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Abstract. We consider the problem of planar rotation by an irrational angle, where the space is
discretized to a lattice by means of a round-off procedure which preserves invertibility. For a dense
set of values of the rotational angle, this mapping admits anembedding into a dynamical system
which is expanding with respect to a non-archimedean metric, and which has a complete symbolic
dynamics. We consider the arithmetical phenomena that arise in such systems, and their relation to
the question of pseudo-randomness in discrete dynamics. The exposition is organized around the
concept ofminimal modules,the lattices of minimal complexity which support periodic orbits.
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INTRODUCTION

Dynamical systems with discrete phase space present a specific set of challenges. How
does one choose a topology? How does one characterize predictable vs. unpredictable
motions? Approaching these questions involves looking at asymptotics, whereby some
natural system parameter (the size, typically) becomes large. However, on a discrete
phase space, the study of orbit asymptotics is often difficult, sometimes intractable.

In this paper we explore some of these issues in the analysis of the lattice map

Φ : Z2 7→ Z2 (x,y) 7→ (⌊αx⌋−y, x) α = 2cos(2πθ) (1)

where⌊·⌋ is the floor function —the largest integer not exceeding its argument. One
verifies thatΦ is invertible. Without the floor function, equation (1) represents a one-
parameter family of linear maps of the plane, conjugate to rotation by the angleθ .
The floor function models the effect of round-off, pushing the point (αx− y,x) to
the nearest lattice point on the left.1 The lattice map should be regarded as a discrete
approximation of the planar map: the discretization lengthis fixed, and the limit of
vanishing discretization corresponds to motions at infinity.

The family of maps (1) displays a vast range of mathematical phenomena, which have
been object of intense investigations [1, 2, 3, 4, 5, 6, 7, 8].Here we are interested in a
special set ofrational values of the parameterα, namely

α =
q
p

p prime |q| < 2p. (2)

1 This procedure is arithmetically nicer than rounding to thenearest lattice point, while producing
analogous dynamical phenomena.



It turns out that, for this choice of parameters, the mapΦ admits an embedding into an
expanding map of thep-adic integersZp, which features a complete symbolic dynamics
on p symbols. The setZp consists of all expressions of the type

χ =
∞

∑
k=m

ckpk ck ∈ {0, . . . , p−1}, m≥ 0, cm 6= 0 (3)

which converge with respect to thep-adic absolute value

|χ|p =
1
pm.

The function| · |p assumes discrete values, and satisfies the ultrametric inequality

|χ + χ ′|p ≤ max(|χ|p, |χ ′|p). (4)

With the topology induced by| · |p, the setZp is Cantor set.
An expanding map with a complete symbolic dynamics is a very favourable dynami-

cal scenario; it calls to mind the dynamical system given by multiplication by a primep
on the circle

Ψ : x 7→ px(mod 1), (5)

also an expanding map with a complete symbolic dynamics onp symbols [9, section
1.7]. This is a much-studied toy model of ergodic theory, which has direct connections
with deep arithmetical phenomena. See [10], for a friendly introduction to the question
of algorithmic complexity in this dynamical system.

By comparing and contrasting the behaviour of the mapsΦ and Ψ, we will put
into perspective the dynamical and arithmetical nature of round-off fluctuations. The
exposition will be organized around the concept ofminimal modules,which are lattices
of minimal complexity that support periodic orbits. These are relevant to the study of
pseudo-randomness and complexity in discrete dynamical systems. (For a parallel with
quantum dynamics, see [11].) In both maps, the positive metric entropy of the embedding
dynamical system provides an essential substrate for the existence of irregular motion on
a lattice. At the same time, the presence of minimal modules guarantees —in ways which
are still not fully understood— good properties of pseudo-randomness. The combined
effect of these two ingredients is of great theoretical interest, and also of value in
applications.

This paper is a new synthesis of research published elsewhere [12, 5, 6, 7, 13]. I
assume some basic knowledge of integer andp-adic arithmetic: for background bibliog-
raphy, see [14] and [15].

PERIODIC ORBITS AND MINIMAL MODULES

If we represent the numbers in the unit interval in basep

x = c0p−1 +c1p−2+c2p−3 + · · · ck ∈ {0, . . . , p−1} (6)



we find that the action ofΨ corresponds to the left digit shift

Ψ(x) = c1p−1+c2p−2 +c3p−2 + · · · .

