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Writing a thesis

A thesis surveys a body of advanced literature and presents original
work; it gives its author an opportunity to communicate
knowledge, curiosity, and enthusiasm.

A thesis has a distinctive structure, between a short book and a
research paper.

• Title & abstract

• Introduction & background

• Body

• Conclusions/Future work

• Bibliography

A thesis is a specialised document, not intended for the general
public: how narrow should the target audience be?

Title, abstract, and the beginning of the introduction set the tone
for the rest of the document.
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The opening paragraph

A thesis in group theory

Let GL(d , q) denote the general linear group of invertible
d × d-matrices over the finite field Fq with q elements. In
computational group theory, it is of interest to calculate
the order n of an element A ∈ GL(d , q), i.e.,

n = min{j ∈ N : Aj = I}

where I is the d ×d identity matrix. The integer d can be
large, e.g., d > 100.

• Jargon and notation belong to standard introductory algebra.
• Formal style: definitions and symbols appearing straight away.
• Brief clarifications convey an impression of considerate writing.
• The last sentence hints to the type of problems to be addressed.
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A thesis in geometry

In 1984, Schechtman et. al. [SGBC84] announced that the
symmetry group of an aluminium-manganese alloy crystal,
produced by rapid cooling, was that of the icosahedron.
Such a symmetry is not possible for a periodic structure
in three dimensions. This discovery brought down a long-
held assumption in crystallography, that the only structures
with some sense of long-range order were periodic.

• The account of the surprising outcome of a physics experiment
tells a story, skillfully building some drama.
• The near complete absence of mathematical terms and the
engaging, accessible style make this excerpt very inviting.
• Formal definitions and symbols are given much later.
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A thesis in ergodic theory

Ergodic optimisation is a branch of the ergodic theory of
topological dynamics which is concerned with the study
of T -invariant probability measures, and ergodic averages
of real-valued functions f defined on the phase space of
a dynamical systems T : X → X , where X is a compact
metric space.

• Writing for specialists, without apologies. The author relies on
the reader’s familiarity with half a dozen advanced concepts.
• In a single sentence, the author explains the meaning of the
expression ergodic optimisation (the thesis’ main topic), and
introduces three important symbols. The notation is standard for
the subject area.
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Two research papers

The following opening sentence will wipe out 99% of the readers.

Let K be an algebraic extension of Qp, and let O be its
integer ring with maximal ideal M, and residue field k . If
K is an algebraic closure of K , we denote by O and M

the integral closure of O in K and the maximal ideal of O,
respectively.

In the following extreme example, the author disposes of all
background definitions altogether.

1. Introduction. The notation used is that of [2]; in
particular . . .

One cannot proceed without the cited publication (by the same
author); most readers will stop reading here.
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The title

A title is a short phrase without symbols. We examine titles taken
from the literature, assessing their suitability for a thesis.

Introductory real analysis [A. N. Kolmogorov and S. V. Fomin,
Dover Publications, New York (1970).]

The term ‘introductory’ suggests a textbook. This term would be
out of place in a thesis’ title; likewise, the shorter title Real
analysis would be much too general.

Algebraic aspects of cryptography [N. Koblitz, Springer-Verlag,
Berlin (1998).]

The subject area may seem narrow, but in fact it is still broad; a
thesis with this title would suggest a literature survey. A thesis with
an original research component would require a more specific title.
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Making transcendence transparent. (Subtitle: An intuitive
approach to classical transcendental number theory .) [E. Burger
and R. Tubbs, Springer-Verlag, New York (2004).]

The pedagogical tone again suggests a textbook, not a thesis. The
title has an appealing alliteration, while the subtitle spells out the
title’s promise. Subtitles can be quite effective.

The arithmetic-geometric mean of Gauss. [T. Gilmore, MSci
thesis, Queen Mary, University of London (2012).]

As the reference to Gauss suggests, this is a classical topic, known
(to an expert) to be connected to deep mathematical theories. So
a good title for a thesis, even if there is no indication of what
might be the original contribution.

On the zeros of polynomials with restricted coefficients [P.
Borwein and T. Erdelyi, Illinois J. Math. 41 (1997) 667–675.]

A rare instance of a research problem with a non-technical
description, which makes a good title. The preposition ‘on’ lends
an authoritative tone to it, promising some general result.
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Toward a theory of Pollard’s ρ-method [Eric Bach, J. Information
and Computation 90 (1991) 139–155.]

