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Abstract. We present a black box algorithm that finds standard generators
for the Suzuki groups Sz(q), where q = 22m+1 for some m > 0. The algo-

rithm is Las Vegas, with time complexity O
(

q log(q)5
)

group operations. It is

implemented in the computer algebra system Magma.

1. Introduction

The family of simple groups known as Suzuki groups were introduced in [17, 18,
19], as matrix groups of degree 4. They are usually denoted Sz(q), where Fq is the
defining field, so that q = 22m+1 for some m > 0. In [6], standard generators for
Sz(q) are given, as well as a short presentation for Sz(q) on these generators. We
shall use the notation of [6], so that our standard generators for Sz(q) are

x =









1 0 0 0
1 1 0 0
1 1 1 0
1 0 1 1









(1)

y =









ωt/2+1 0 0 0

0 ωt/2 0 0
0 0 ω−t/2 0

0 0 0 ω−t/2−1









(2)

z =









0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0









(3)

where t = 2m+1 =
√

2q and ω is a primitive element of Fq .
In [2], the Suzuki groups are studied from an algorithmic perspective, and a

constructive recognition algorithm is presented. Constructive recognition can also
be solved by finding standard generators and then solving a module isomorphism
problem[11]. The algorithm presented here therefore provides an alternative to [2,
Theorem 3.25], useful when q is small. Moreover, [2, Theorem 3.25] depends on
a few conjectures, one ([2, Conjecture 3.23]) of which is proved by the algorithm
presented here. Hence this paper forms a part of the Matrix Group Recognition
Project[12].

In [15, pp. 17], the concept of a black box group is defined. In short, it is a group
where the elements are encoded as strings of uniform length over a finite alphabet,
and equipped with an oracle (the “black box”) that can find a string representing
the product of two given elements, find a string representing the inverse of a given
element, and test if a given element is the identity.

Here we consider the Suzuki groups as black box groups with order oracles. In
other words, the black box group has an additional oracle that finds the order of a
given element. We shall also assume an oracle for the discrete logarithm problem.
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The time complexity measures will be bit operations. We will use the following
notation for a black box group G:

µ The time complexity for the group operation in G, i.e. the cost of the black
box.

η The time complexity to find the order of an element of G.
ξ The time complexity to construct a uniformly random element of G.
ζ The time complexity for a field operation, i.e. a multiplication in Fq .
χ The time complexity for solving an instance of the discrete logarithm prob-

lem in Fq .

Note that some of these are redundant. Clearly, χ ∈ O
(

qζ
)

, and since q is a power

of 2, by [9], χ ∈ O
(

exp(c log(q)1/3 log log(q)2/3)
)

where c > 0 is a small constant.

By [3], ξ ∈ O
(

(log(|G|))5µ
)

. Moreover, in Sz(q) every element has order O
(

q
)

, so

that η ∈ O
(

qµ
)

, and |Sz(q)| = q2(q2 + 1)(q − 1), so that log(|G|) ∈ O
(

log(q)
)

. If
elements of Fq are represented as polynomials over F2 (as bit-strings), then by [20,
Theorem 8.23], ζ ∈ O

(

log(q) log log(q) log log log(q)
)

.
The algorithms we present will be probabilistic, of Las Vegas type. Such algo-

rithms are defined in [15, Section 1.3] and [10, Section 3.2.1]. In short, a Las Vegas
algorithm either returns failure, with probability at most ε, or otherwise returns
a correct result. One can enclose such an algorithm in a loop that iterates until the
algorithm returns a correct result, thus obtaining a probabilistic time complexity.
This is the way we present Las Vegas algorithms, since it is the one that is closest
to how the algorithm is used in practise.

When we say that an algorithm is “given a group 〈X〉”, then the generating set
X is fixed and known. In other words, the the algorithm is given the generating set
X and will operate in 〈X〉.

Our algorithm will find standard generators expressed as straight line programs

(abbreviated to SLPs) in the given generating set. An SLP is a data structure for
a word, which ensures that during evaluation, subwords occurring multiple times
are not computed more often than during construction. An important issue is the
length of the SLPs that are computed. We assume that SLPs of random elements
have length O

(

n
)

where n is the number of random elements that have been selected
so far during the execution of the algorithm.