The above dynamics is conjugate almost everywhere to the Bernoulli shiftσ on the space
of semi-infinitep-symbol sequences. This space, equipped with the usual topology, is a
Cantor set. The conjugacy betweenΨ andσ fails on the rationals whose denominator
is a power ofp, because these have two distinct representations as digit sequences.
Disconnecting the interval at this dense set of points, we obtain a Cantor set.

The periodic orbits ofΨ comprise the set of rationals with denominator coprime to
p, which is dense on the circle. The restriction of the map to such set is invertible.
Because in equation (6) we may choose the coefficientsck arbitrarily, the symbolic
dynamics is complete. From this one infers that orbits of allperiods exist, and that their
number grows exponentially with the period. Specifically, given an arbitrary periodic
code(c0,c1, . . . ,ct−1) with minimal periodt, which represents at-cycle, one finds

x =
∞

∑
k=0

ckp−(k+1) =
1

pt −1

t−1

∑
k=0

ckpt−k−1. (7)

As an indicator of complexity, we define theheight hof a reduced rational numbera/b,
ash(a/b) = max(|a|, |b|). In general, the height of a periodic point grows exponentially
with the period; however, for some codes, the numerator and denominators may have
a large common factor, resulting in periodic points of smallheight. Thus, for every
positive integert, we consider the smallest positive integerm such that the mapΨ has a
t-periodic point with denominatorm. We denote suchm by M(t).

Thet-periodic points with denominatorM(t) belong to theZ-module2

Λ(t) = M(t)−1Z/Z

which consists ofM(t) equally spaced points on the unit circle. We call such modulethe
minimal modulefor the periodt; thet-cycles onΛ(t) are those of minimal height.

Proposition 1. The function t7→ Λ(t) is injective.

This is true, because all points onΛ(t) whose numerator is coprime toM(t) have
the same periodt, from elementary properties of congruences. For all other points,
cancellation takes place, and henceΛ(t) cannot be a minimal module for their period.

The quantityM(t) features wild fluctuations. For instance, forp = 2

t 17 18 19 20
M(t) 131071 19 524287 25

(8)

For generalp, we have the bounds

M(1) = 1; t +1≤ M(t) ≤ pt −1 t > 1. (9)

2 An additive group, closed under multiplication by integers.



The upper bound follows from (7), while the lower bound derives from the fact that the
minimal moduleΛ(t) always includes the fixed point at zero, and therefore cannothave
fewer thant +1 points. The data in (8) show that these bounds are sharp.

The t-periodic points with denominatorM(t) are the rationals 0< a/M(t) < 1 with
a coprime toM(t). There areφ(M(t)) of them, whereφ is Euler’s function [14, chap-
ter XVI]; hence the minimal module containsφ(M(t))/t cycles of minimal periodt.
Roughly speaking, the smaller the number of cycles on the module, the smaller their
height, that is, the amount of information needed to specifythem. The extreme situation
corresponds to the lower bound in (9): this is attained precisely whenM = t + 1 is a
prime number, andp is a primitive root moduloM, namely a generator of the multi-
plicative group of the ringZ/MZ. At these values oft, thet-cycle consists oft equally
spaced points, namely the whole latticeΛ(t), excluding the origin. This is an extreme
form of spatial uniformity, exemplified by the valuet = 18 in (8).

To analyze uniform distribution we proceed as follows. We choose, for definiteness,
the pointM(t)−1 as the initial condition for a representativet-cycle on the minimal
module; then we consider the Weil sum

W(t,n) =
1
t

t−1

∑
k=0

e2π inxk xk = Ψk(M(t)−1) (10)

wheren is an integer. The functionW(t,n) is periodic inn with periodM, and its values
belong to the closed unit circle. Let nowT be an infinite set of positive integers. Then,
according to Weil’s criterion [16], the sequence oft-cycles with t ∈ T is uniformly
distributed iff

lim
t→∞
t∈T

W(t,n) = 0 ∀n 6= 0. (11)

If on the minimal module there is a singlet-cycle, then the Weil’s sum becomes a Ra-
manujan’s sum [14, section 16.6], which can be evaluated explicitly. Let d = gcd(n,M).
We have

W(t,n) =
1
t ∑

0≤k<M
gcd(k,M)=1

exp

(

2π i
kn
M

)

=
d
t ∑

0≤k<M/d

gcd(k,M/d)=1

exp

(

2π i
kn/d
M/d

)

=
d
t

µ(M/d) t = φ(M(t)), d = gcd(n,M) (12)

whereµ is the Möbius function [14, chapter XVI]. Because|µ(x)| ≤ 1, large values of
the Weil’s sum occur only if gcd(n,M) is large. Ast goes to infinity, so doesM, so any
sequence of orbits with a singlet-cycle on the minimal module is uniformly distributed.
Uniform distribution in the sense (11) holds for a much larger set of orbits than the one
described above, namely orbits for whichM(t)/t is small enough —see [17, 18] for
details and generalizations.