A very eloquent title, which suggests that some progress has been
made on a topic not yet supported by a theory. This would be an
ideal title for a thesis. The use of the symbol ρ is justified, because
the aforementioned method is invariably associated to it.

A complete determination of the complex quadratic fields of class
number one [H. M. Stark, Michigan Math. J. 14 (1967) 1–27.]

The authoritative title of this research paper announces the
solution of a long-standing problem. A trimmed version Quadratic
fields of class number one could be the title of a thesis.

Diophantine integrability [R. G. Halburd, J. Phys A: Math. Gen.
38 (2005) 1–7.]

The two terms belong to two different areas of mathematics, and
their unexpected juxtaposition suggests interdisciplinarity. A short
and effective title, perfect for a thesis.
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Outer billiards on kites [R. E. Schwartz, volume 171 of Annals of
Mathematics Studies, Princeton University Press, Princeton and
Oxford (2009).]

A clever exploitation of double meanings. Both terms ‘Outer
billiards’ and ‘kites’ are mathematical, but not well-known; their
unlikely significance in ordinary English will raise broad interest.

Euclidean algorithms are Gaussian [V. Baladi and B. Vallée,
Journal of Number Theory 110 (2005) 331–386.]

A title-sentence is very effective for a research article, but perhaps
less so for a thesis. For the latter, the less specific variant
Probabilistic aspects of Euclidean algorithms would be preferable.

Metric number theory: the good and the bad. [R. E. Thorn, PhD
thesis, Queen Mary, University of London (2004).]

An excellent thesis title, enlivened by a colon. After announcing
the research area, a clever reference to an epic Western hints to
the specific topic (badly approximable numbers).
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To persist or not to persist? [J. Holfbauer and S J Schreiber,
Nonlinearity 17 (2004) 1393–1406.]

This paper is about ‘uniformly persistent vector fields’, and the
author has transformed the subject matter into a Shakespearean
question. Such a self-conscious title must be supported by strong
content.

It is easy to determine whether a given integer is prime, [Andrew
Granville Bulletin of the American Math. Soc. 42 (2005) 3–38.]

Another provocative title-sentence —primality testing is
notoriously difficult— which requires a fair deal of self-confidence.
[This paper won the author the Chauvenet prize, awarded by the
Mathematical Association of America to the author of an
outstanding expository article on a mathematical topic.]
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The abstract

An abstract is a short summary of a document, meant to expand
on the title and sustain the reader’s attention.

I It’s the first thing one reads, and the last thing one writes.

I It’s short, rarely exceeding 200 words; a confined space where
each word counts.

I Symbols and specialised jargon should be kept to a minimum.

We now improve some less-than-optimal abstracts, taken from the
literature.

We shall do it with limited understanding of the mathematics.
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Example 1

• All symbols introduced in the abstract must be used again within
the abstract.
• Normally, notation should not be established in the abstract.

Abstract. Let F be a rational map of degree n > 2
of the Riemann sphere C. We develop a theory of equi-
librium states for the class of Hölder continuous functions
f for which the pressure is larger than sup f . We show
that there exists a unique conformal measure (reference
measure) and a unique equilibrium state, which is equiva-
lent to the conformal measure with a positive continuous
density.

• The symbols F , n, and C are introduced, but not used again.

• The abbreviation ‘sup’, for ‘supremum’ is meant for formulae,
not text (much like ‘lim’, for limit).
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Improved Abstract

We consider rational maps of the Riemann sphere, of de-
gree greater than one. We develop a theory of equilibrium
states for the class of Hölder continuous functions f for
which the pressure is larger than the supremum of f . We
show that . . .

We can even remove the symbol f in the second sentence.

We develop a theory of equilibrium states for the class of
Hölder continuous functions for which the pressure is larger
than the supremum of the function.



Improved Abstract

We consider rational maps of the Riemann sphere, of de-
gree greater than one. We develop a theory of equilibrium
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Example 2

Abstract. In this work we investigate properties of min-
imal solutions of multi-dimensional discrete periodic vari-
ational problems. A well-known one-dimensional example
of such a problem is the Frenkel-Korontova model. We
select a family . . .

