Problem 1
a) If O(g") denotes terms of order " then

Ohy Ohy

At) = @(t)+ eo T 5%3&(25) + O(g?)
= ef(x(t),t) + e% + O(g?)
Introducing
5f(x,t) = f(z,t) — f(x), ie. /OT 5f(z,t)dt' =0
we have ) o
At) = ef(x(t)) + e ((Sf(x(t), t) + a—;) +0O(e?)
Thus

hy(x,t) = —/Ot 6f(x,t)dt

satisfies the periodicity condition 0 = hy(x,0) = hy(x,T) and given that z = z + O(e) we end up

with
1) = e Fa(0) + O(2) = e (=(1)) + O(2)
b) Using
w = zcos(wt) — j;smf:“t)
v = zsin(wt) + :tcoswwt)
we obtain
i = i cos(wt) — wsin(wt)e — 559D b cos(wt)
= —wsin(wt)z + Smfd—ww (e(2® = 1)d 4+ wiz — chcos(wt))
0 = dsin(wt) +wcos(wt)r + :‘éCOSL”t> — gsin(wt)
cos(w)

= wcos(wt)x + (—e(z® — 1)d — wix + eh cos(wt))

w

Using the detuning eA = w? — w? the system results in

U = € (—% sin(wt)z + _sinfuwt) (

(z® —1)i — hcos(wt)))

cos(wt)

, (A
v = e —cos(wt)r +
w w

(—(z® = 1)i + hcos(wt)))

where on the right hand side x and & have to be replaced by

= wcos(wt) + vsin(wt)

= —wsin(wt)u + w cos(wt)v

1



Thus v and v are slow variables and we map apply averaging. The linear and the constant
contribution are easy to deal with. Using
1 2 1 2 1

— cos?(x)dr = — sin?(z)dr =
2T 2m

and the orthogonality between the different trigonometric functions we have (7' = 27 /w)

1M A A
—/ ——sm(wt):ndt = ——

2w
A
—/ — cos(wt)xdt = —

2w
—/ sin(wt) ( hcos(wt))dt = 0
1
—/ Cos(wﬂhcos(wt)dt _ M
T J w 2w

We are thus left with the nonlinear contribution
(2* — 1) = (u? cos®(wt) + v*sin®(wt) + 2uw sin(wt) cos(wt) — 1)(—w sin(wt)u + w cos(wt)v)

If we observe that

1 2w ) ) 1 1 2w 1 2m
— i dr = — Ha)dr = —
o cos”(x) sin”(x)dx : cos”(x)dx o

3
- ind — —
5 o sin®(z)dx 3

and that all the other integrals involving odd powers of trigonometric functions will vanish we
end up with

1 [Tsin(wt), , u 3u voou
= 2 (2? = Didt = —uP= —vP— 4 2uv- + ~
T/o » (x )& ug UG + uv8+2
1
= g (1 — Z_L(U/Q + '02))
1 [T cos(wt), , 3v v u v
L - Cadt = w2 0?4 2ue 4 L
T/o - (x )i u'g 1)8+ uv8—|—2

A simple linear rescaling yields the expression used in the lecture notes with ¢ = A/w and
v =—h/(2w).