So, in equation (11), we are led to consider the setT = T∗ of periodst at which the
functionM(t) attains the lower bound in (9). We have seen that these are precisely the
integerst for which r = t + 1 is prime, andp is a primitive root modulor. The study
of such primesr is a classic arithmetical problem, known under the heading of Artin’s
conjecture [19]. If one assumes the generalized Riemann hypothesis3 (GRH), then it is
possible to show that the setT∗ is not only infinite, but also has positive density among
the primes (see below); this density is given by the so-called Artin’s constant[20, page
304]

A = 0.373955813619202. . ..

Combining the above with the prime number theorem [21], we have that the number of
periodst < N for which the minimal moduleΛ(t) achieves the lower bound in (9) admits
the asymptotic estimate

#{t : t ∈ T∗, t < N} ∼ A
N

log(N)
. (13)

Without GRH, we do not even know if the setT∗ is infinite. Defining thedensity D(X)
of a setX ⊂ N as

D(X) = lim
N→∞

1
N

#{n < N : n∈ X} (14)

we see thatD(T∗) = 0. The notion of density can be defined in an obvious way on sets
other thanN, such as the primes,Z,Z2, etc.

With a bit of extra work, one could also arrive to a conjectured asymptotic form for the
set of periodst satisfying (12), which involves considering the modulim having cyclic
multiplicative group. We shall not pursue this matter here.

Minimal modules are difficult to compute, in the sense that they lead to non-
polynomial time algorithms. A direct approach consists of constructing the ascending
sequencedi(t) of the divisor ofpt −1 greater thant, and then determining the multi-
plicative order ofp modulo each of them. The smallestdi(t) for which p has ordert is
M(t). This procedure requires factoringpt −1, which for larget is plainly unfeasible.
Alternatively, one may construct the elements of the ascending sequence of the integers
mi(t) such thatt|φ(mi(t)), which lie in the ranget + 1≤ mi ≤ pt −1. For eachmi , we
check whether or not the order ofp modulomi is t: the smallestmi for which this is
true isM(t). Constructing them-sequence requires evaluatingφ(kt)−1 for k = 1,2, . . .
(or k = 2,4, . . ., if t is odd); the difficulty originates from the need of knowing the prime
factorization oft, which is a non-polynomial time problem [22].

We conclude this section with some brief remarks on related problems.
The constructions described above can be reformulated in higher dimensions, for

hyperbolic toral automorphisms [23, 24]. The rationalsQ on the circle are replaced
by algebraic numbersQ(λ ) on the torus, whereλ is an eigenvalue of the automorphism.
The multiplicative constantp in (5) is replaced byλ ; the periodic orbits with prime
denominator —out of which the setT∗ was constructed— are replaced by the so-called

3 The analogue of the celebrated conjecture of Riemann, for the the zeta function of an algebraic number
field.



ideal orbits,which belong to prime ideals in the ringZ[λ ] (see below, for explanation of
the terminology). The arithmetical properties ofT∗ are similar, involving again Artin’s
constant.

The upper bound in (9) is also of interest. It is attained precisely whenp = 2, t is
prime, and 2t − 1 is also prime —a so-calledMersenne prime.The orbit with initial
condition M(t)−1 now has the same symbolic sequence as a rotation: these are the
sturmian sequences,of minimal complexity [25]. The spatial distribution of these orbits
is, in a sense, as far as possible from being uniform. The problem of the infinitude of
Mersenne primes —the largest know primes— is also unsolved [20].