• The opening expression ‘In this work ’ is redundant; it would serve
a purpose if the present work is being juxtaposed to other works:
‘In 1964, Milnor proved . . . In this work, we prove. . . ’
• The object of the investigation is described by a long and flat
string of attributes, without pause or highlight:
‘multi-dimensional discrete periodic variational problem’.
• The second sentence is of the form ‘an example of this is that’.
The emphasis is placed on the word ‘example’, yet the term
‘Frenkel-Korontova model ’ surely is more significant.
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Let’s look at the abstract again:

Abstract. . . . we investigate . . . minimal solutions of
multi-dimensional discrete periodic variational problems.
A well-known one-dimensional example . . .

The term ‘multi-dimensional’ in the first sentence is contrasted
with ‘one-dimensional’ in the second sentence, and a known
example of the latter is given for clarification.

To get across the message that this work generalises
‘one-dimensional’ to ’multi-dimensional’, we shall isolate the latter
in the first sentence and emphasise the former in the second.

Improved abstract. We investigate properties of min-
imal solutions of discrete periodic variational problems,
in the multi-dimensional case. These generalise one-
dimensional problems, such as the well-known Frenkel-
Korontova model. We select a family . . .
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Example 3

Abstract. The logistic map is a well-studied map of
the unit interval into itself. However, if we treat x as a
discrete variable, as is done in any computer, then every
orbit is eventually periodic. Thus the aperiodic behaviour
that the continuous map displays for some value of the
parameter r cannot be obtained from computer simulation.
We investigated . . .

• This work is about the ‘logistic map’, presented as a well-known
object of investigation.

• There are many general terms (map, unit interval, discrete
variable, eventually periodic, etc.) to help us discern the subject
matter.
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The second and third sentences motivate the study.

. . . However, if we treat x as a discrete variable, as is done
in any computer, then every orbit is eventually periodic.
Thus the aperiodic behaviour that the continuous map dis-
plays for some value of the parameter r cannot be obtained
from computer simulation. . . .

This passage is rather unclear.

• The symbol x is introduced without explanation, and is not used
again in the abstract; we guess that x an element of the domain of
the logistic map.
• The symbol r suffers from similar problems. We are told it’s a
parameter; we guess that it parametrises the logistic map.
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the logistic map.

• The symbol r suffers from similar problems. We are told it’s a
parameter; we guess that it parametrises the logistic map.
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Improved abstract. We consider the logistic map,
a well-studied one-parameter family of maps of the unit
interval. If the domain of this map is discretised, as hap-
pens in any computer simulation, then, necessarily, all or-
bits become eventually periodic. Thus the aperiodic orbits
observed for certain parameter values no longer exist. . . .



Example 3, ctd

We examine the second part of the previous abstract.

. . . We investigated the differences and the similarities be-
tween the dynamics of a continuous map and its discrete
approximation. We found that the limit cycles of a discrete
map follow the unstable periodic orbits of the correspond-
ing continuous map.

• In an abstract, the present tense is more common than the past
tense (we investigated, we found).

• The closing sentence is vague. What does ‘found ’ mean? If it
were a proof, the author would have stated that clearly.

• What does ‘follow ’ mean? Presumably it indicates some form of
convergence.
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We sharpen up these vague statements.

Improved Abstract. . . . We investigate differences
and similarities between the original map and its discrete
approximations. We provide evidence that the limit cy-
cles of the discrete map converge to the unstable orbits of
the original map, in a sense to be made precise.

The last expression states that the thesis contains experimental
data or heuristic arguments that support a clearly formulated
notion of convergence. (We hope that this is the case in the
present thesis!)
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Abstract 4

Abstract. Let f : X → X ,X = [0, 1), be an IET
(interval exchange transformation) ergodic with respect to
the Lebesgue measure on X . Let ft : Xt → Xt be the IET
obtained by inducing f to Xt = [0, t), 0 < t < 1. We
show that

Xwm = {0 < t < 1 : ft is weakly mixing}

is a residual subset of X of full Lebesgue measure. The
result is proved by establishing a Diophantine sufficient
condition on t for ft to be weakly mixing.

• Obscure meaning, although we recognise many words & symbols.
• The set X is the unit interval, and f maps this interval into itself.
• f belongs to a class of functions called IET
• f is assumed to have a certain property (“ergodic . . . on X”).
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Let ft : Xt → Xt be the IET obtained by inducing f to
Xt = [0, t), 0 < t < 1.

