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Abstract. We consider the problem of planar rotation by an irrationagla, where the space is
discretized to a lattice by means of a round-off proceduriewpreserves invertibility. For a dense
set of values of the rotational angle, this mapping admiterabedding into a dynamical system
which is expanding with respect to a non-archimedean meirid which has a complete symbolic
dynamics. We consider the arithmetical phenomena that arisuch systems, and their relation to
the question of pseudo-randomness in discrete dynami@&seXposition is organized around the
concept ofminimal modulesthe lattices of minimal complexity which support periodibits.
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INTRODUCTION

Dynamical systems with discrete phase space present disgetiof challenges. How
does one choose a topology? How does one characterize tplgdios. unpredictable
motions? Approaching these questions involves lookingatgtotics, whereby some
natural system parameter (the size, typically) becomegeladowever, on a discrete
phase space, the study of orbit asymptotics is often diffisolnetimes intractable.

In this paper we explore some of these issues in the analfygie tattice map

®: 72272  (xy) — (lax|—y,x)  a=2cog2m0) (1)

where || is the floor function —the largest integer not exceeding fgument. One
verifies that® is invertible. Without the floor function, equation (1) repents a one-
parameter family of linear maps of the plane, conjugate tatien by the anglep.
The floor function models the effect of round-off, pushing thoint (ax —y,x) to
the nearest lattice point on the IéfThe lattice map should be regarded as a discrete
approximation of the planar map: the discretization lengtfixed, and the limit of
vanishing discretization corresponds to motions at infinit

The family of maps (1) displays a vast range of mathematicahpmena, which have
been object of intense investigations [1, 2, 3, 4, 5, 6, 7H&fe we are interested in a
special set ofational values of the parameter, namely

a= % p prime lq| < 2p. (2)

1 This procedure is arithmetically nicer than rounding to thearest lattice point, while producing
analogous dynamical phenomena.



It turns out that, for this choice of parameters, the rmapdmits an embedding into an
expanding map of thp-adic integer.,, which features a complete symbolic dynamics
on p symbols. The sef, consists of all expressions of the type

X=3 &  &e{0...,p—1}, m>0, cm#0 (3)
k=m

which converge with respect to theadic absolute value
1
ﬁ .

The function| - |, assumes discrete values, and satisfies the ultrametrigaligg

Xlp=

X +X'Tp < max(|X]p, IX'|p)- (4)

With the topology induced by- |, the setZ, is Cantor set.

An expanding map with a complete symbolic dynamics is a vavgdirable dynami-
cal scenario; it calls to mind the dynamical system given lojtiplication by a primep
on the circle

W: x+— px(mod1J), (5)

also an expanding map with a complete symbolic dynamicg spmbols [9, section

1.7]. This is a much-studied toy model of ergodic theory,chhhas direct connections
with deep arithmetical phenomena. See [10], for a friendtyoiduction to the question
of algorithmic complexity in this dynamical system.

By comparing and contrasting the behaviour of the mdpand ¥, we will put
into perspective the dynamical and arithmetical natureoohd-off fluctuations. The
exposition will be organized around the conceptrohimal moduleswhich are lattices
of minimal complexity that support periodic orbits. These &levant to the study of
pseudo-randomness and complexity in discrete dynamiséésys. (For a parallel with
quantum dynamics, see [11].) In both maps, the positiveioattropy of the embedding
dynamical system provides an essential substrate for ikeeaxe of irregular motion on
a lattice. At the same time, the presence of minimal moduwlasantees —in ways which
are still not fully understood— good properties of pseudndomness. The combined
effect of these two ingredients is of great theoretical iesg and also of value in
applications.

This paper is a new synthesis of research published elseWh&r 5, 6, 7, 13]. |
assume some basic knowledge of integer pyadiic arithmetic: for background bibliog-
raphy, see [14] and [15].