Finally, the mapΨ, which is defined over the circle, may also be represented over the
p-adics. It is a contraction onQp (the field of fractions ofZp, obtained by removing the
constraintm≥ 0 in (3)), and an isometry onQr , for all primesr 6= p. In the former case,
the dynamics is trivial, since every point is attracted to the origin at a constant rate. In
the latter case, the dynamics is an ‘irrational rotation’. This terminology is justified as
follows. Forr 6= p, we have|p|r = 1, namelyp lies on the unit circle inQr . Equivalently,
p is a unit in Zr .4 Furthermore,p is not a root of unity, because there is no positive
integerk for which pk = 1; as a result, the only periodic point inQr is the fixed point at
the origin. Thus the space foliates into the union of invariant circles, and each circle in
turn decomposes into a finite number of uniquely ergodic components, the same number
of components for each circle [12]. This dynamical system has zero metric entropy;
some aspects of computational complexity emerging in this context are discussed in
[13]. Here we just mention that, in the limit of largek, the period of orbits ofΨ with
denominatorrk is computable in polynomial time, thanks to the analytical properties
of the p-adic logarithmic function. For this reason, these discrete motions should be
regarded as being regular, predictable.

DISCRETIZED ROTATIONS

The current state of affairs regarding the round-off mapΦ defined in (1) is summarized
by the following

Conjecture 1. All orbits of Φ are periodic.

This conjecture has been proved only for finitely many parameter values, correspond-
ing to the rotation numberθ being rational with denominator 5,8,10,12 (eight cases in
all) [8]. For these values,α is a quadratic irrational, and one can exploit the presence
of exact scaling to develop computer-assisted proofs. Suchproofs apply to a set of full
density of initial conditions; the more tedious (albeit conceptually similar) proof for all
initial conditions was carried out only in one case:θ = 3/10. Although unbounded orbits
have not been found, the possibility that boundedness couldfail for a zero-density set
should not be discounted. In [8], an unbounded orbit was constructed for a map obtained
from (1) via a simple modification of the rounding procedure.

4 A unit η in the ringZr is a number such thatη−1 ∈ Zr .



The periodicity conjecture was recently formulated for a system closely related to (1),
with the ceiling instead of the floor function [26]. This dynamical system originated in
number theory, in connection with the so-called shift radixsystems, and the theory of
Pisot and Salem numbers. A boundedness proof for the parameter θ = 1/5 is given in
[27].

In the present case —cf. equation (2)— the parameterα is rational; from (1) it then
follows thatθ is irrational, apart from finitely many exceptions [28, chapter 2]. Proving
the periodicity conjecture for irrational rotational angles seems quite difficult.

Whenα = q/p in (1), we define a symbolic dynamics onp symbols as follows

c : Z2 →{0, . . . , p−1} (x,y) 7→ x(mod p). (15)

The next three theorems were proved in [5] (in a slightly moregeneral setting). The
first result characterizes the cylinder sets of the symbolicdynamics, namely the set of
lattice points whose symbol sequence begins with a specifiedcode.

Theorem 1. There exists a nested sequence of lattices

L1 ⊃ L2 ⊃ L3 ⊃ ·· ·

with |Z2/Lk| = pk, with the property that two points inZ2 have the samek-code if and
only if they are congruent moduloLk.

It follows thatall finite codes of the symbolic dynamics (15) are represented byorbits
in Z2; furthermore, anyk-cylinder set inZ2 has densityp−k —see equation (14), and the
following remark.

Consider now the identity

f (x) = x2−qx+ p2 ≡ x(x−q)(mod p). (16)

The polynomialf (x) is irreducible inQ, having negative discriminant. Moreover, the
factors of f (x) modulop aredistinct,becausep andq are coprime. Letλ be a root of
f (x), and consider the ring

Z[λ ] = {m+nλ : m,n∈ Z}.

The factorization (16) implies that the primep splits in Z[λ ] into the product of two
distinct prime ideals:pZ[λ ] = PP (see, e.g., [28, chapter 3]). Recall that an ideal in a
ring is an additive group closed under multiplication by ring elements. Geometrically,
these ideals are two-dimensional lattices, and the productPP alluded above is defined
as the set of all finite sumsπ1π1+ · · ·+πsπs with πi ∈ P andπ i ∈ P.

The next result shows that the discrete phase spaceZ2, as well as the latticesLk, are
in fact more than two-dimensional lattices

Theorem 2. The embedding

L1 : Z2 → Z[λ ] (x,y) 7→ px−λy

defines an isomorphismZ2 ∼ P of Z-modules such that, for allk ≥ 1, we haveLk ∼
Pk+1.