The objective of the paper is to prove the following result.

Theorem 1. There exists a Las Vegas algorithm that, given a black box group

G = 〈X〉 ∼= Sz(q), where q = 22m+1 for some m > 0, finds x̄, ȳ, z̄ ∈ G as straight

line programs in X, such that the mapping

x̄ 7→ x (4)

ȳ 7→ y (5)

z̄ 7→ z (6)

is an isomorphism. The algorithm has expected time complexity O
(

q(ξ + µ) +

log log(q)η + q log(q)ζ + χ
)

, or equivalently O
(

q log(q)5µ
)

. The length of the re-

turned SLPs are O
(

q
)

.

The algorithm has been implemented in the computer algebra system Magma[4].

2. Preliminaries

Recall that the trace (over the prime field) of an element a ∈ Fq, where q = pe for

some prime number p, is Tr(a) =
∑e−1

i=0 api ∈ Fp. Trivially, Tr(a) can be computed

in time O
(

epζ
)

.
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Henceforth assume that q = 22m+1 for some m > 0, and ω will denote a fixed
primitive element of Fq. We shall also denote the Euler totient function by φ.

We can express any a ∈ Fq as a =
∑2m

i=0 aiω
i, where each ai ∈ F2. Then

Tr(a) =

2m
∑

j=0

a2j

=

2m
∑

j=0

2m
∑

i=0

ai(ω
i)2

j

=

2m
∑

i=0

ai Tr(ωi) (7)

and hence if Tr(ωi) is pre-computed for i = 0, . . . , 2m, then Tr(a) can be computed
in time O

(

log(q)
)

.

Lemma 2. There exists k ∈ {1, . . . , q − 1} such that

(1) gcd(k, q − 1) = 1,
(2) Tr(ω−k) = 1.

Proof. This is proved in [14]. Also see [8] for an overview. �

Lemma 3. Let g ∈ Sz(q). Then |g| = q ± t + 1 if and only if Tr(Tr(g)t/2−1) = 1.

Proof. TODO �

We use the notation of [6].

Lemma 4. Let k be as in Lemma 2, and let a = ωk. There exists unique b ∈ Fq

such that |T (a, b)z| = 4 and (T (a, b)2z)T (a,b) = (T (a, b)2z)q.

Proof. Direct calculations show that |T (a, b)z| > 2 unless a = b = 0, Tr(T (a, b)2z) =
at+2 and Tr(T (a, b)z) = at+at+2+ab+bt. Hence by Lemma 3,

∣

∣T (a, b)2z
∣

∣ = q±t+1.
Also, if |T (a, b)z| = 4 then [2, Lemma 5.2] implies that 〈T (a, b), z〉 is a maximal
subgroup of Sz(q) of shape Cq±t+1 : C4. By [2, Theorem 2.1], the element of order
4 at the top acts on the normal subgroup as powering by ±q.

In Sz(q), elements of trace 0 have orders 1, 2, 4, and

at + at+2 + ab + bt = 0 ⇔
a2 + a2t+2 + atbt + b2 = 0 ⇒
b2 + at+1b + a2 + a2t = 0

(8)

where the third equation is at times the first added to the second. The quadratic

equation has solutions b1 = at+1
∑m+1

i=1 a−2i

and b2 = b1 + at+1, which both give
the value as+2(1 + Tr(a−1)) of Tr(T (a, b)z). Hence T (a, b1)z and T (a, b2)z have
order 4. One acts as the power q on T (a, b)2z and the other as the power −q. �

Lemma 5. The element T (0, a)z has order 5 if and only if a = 1.

Proof. Elements in Sz(q) of order 5 are conjugate (why?!). A direct calculation
shows that |T (0, 1)z| = 5 and Tr(T (0, a)z) = at. Hence by [2, Proposition 2.8], if
a 6= 1 then it is not conjugate to T (0, 1)z, and hence cannot have order 5. �

Lemma 6. There exists an absolute constant c > 0 such that the product of two

random involutions in Sz(q) has odd order with probability at least c.