PERIODIC ORBITSAND MINIMAL MODULES
If we represent the numbers in the unit interval in bpse

x=cop t+cipi+cop Pt ce{0,...,p—1} (6)



we find that the action d¥ corresponds to the left digit shift
W(x) =cip P+ cop 2+ cap Pt

The above dynamics is conjugate almost everywhere to theoB#rshift o on the space
of semi-infinitep-symbol sequences. This space, equipped with the usudbppas a
Cantor set. The conjugacy betwedhand o fails on the rationals whose denominator
is a power ofp, because these have two distinct representations as dmgitesces.
Disconnecting the interval at this dense set of points, weinla Cantor set.

The periodic orbits oY comprise the set of rationals with denominator coprime to
p, which is dense on the circle. The restriction of the map tchsset is invertible.
Because in equation (6) we may choose the coefficign@rbitrarily, the symbolic
dynamics is complete. From this one infers that orbits opatiods exist, and that their
number grows exponentially with the period. Specificalliyeg an arbitrary periodic
code(Cp, C1, - - -, C—1) With minimal periodt, which represents tacycle, one finds

00 B 1 t—1 e
X — z kP (k+1) _ z Ckpt k 1~ (7)
k=0 k=0

p—-1£

As an indicator of complexity, we define theight hof a reduced rational numbayb,
ash(a/b) = max(|al,|b|). In general, the height of a periodic point grows expondigtia
with the period; however, for some codes, the numerator @ambishinators may have
a large common factor, resulting in periodic points of snielght. Thus, for every
positive integet, we consider the smallest positive integesuch that the mal has a
t-periodic point with denominatan. We denote sucmby M(t).

Thet-periodic points with denominatdv (t) belong to theZ-modulée

At =Mt 1z/z
which consists oM (t) equally spaced points on the unit circle. We call such mothde
minimal moduldor the period; thet-cycles on/\(t) are those of minimal height.

Proposition 1. The function t— A(t) is injective.

This is true, because all points dx(t) whose numerator is coprime td(t) have

the same period, from elementary properties of congruences. For all othents,

cancellation takes place, and herdg) cannot be a minimal module for their period.
The quantityM(t) features wild fluctuations. For instance, for 2

t | 17 18 19 20 @
M(t) [ 131071 19 524287 25

For generap, we have the bounds

M(1) = 1; t+1<Mit)<p' -1 t>1 (9)

2 An additive group, closed under multiplication by integers



The upper bound follows from (7), while the lower bound desy¥rom the fact that the
minimal moduleA(t) always includes the fixed point at zero, and therefore cahao
fewer thant + 1 points. The data in (8) show that these bounds are sharp.

Thet-periodic points with denominatdvl(t) are the rationals & a/M(t) < 1 with
a coprime toM(t). There arep(M(t)) of them, wherep is Euler’s function [14, chap-
ter XVI]; hence the minimal module contaiggM(t))/t cycles of minimal period.
Roughly speaking, the smaller the number of cycles on theutepdhe smaller their
height, that is, the amount of information needed to spebi#n. The extreme situation
corresponds to the lower bound in (9): this is attained gedgiwhenM =t+1 is a
prime number, ang is a primitive root modulaVl, namely a generator of the multi-
plicative group of the rindZ/MZ. At these values df, thet-cycle consists of equally
spaced points, namely the whole lattité), excluding the origin. This is an extreme
form of spatial uniformity, exemplified by the valtle= 18 in (8).

To analyze uniform distribution we proceed as follows. Wease, for definiteness,
the pointM(t)~! as the initial condition for a representatiteycle on the minimal
module; then we consider the Weil sum

W(t,n) = %:Z:ezmnxk x = YKM) ™) (10)

wherenis an integer. The functiow/(t, n) is periodic inn with periodM, and its values
belong to the closed unit circle. Let nolvbe an infinite set of positive integers. Then,
according to Weil’s criterion [16], the sequence teycles witht € T is uniformly
distributed iff

It[g W(t,n)=0 vn #£ 0. (11)

teT
If on the minimal module there is a singleycle, then the Weil's sum becomes a Ra-
manujan’s sum [14, section 16.6], which can be evaluatetioitkp Let d = gcdn,M).