This result provides the phase space with a multiplicative structure. Now, for all
positivek, the finite ringZ[λ ]/Pk is isomorphic toZ/pkZ. Under this isomorphism,
an elementζ in Z[λ ] maps to a unique residue class modulopk, and the sequence of
these residue classes converges to ap-adic number. In particular, the roots off (x) in
C correspond to the roots off (x) in Qp. We denote the latter byϕ and ϕ; they are
identified as follows (cf. (16)):

ϕ ≡ 0(mod p) ϕ ≡ q(modp). (17)

Becauseq is coprime top, we have that|ϕ|p = 1, that is,ϕ is a p-adic unit, while
|ϕ|p < 1. The computation ofϕ andϕ is performed efficiently with thep-adic Newton’s
method, which is superconvergent [29, chapter 2]. From equations (17) we see that the
initial condition for the Newton recursive sequenceϕk → ϕ is ϕ0 = 0, whereasϕ0 = q.

Identifying λ with ϕ defines an embeddingL2 of Z[λ ] into the ringZp of p-adic
integers

L2 : Z[λ ] → Zp x+λy 7→ x+ϕy.

ComposingL1 andL2, and scaling gives us the following

Theorem 3. The dense embedding

L : Z2 7→ Zp (x,y) 7→
1
p
L2(L1(x,y)) = x−

ϕ
p

y (18)

has the property that the mappingΦ∗ = L ◦Φ ◦L −1 can be extended continuously
from L (Z2) to the whole ofZp, giving

χt+1 = Φ∗(χt) = σ(ϕ χt) (19)

whereϕ = L (n, p) andσ is the shift mapping.

The shiftσ is defined like its archimedean counterpart; ifχ = c0 +c1p+c2p2 + · · ·,
then

σ(χ) = c1+c2p+c3p2 + · · · . (20)

The p-adic shift mapping has been studied in [30, 31, 32].
The above result represents the round-off problem onZ2 as a sub-system of an ex-

panding map over thep-adics, featuring a complete symbolic dynamics overp symbols,
and a dense set of unstable periodic orbits. It preserves thestandard probability measure
on Zp (the additive Haar measure), obtained by assigning to each residue class modulo
pk the measurep−k. This is just the natural measure onZp as a Cantor set.

This system has a lot in common with the Bernoulli shift onp-symbols. For instance,
the metric entropy is the same, namely log(p); the periodic points also have a similar
structure, as we shall see below.

CODING FUNCTION AND PERIODIC ORBITS

We consider the functionC that maps the initial pointχ ∈ Zp of an orbit ofΦ∗ into
the corresponding symbolic code(c0,c1, . . . ) —cf. equation (15). The latter is easily



defined, for instance, as the limit of the codes through the points (x(k),0) ∈ Z2, for a
rational sequencex(k) → χ. If we represent the code as ap-adic integer

C (χ) =
∞

∑
k=0

ckpk,

then we have

Theorem 4. The functionC defines an isometric bijection ofZp, which is nowhere
differentiable.

Of interest is the fact that a similar property holds for the coding function of thep-adic
version of the so-called 3x+1 problem [33, theorem 10.4].

This result establishes a one-to-one correspondence between periodic codes and pe-
riodic orbits, while the metric-preserving property ofC show that the periodic orbits
are dense and uniformly distributed with respect to the Haarmeasure. Just like for the
t-cycle ofΦ, those ofΦ∗ are all unstable, with multiplierp−t , wheret is the period.

Next we characterize the periodic points arithmetically. We define

a1 = 1; b1 = 0;

{

ak+1 = qak + pbk
bk+1 = −pak

k≥ 1, (21)

and
Ut, r = prat−r + pt−rar r ≥ 0, t ≥ 1. (22)

Theorem 5. The periodic pointχ corresponding to the t-periodic code(c0, . . . ,ct−1)
takes the form

χ =
1

B(t)

(

x−
ϕ
p

y

)

(23)

where x and y are integers given by

x =
t−1

∑
r=0

cr Ut, r y =
t−1

∑
r=0

cr Ut, r+1 (24)

while
B(t) = atq+2pbt −2pt (25)

is an integer coprime to p.

We verify directly that the periodic pointsχ in equation (23) arep-adic integers.
Firstly, we note that|ϕ|p < 1, and hence|ϕ/p|p ≤ 1, while |B(t)|p = 1. Using the
ultrametric inequality (4), we then get|χ|p ≤ 1. Comparison with (3) confirms thatZp
is precisely the closedp-adic unit disc.

Comparing expressions (7) and (23) we see that the structureof the cycles of the maps
Φ∗ andΨ is very similar. The role or the exponential sequencept −1 at denominator
is here played by the sequenceB(t), which grows exponentially at the same rate. The
numerators of the periodic points store code information ina similar manner.