Proof. Given a fixed involution j1 and a random involution j2, their product is odd
if j2 lies in a different maximal parabolic, or if j1 = j2. Hence the probability is
1 − 1/(q2 + 1) + 1/((q2 + 1)(q − 1)) > 449/455 = c since m > 1. �

By [2, Theorem 2.3], a maximal parabolic of Sz(q) has shape (Fq.Fq):F
×
q .
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Theorem 7. There exists a Las Vegas algorithm that, given a black box group

G = 〈X〉 ∼= Sz(q), and an element f ∈ G of order 4, finds h ∈ G such that

|h| = q−1 and 〈f, h〉 is a maximal parabolic in G. The algorithm has time complexity

O
(

(µ log(q) + ξ + η) log log(q)
)

. If f is given as an SLP in X of length O
(

n
)

, then

h will be found as an SLP in X of length O
(

n + log(q)
)

.

Proof. The algorithm proceeds as follows:

(1) Use the algorithm of [5] to find an element g ∈ CG(f2) ∼= Fq.Fq . If |g| = 4
then let j := g2, otherwise j := g. Find another g if j = f 2. This takes
expected time O

(

µ + ξ + η
)

.

(2) Find random c ∈ G such that jc /∈ CG(f2) and
∣

∣f2jc
∣

∣ = 2k+1. The number

of involutions in CG(f2) is q − 1, and the total number of involutions in G
is (q−1)(q2+1). Hence by Lemma 6, this takes expected time O

(

µ+ξ+η
)

.

(3) Let h = c(jcf2)k. This takes time O
(

µ log(q)
)

. Then (f2)h = j and hence

〈f, h〉 lies in a maximal parabolic (h must fix the point fixed by f 2 and j).
(4) Since h /∈ CG(f2), it must have odd order. Check that |h| = q − 1 (rather

than a proper divisor). Return to the first step otherwise.

By [2, Theorem 2.1], the probability that h has the correct order is φ(q−1)/(q−1).
Hence by [13, Section II.8], the number of iterations of the algorithm is O

(

log log(q)
)

.
�

3. The main algorithm

We now describe the algorithm in Theorem 1.

(1) Find random f ∈ G of order 4. The total number of such elements in G
is q(q2 + 1)(q − 1), and |G| = q2(q2 + 1)(q − 1). Hence this takes time
O

(

q(µ + ξ)
)

.

(2) Let s = f2. Find random c ∈ G such that |ssc| /∈ {1, 2, 4}. Let z̄ = sc.
Similarly as in the proof of Theorem 7, this takes expected time O

(

µ + ξ
)

.

Note that we have f, s, z̄ as SLPs of length O
(

q
)

. Moreover, f corresponds

to T (a1, b1), s corresponds to T (0, at+1
1 ), for some a1, b1 ∈ Fq.

(3) Use Theorem 7 with f and hence find h of order q− 1. Then h corresponds
to T (a2, b2)D(λ), for some a2, b2 ∈ Fq and λ ∈ F×

q .

(4) Find j ∈ {1, . . . , q − 1} such that
∣

∣

∣
shj

z̄
∣

∣

∣
= 5. Replace s and f with shj

and fhj

. Then by Lemma 5, s corresponds to T (0, 1) and f corresponds to
T (1, b3) for some b3 ∈ Fq . This takes time O

(

qµ
)

.

(5) Compute Tr(ωi) for each i = 0, . . . , 2m. This takes time O
(

log(q)2ζ
)

.

(6) Find a primitive element a = ωl ∈ Fq such that Tr(a−1) = 1. By [20,
Corollary 11.10, Theorem 8.24] and (7), this takes time O

(

q log(q)
)

. We
next want to replace h so that its diagonal part corresponds to D(ω).

(7) For random j ∈ {1, . . . , q − 1}, perform the following steps:
(a) Determine if gcd(j, q−1) = 1, and simultaneously compute 1/j (mod q−

1). Skip to the next j if not. By [20, Corollary 11.10, Theorem 8.24],
this takes time

O
(

log(q) log log(q)2 log log log(q)
)

.

(b) Find the minimal polynomial g(w) =
∑2m+1

i=0 diw
i of ωj , over F2. If

λ = ωj , then by [6], fd2m+1h2m+1

fd2mh2m · · · fd1hfd0 has order at most
2. Skip to the next j if not, otherwise let k := 1/j (mod q − 1) and
break. By [16], this takes time O

(

log(q)2ζ + log(q)µ
)

.
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We expect to find k in O
(

q/ log(q)
)

iterations. Hence this step takes ex-

pected time O
(

q(log(q)ζ + µ + log log(q)2 log log log(q))
)

.