We have
1 .kn
W(t,n) = T OSZM exp(ZmM)

gcdkm)=1
d _kn/d
= — exp(Zm—)
C o2 M/d
gcdkM/d)=1
d
= THM/d)  t=gM(1), d=gednM) (12)

wherep is the Mobius function [14, chapter XVI]. Becauge(x)| < 1, large values of
the Weil’'s sum occur only if gdgh, M) is large. Ast goes to infinity, so doelsl, so any
sequence of orbits with a singleycle on the minimal module is uniformly distributed.
Uniform distribution in the sense (11) holds for a much larget of orbits than the one
described above, namely orbits for whibh(t)/t is small enough —see [17, 18] for
details and generalizations.



So, in equation (11), we are led to consider theTset T* of periodst at which the
functionM(t) attains the lower bound in (9). We have seen that these acesple the
integerst for whichr =t+ 1 is prime, andp is a primitive root modula. The study
of such primegs is a classic arithmetical problem, known under the headingron’s
conjecture [19]. If one assumes the generalized Riemanathgpig (GRH), then it is
possible to show that the s&t is not only infinite, but also has positive density among
the primes (see below); this density is given by the so-dalkin’s constan{20, page
304]

A =0.373955813619202..

Combining the above with the prime number theorem [21], weelthat the number of
periodst < N for which the minimal modulé\(t) achieves the lower bound in (9) admits
the asymptotic estimate

#t:teT t <N} Ailog(N)‘ (13)

Without GRH, we do not even know if the sEt is infinite. Defining thedensity O¥X)
of a setX C N as

D(X):l\ll@w%#{n< N:neX} (14)

we see thaD(T*) = 0. The notion of density can be defined in an obvious way on sets
other thanN, such as the primeg,, Z?2, etc.

With a bit of extra work, one could also arrive to a conjectlasymptotic form for the
set of periodg satisfying (12), which involves considering the modulhaving cyclic
multiplicative group. We shall not pursue this matter here.

Minimal modules are difficult to compute, in the sense thatytthead to non-
polynomial time algorithms. A direct approach consists ohstructing the ascending
sequencal;(t) of the divisor of p! — 1 greater than, and then determining the muilti-
plicative order ofp modulo each of them. The smallektt) for which p has ordet is
M(t). This procedure requires factorirgy — 1, which for larget is plainly unfeasible.
Alternatively, one may construct the elements of the asognsequence of the integers
m;(t) such that |@(m(t)), which lie in the range 4+ 1 < my < p! — 1. For eachm;, we
check whether or not the order fmodulom; is t: the smallestm; for which this is
true isM(t). Constructing then-sequence requires evaluatipgkt) ~* for k= 1,2, ...
(ork=2,4,...,if t is odd); the difficulty originates from the need of knowing tbrime
factorization oft, which is a non-polynomial time problem [22].

We conclude this section with some brief remarks on relatedlpms.

The constructions described above can be reformulatedghehidimensions, for
hyperbolic toral automorphisms [23, 24]. The ration@lson the circle are replaced
by algebraic number®@(A ) on the torus, wherg is an eigenvalue of the automorphism.
The multiplicative constanp in (5) is replaced by ; the periodic orbits with prime
denominator —out of which the s&t* was constructed— are replaced by the so-called

3 The analogue of the celebrated conjecture of Riemann, &ttt zeta function of an algebraic number
field.



ideal orbits,which belong to prime ideals in the ririgjA | (see below, for explanation of
the terminology). The arithmetical propertiesf are similar, involving again Artin’s
constant.

The upper bound in (9) is also of interest. It is attained igedg whenp = 2,1t is
prime, and 2— 1 is also prime —a so-calleMersenne primeThe orbit with initial
condition M(t)~? now has the same symbolic sequence as a rotation: theseeare th
sturmian sequencesf minimal complexity [25]. The spatial distribution of the orbits
IS, In a sense, as far as possible from being uniform. Thel@nolof the infinitude of
Mersenne primes —the largest know primes— is also unsoe{ [