The domain of definition of the embedding mapL , defined in equation (18), can
be extended fromZ2 to the setU2

p, whereUp is the set of rationals with denominator
coprime top, that is,Up = Q∩Zp. The mapL remains invertible on the extended
domain, and sinceB(t) is coprime top, usingL −1, all thep-adic periodic orbits ofΦ∗

can be lifted to the plane.5 Specifically, thet-cycles belong to theZ-moduleB(t)−1Z2.
Those corresponding to orbits of the round-off mappingΦ must lie in the sub-module
Z2, which is the case when bothx andy are divisible byB(t). Thus, for any positive
integert, we consider the smallest integerm such that there exists at-cycle in 1

mZ2. We
denote suchmby M(t), and —as we did before— we callΛ(t) = M(t)−1Z2 theminimal
moduleof the mapΦ∗ for the periodt.

In place of (9) now we have the bounds

1≤ M(t)≤ B(t).

As noted above, the sequenceB(t) plays the role of the sequencept − 1 for the shift
map. Comparing the respective lower bounds is rather more interesting. The setT∗ for
the shift map —the set of integerst for which p is a primitive root modulot + 1— is
here represented by the set of periodst for which the minimal module ofΦ∗ is equal to
Z2. In other words,T∗ are the periods the orbits of the round-off mapping!

Plainly, the functiont → Λ(t) is not injective —cf. proposition 1. The permitted
periodsT∗ are characterized via the multiplicity functionκ, which counts the number
of distinct orbits onZ2 having periodt. Thus, lettingτ : Z2 → N∪∞ be the (possibly
infinite) period of the orbit throughz, we define

κ : N → N t 7→
#{z∈ Z2 : τ(z) = t}

t
. (26)

Using diophantine approximations, it is not difficult to show that the functionκ is well-
defined —the numerator in (26) is finite — for a set of (irrational) rotation anglesθ
having full Lebesgue measure [1]. The periodicity of the round-off map was briefly in-
vestigated in [6]; roughly speaking,T∗, which is the support ofκ , consists of denomina-
tors of good rational approximants ofθ . The best approximants —the denominators of
the convergents ofθ— were found to correspond to the local maxima of the multiplicity
function. As for the mapΨ, the density ofT∗ in N appears to be zero, but with a faster
decay rate than (13). However, the deep structure of the function κ remains unexplored;
this investigation seems very worthwhile, involving probabilistic aspects of diophantine
approximations.

The symbol sequences generated by the round-off orbits are good pseudo-random
sequences (a comparison with [32] is instructive). Some rigorous results will be found
in [7], most notably a central limit theorem governing the departure of round-off orbits
from exact orbits. However, as is often the case in this type of problems, the most
interesting properties are difficult to analyze. Experimentally, the period of the sequences
is found to grow —on average— proportionally to the height ofthe initial condition

5 One could also extend the round-off mappingΦ to U2
p, as the conjugate ofΦ∗ underL −1 —see [5].



(the ‘seed’ of the pseudo-random sequence), while displaying at the same time huge
fluctuations. The latter are symptoms of difficulties in computing the period functionτ,
which is a good candidate for a non-polynomial time problem.The symbol sequences
corresponding toα = 1/2 were tested at Hewlett Packard [34]. They show an optimal
degree of pseudo-randomness for short times, and some faintcorrelations at certain
larger times, related to the local maxima of the multiplicity functionκ.

Finally, we examine the question of uniform distribution. Let z∈ Z2, andzk = Φk(z).
Using the code (15), we construct the symbol sequence(c0,c1, . . .), whereck = c(zk).
Using this sequence in the representation (6), we define a real numberx = x(z) in the
unit interval. By analogy with (10), we then let

W(z,n) =
1
τ

τ−1

∑
k=0

e2π inxk xk = x(zk) (27)

whereτ = τ(z) is the period of the orbit throughz. In accordance with conjecture 1,
we assume thatτ is finite. It is clear that the value of the sum (27) depends only on
the orbitO of z and not on the choice of the pointz within O ; accordingly, we write
W = W(O ,n). Let now(O0,O1, . . .) be an infinite sequence of distinctΦ-orbits. We say
that this sequence isuniformly distributedif

lim
k→∞

W(Ok,n) = 0 ∀n 6= 0

which should be compared with (11). We conclude this paper with the following

Conjecture 2. Any sequence of distinctΦ-orbits is uniformly distributed.
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