• A one-parameter family ft of IET functions is introduced.
• t determines the domain of ft , a sub-interval of [0, 1).
• We don’t understand how ft is constructed from f .

. . . We show that

Xwm = {0 < t < 1 : ft is weakly mixing}

is a residual subset of X of full Lebesgue measure. . . . The
result is proved by establishing . . .

This is the main result of the paper.

• A subset Xwm ⊂ (0, 1) is introduced, defined by a property of ft
(“weak mixing”). The paper establishes a property of the set Xwm.
• The symbol Xwm is not used again, so we shall remove it. [Since
w ,m are undefined, we deduce that wm is an abbreviation for
“weak mixing”]
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The final sentence gives an indication of the argument used in the
proof.

. . . The result is proved by establishing a Diophantine suf-
ficient condition on t for ft to be weakly mixing.

• ‘Diophantine sufficient condition’. The two adjectives compete
with each other, so we separate them out.

Improving the abstract:

I we make the formal definition in the first two sentences more
readable.

I The acronym IET must follow —not precede— the expression
it originates from.

I we remove some symbols, including the displayed equation.
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Original abstract

Let f : X → X ,X = [0, 1), be an IET (interval exchange
transformation) ergodic with respect to the Lebesgue mea-
sure on X . Let ft : Xt → Xt be the IET obtained by
inducing f to Xt = [0, t), 0 < t < 1. We show that
Xwm = {0 < t < 1 : ft is weakly mixing} is a residual
subset of X of full Lebesgue measure. The result is proved
by establishing a Diophantine sufficient condition on t for
ft to be weakly mixing.

Improved abstract

Let f be an interval exchange transformation (IET) of the
unit interval, ergodic with respect to the Lebesgue mea-
sure, and let ft be the IET obtained by inducing f on the
sub-interval [0, t), with 0 < t < 1. We show that the set
of values of t for which ft is weakly mixing is a residual
subset of full Lebesgue measure. The result is proved by
establishing a Diophantine condition on t, which is suffi-
cient for weak mixing.



Exercises

The following abstracts are poorly written. Identify the problems,
hence write an improved version.

Abstract. In this project the author examines some
properties of continued fractions (CF). In the beginning,
definitions, notations, and basic results and theorems are
shown. Periodic continued fractions and best approxima-
tions are examined subsequently in depth. We examined a
number of applications to mathematics and astronomy.
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Abstract. The most representative example of a 2-
dimensional area-preserving twist map is the standard map,
which is studied. Orbits for which the momentum p grows
linearly (plus a periodic function) are shown to exist, clas-
sified and determined numerically. These orbits are the
accelerator modes. The linear stability of these orbits is
determined. The range in the parameter values for which
they exist is also determined.



Abstract. We consider equal parameter generalized
quadrangles, GQ(s, s). All GQs of order 2 and 3, GQ(2, 2)
and GQ(3, 3), are known. It is conjectured all the GQ of
order five are known as well. The known GQ of order 5 is
the symplectic GQ, W (5). W (5) along with its dual are
conjectured to be the only GQs of order 5. The construc-
tion of a symplectic GQ is given and then used to con-
struct the known GQ of order 5. Information about GQ
was gathered, including some basic combinatorics, affine
GQ, and incidence matrices in an attempt to prove the
above conjecture.



Abstract. Under the boundary condition on the initial
value Tk(0) (Tk(0) > 0; k = 1, 2, . . .) that Tk(0) → 0
(k → ∞), we integrate the semi-infinite system of non-
linear differential equations Ṫk = 2Tk(Tk+1 − Tk−1),
(k = 1, 2, . . . ;T0 = 0) to obtain their general solution.
We further investigate the asymptotic time behaviours of
this general solution as t → ±∞.



The following is the longest opening sentence of a mathematical
abstract I am aware of. [T. Torii, one-dimensional formal group
law of height n and n − 1, PhD Thesis, Johns Hopkins University
(2001).]

By Morava’s point of view on the stable homotopy cate-
gory, the quotient in some sense associated to the filtration
related to the height of formal group laws is studied by the
category of modules over the function ring of the defor-
mation space of the Honda group law of height n with the
lift of the action of the automorphism group on the closed
fibre through the Adams-Novikov spectral sequence.

• Break it into shorter sentences.
• Find a longer opening sentence in any mathematical publication.
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