(8) Replace h with hk. Then h corresponds to T (a2, b2)D(ω). This takes time
O

(

log(q)µ
)

.

(9) Find j ∈ {1, . . . , q − 1} such that f̄ := fshj

has order 4 and either z̄f̄ z̄f̄2z̄f̄3 =
1 or z̄f̄3z̄f̄2z̄f̄ = 1. By [6], this implies that f̄ corresponds to T (1, 0) or
T (1, 0)−1 = T (1, 1), respectively. If z̄f̄ z̄f̄2z̄f̄3 = 1, then let x̄ = f̄ , other-
wise let x̄ = f̄−1. This takes time O

(

qµ
)

. Note that we then have x̄ as an

SLP in X of length O
(

q
)

.

(10) Let u = x̄hl

. Then u corresponds to T (a, b4) for some b4 ∈ Fq . This takes
time O

(

log(q)µ
)

.

(11) Find j ∈ {1, . . . , q − 1} such that ū := ushj

has order 4 and (ū2z̄)ū =
(ū2z)q. By Lemma 4, this j is unique. This takes time O

(

qµ
)

.
(12) Now ū corresponds to T (a, b) for some specific b ∈ Fq, and by the proof

of Lemma 4, b is either α = at+1
∑m+1

i=0 a−2i

or α + at+1. Determine
which value is correct by directly calculating the matrices. This takes time
O

(

log(q)ζ
)

, using [7] to calculate (T (a, b)2z)q.

(13) Find j ∈ {1, . . . , q − 1} such that ωj = bt−1. Let v = ūshj

. Then v corre-
sponds to T (a, 0). This takes time O

(

χ + µ
)

.
(14) From [6], it follows that in Sz(q) the following relation holds:

zT (a, 0)z = D(a2)T (a, 0)zT (0, a−1−t)

Hence v̄ := z̄vz̄sh−l

z̄v−1 corresponds to D(a2).
(15) Let ȳ = v̄q/(2l). Then ȳ corresponds to D(ω). Clearly we have ȳ as an SLP

of length O
(

q
)

.

This proves Theorem 1. Finally, we can also verify that x̄, ȳ, z̄ are standard
generators, using the short presentation given in [6].

Appendix A. Implementation data

The algorithm has been implemented in Magma. To illustrate that the algorithm
is very much practical, we display the timings when the algorithm is executed on
the representations of Sz(8) and Sz(32) that are available in version 3 of the Web-

Atlas[1]. The time shown is the average taken over 10 executions.
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Table 1. Timings on
matrix groups for q = 8

Degree Field ID Time [s]
64 F2 0.019
4 F23 0.006
16 F23 0.010
14 F5 a 0.010
14 F5 b 0.010
35 F5 a 0.020
35 F5 b 0.020
35 F5 c 0.021
63 F5 0.046
195 F5 0.482
65 F53 a 0.280
65 F53 b 0.288
65 F53 c 0.274
64 F7 0.056
91 F7 0.102
105 F7 0.147
14 F72 0.019
14 F13 a 0.021
14 F13 b 0.020
35 F13 0.062
65 F13 a 0.251
65 F13 b 0.234
65 F13 c 0.227
91 F13 c 0.449
14 Z[i] a 0.301
14 Z[i] b 0.344
65 C a 11.135
65 C b 9.958
65 C c 10.280
64 Z 0.274
91 Z 18.257
105 Z[i] 91.083

Table 2. Timings on
permutation groups for
q = 8

Degree Time [s]
65 0.0004
520 0.004
560 0.004
1456 0.006
2080 0.006

Table 3. Timings on
matrix groups for q =
32

Degree Field ID Time [s]
4 F25 0.022
124 F5 0.510
124 F41 2.923
124 Z[i, 1/2] a 1329.788
124 Z[i, 1/2] b 1199.178

Table 4. Timings on
permutation groups for
q = 32

Degree Time [s]
1025 0.015
198400 4.631
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