Finally, the map¥, which is defined over the circle, may also be representedtbee
p-adics. It is a contraction 0@, (the field of fractions ofZp, obtained by removing the
constraintm> 0 in (3)), and an isometry o, for all primesr # p. In the former case,
the dynamics is trivial, since every point is attracted te thnigin at a constant rate. In
the latter case, the dynamics is an ‘irrational rotatioriiisTterminology is justified as
follows. Forr # p, we have p|, = 1, namelyp lies on the unit circle irQ),. Equivalently,

p is aunit in Z;.* Furthermore,p is not a root of unity, because there is no positive
integerk for which pX = 1; as a result, the only periodic point@y is the fixed point at
the origin. Thus the space foliates into the union of invari@rcles, and each circle in
turn decomposes into a finite number of uniquely ergodic camepts, the same number
of components for each circle [12]. This dynamical systers b@o metric entropy;
some aspects of computational complexity emerging in thigext are discussed in
[13]. Here we just mention that, in the limit of larde the period of orbits of¥ with
denominatork is computable in polynomial time, thanks to the analyticaperties

of the p-adic logarithmic function. For this reason, these disemations should be
regarded as being regular, predictable.

DISCRETIZED ROTATIONS

The current state of affairs regarding the round-off ndagefined in (1) is summarized
by the following

Conjecture 1. All orbits of ® are periodic.

This conjecture has been proved only for finitely many patamelues, correspond-
ing to the rotation numbe# being rational with denominator,8,10,12 (eight cases in
all) [8]. For these valuesy is a quadratic irrational, and one can exploit the presence
of exact scaling to develop computer-assisted proofs. punbfs apply to a set of full
density of initial conditions; the more tedious (albeit ceptually similar) proof for all
initial conditions was carried out only in one cae= 3/10. Although unbounded orbits
have not been found, the possibility that boundedness dailltbr a zero-density set
should not be discounted. In [8], an unbounded orbit wastoocted for a map obtained
from (1) via a simple modification of the rounding procedure.

4 A unit n in the ringZ, is a number such that ! € Z,.



The periodicity conjecture was recently formulated for ateyn closely related to (1),
with the ceiling instead of the floor function [26]. This dyni&al system originated in
number theory, in connection with the so-called shift raglgstems, and the theory of
Pisot and Salem numbers. A boundedness proof for the pagafet 1/5 is given in
[27].

In the present case —cf. equation (2)— the parameter rational; from (1) it then
follows that@ is irrational, apart from finitely many exceptions [28, ctex®?]. Proving
the periodicity conjecture for irrational rotational aaglseems quite difficult.

Whena = g/pin (1), we define a symbolic dynamics grsymbols as follows

c:7?2—1{0,...,p—1} (X,y) — x(mod p). (15)

The next three theorems were proved in [5] (in a slightly mgpeeeral setting). The
first result characterizes the cylinder sets of the symhaficamics, namely the set of
lattice points whose symbol sequence begins with a specifidd.

Theorem 1. There exists a nested sequence of lattices
LiDLoDLy3D---

with |Z?/Ly| = p¥, with the property that two points IA° have the samle-code if and
only if they are congruent modulg,.

It follows thatall finite codes of the symbolic dynamics (15) are representeattnys
in Z2; furthermore, ank-cylinder set inZ?2 has densityp—X —see equation (14), and the
following remark.

Consider now the identity

f(x) = x> — gqx+ p? = x(x—q) (mod p). (16)

The polynomialf (x) is irreducible inQ, having negative discriminant. Moreover, the
factors of f (X) modulo p aredistinct,because andq are coprime. LeA be a root of
f(x), and consider the ring

ZIA]={m+nA : mneZ}.

The factorization (16) implies that the pringesplits in Z[A] into the product of two
distinct prime idealspZ[A] = PP (see, e.g., [28, chapter 3]). Recall that an ideal in a
ring is an additive group closed under multiplication bygrielements. Geometrically,
these ideals are two-dimensional lattices, and the proéBailluded above is defined
as the set of all finite sunmm 71, + - - - + 7&7Ts With 15 € P andTg € P.

