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Problem 4 (“Symbolic dynamics”)

Consider the tent map T : [0, 1] → [0, 1], T (x) = 1 − |2x − 1| with Markov partition I0 = [0, 1/2],
I1 = [1/2, 1]. For each (admissible) symbol sequence .σ0σ1σ2 . . . define the corresponding “Milnor-
Thurston sequence” .τ0τ1τ2 . . . by

τ0 = σ0

τk =

{
σk if the string σ0σ1 . . . σk−1 contains an even number of ones
1− σk if the string σ0σ1 . . . σk−1 contains an odd number of ones

and use this sequence as a binary code for a number in [0,1]

x =
∞∑

k=0

τk

2k+1
.

The mapping h : .σ0σ1σ2 . . . 7→ x defined in this way (semi-)conjugates the symbol shift to the tent
map

T : x 7−→ T (x)
h ↑ ↑ h

S : .σ0σ1σ2 . . . 7−→ .σ1σ2σ3 . . .

a) Show that the previous statement is correct, i.e., show that x = h(.σ0σ1σ2 . . .) and y = h(.σ1σ2σ3 . . .)
obey y = T (x).

b) Show that the map h is onto [0,1] (surjectivity).

c) Characterise the subset in [0, 1] where h fails to be injective, i.e., characterise the set

J := {x ∈ [0, 1] : h−1(x) contains more than a single point }

in terms of the tent map T .


