scrambling, and the mixing
time is here defined as the number of invocations necessary to find this element. The
results are shown in Figure 4.1. As can be seen, the accelerator clearly decreases
the mixing time.

Figure 4.1. The mixing time for Sym(d)
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