The next result shows that the discrete phase spfacas well as the latticels, are
in fact more than two-dimensional lattices

Theorem 2. The embedding
31:Z2—>Z[)\] (X,y) — pX—Ay

defines an isomorphist? ~ P of Z-modules such that, for &> 1, we havely ~
Pk+1_



This result provides the phase space with a multiplicativecture. Now, for all
positivek, the finite ringZ[A]/PK is isomorphic toZ/p*Z. Under this isomorphism,
an element in Z[A] maps to a unique residue class modpfp and the sequence of
these residue classes converges f@adic number. In particular, the roots 6fx) in
C correspond to the roots df(x) in Qp. We denote the latter by and@; they are
identified as follows (cf. (16)):

¢ =0(modp) @ =qg(modp). (17)

Becauseq is coprime top, we have that@|, = 1, that is,¢§ is a p-adic unit, while
|¢|p < 1. The computation ap and@ is performed efficiently with th@-adic Newton’s
method, which is superconvergent [29, chapter 2]. From &g (17) we see that the
initial condition for the Newton recursive sequenfize— ¢ is ¢o = 0, whereas, = q.
Identifying A with ¢ defines an embedding’ of Z[A] into the ringZ, of p-adic
integers
L LA — Zp X+ Ay — X+ Qy.

Composing%; and.%», and scaling gives us the following
Theorem 3. The dense embedding

L 1P Ly (Xy) — éfz(fl(x, y)) =X— %y (18)

has the property that the mappidy = £ o ®o.#~1 can be extended continuously
from £ (Z?) to the whole ofZp, giving

Xer1 =P (Xt) = a(P xt) (19)

wherep = £ (n, p) ando is the shift mapping.

The shifto is defined like its archimedean counterparty if= co+ c1p+ Cop?+ - -,
then
o(X) = C1+Cop+Cap®+---. (20)

The p-adic shift mapping has been studied in [30, 31, 32].

The above result represents the round-off problenZéms a sub-system of an ex-
panding map over thp-adics, featuring a complete symbolic dynamics qveymbols,
and a dense set of unstable periodic orbits. It preservestéinelard probability measure
onZp (the additive Haar measure), obtained by assigning to ezstiue class modulo
pX the measur@ . This is just the natural measure @y as a Cantor set.

This system has a lot in common with the Bernoulli shifteymbols. For instance,
the metric entropy is the same, namely (pg the periodic points also have a similar
structure, as we shall see below.

CODING FUNCTION AND PERIODIC ORBITS

We consider the functio®” that maps the initial poink € Zp of an orbit of ®* into
the corresponding symbolic codey, cy,... ) —cf. equation (15). The latter is easily



defined, for instance, as the limit of the codes through thetstﬁx(">,0) € 7?2, for a
rational sequenceX) — x. If we represent the code agaadic integer

00

C(X) = k;Ckpk,

then we have

Theorem 4. The functiorf¢’ defines an isometric bijection @f,, which is nowhere
differentiable.

Of interestis the fact that a similar property holds for thding function of thep-adic
version of the so-called@+ 1 problem [33, theorem 10.4].

This result establishes a one-to-one correspondence éetpeziodic codes and pe-
riodic orbits, while the metric-preserving property 6f show that the periodic orbits
are dense and uniformly distributed with respect to the Ha@asure. Just like for the
t-cycle of ®, those ofd* are all unstable, with multipligp—t, wheret is the period.

Next we characterize the periodic points arithmetically &ié¢fine

. . A1 =0a+ ph
=1; by =0; k>1, 21
A 1 {bk+1:_pak (21)
and
Uyr=par+p "a r>o, t>1 (22)

Theorem 5. The periodic poinj corresponding to the t-periodic codep, -, G_1)
takes the form

1 ¢ )
-~ [(x=Z 23
X= g (- 2y 23)
where x and y are integers given by
t—1 t—1
X= rgcr Ut r y= r;(:r Ut ri1 (24)
while
B(t) = a.q+ 2ph — 2p' (25)

IS an integer coprime to p.

We verify directly that the periodic pointg in equation (23) arg-adic integers.
Firstly, we note thai¢|, < 1, and hence@/p|p, < 1, while |B(t)|p = 1. Using the
ultrametric inequality (4), we then géx|p < 1. Comparison with (3) confirms thét,
is precisely the closeg-adic unit disc.

Comparing expressions (7) and (23) we see that the struattine cycles of the maps
®* andW is very similar. The role or the exponential sequepte 1 at denominator
is here played by the sequenBé&), which grows exponentially at the same rate. The
numerators of the periodic points store code informatioa gimilar manner.



The domain of definition of the embedding m&f, defined in equation (18), can
be extended fronZ? to the setIU%, whereUy is the set of rationals with denominator
coprime top, that is,Up, = QN Zp. The map.Z remains invertible on the extended
domain, and sincB(t) is coprime top, using.# 1, all the p-adic periodic orbits ofp*
can be lifted to the planeSpecifically, thet-cycles belong to thé&-moduleB(t) ~1Z2.
Those corresponding to orbits of the round-off mappihgnust lie in the sub-module
72, which is the case when bothandy are divisible byB(t). Thus, for any positive
integert, we consider the smallest integarsuch that there existstecycle in n%Zz. We

denote sucimby M(t), and —as we did before— we cal(t) = M(t)~1Z? theminimal
moduleof the mapd* for the period.
In place of (9) now we have the bounds

1< M(t) < B(t).

As noted above, the sequenBé) plays the role of the sequengb— 1 for the shift
map. Comparing the respective lower bounds is rather maeedsting. The sef* for
the shift map —the set of integerdor which p is a primitive root moduld + 1— is
here represented by the set of periodigr which the minimal module of* is equal to
Z2. In other wordsT * are the periods the orbits of the round-off mapping!

Plainly, the functiont — A(t) is not injective —cf. proposition 1. The permitted
periodsT* are characterized via the multiplicity function which counts the number
of distinct orbits onZ? having period. Thus, lettingt : Z? — NU o be the (possibly
infinite) period of the orbit througl, we define

_ Hze 72 1(2) =t}

K:N—N t n

(26)
Using diophantine approximations, it is not difficult to shthat the functiork is well-
defined —the numerator in (26) is finite — for a set of (irragdnrotation angle®
having full Lebesgue measure [1]. The periodicity of thendwff map was briefly in-
vestigated in [6]; roughly speaking,, which is the support of, consists of denomina-
tors of good rational approximants 6f The best approximants —the denominators of
the convergents dd— were found to correspond to the local maxima of the multip/i
function. As for the map¥, the density off * in N appears to be zero, but with a faster
decay rate than (13). However, the deep structure of theifhmg remains unexplored,;
this investigation seems very worthwhile, involving prbbetic aspects of diophantine
approximations.

The symbol sequences generated by the round-off orbits @vd gseudo-random
sequences (a comparison with [32] is instructive). Somerags results will be found
in [7], most notably a central limit theorem governing the@ddure of round-off orbits
from exact orbits. However, as is often the case in this typproblems, the most
interesting properties are difficult to analyze. Experitadl, the period of the sequences
is found to grow —on average— proportionally to the heightlo# initial condition

5> One could also extend the round-off mappihgo IU%, as the conjugate @b* under.¥ 1 —see [5].



(the ‘seed’ of the pseudo-random sequence), while dispipgit the same time huge
fluctuations. The latter are symptoms of difficulties in catipg the period functiorr,
which is a good candidate for a non-polynomial time probldime symbol sequences
corresponding tar = 1/2 were tested at Hewlett Packard [34]. They show an optimal
degree of pseudo-randomness for short times, and somed@airglations at certain
larger times, related to the local maxima of the multiplidiinctionk.

Finally, we examine the question of uniform distributiortlz € Z2, andz, = ®X(z).
Using the code (15), we construct the symbol sequéoges, . ..), wherecy = ¢(z).
Using this sequence in the representation (6), we definelanu@aberx = x(z) in the
unit interval. By analogy with (10), we then let

-1
W(zn) = %kzoez’“”xk X = X() (27)

wheret = 1(2) is the period of the orbit through In accordance with conjecture 1,
we assume that is finite. It is clear that the value of the sum (27) dependy am
the orbit& of z and not on the choice of the pointwithin &’; accordingly, we write
W =W(&,n). Let now(0p, Oy, ...) be an infinite sequence of distirdtorbits. We say
that this sequence imiformly distributedf

limW(o,n)=0  Vn#0

k— o0

which should be compared with (11). We conclude this pap#r thie following
Conjecture 2. Any sequence of distin€p-orbits is uniformly distributed.
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