24 Mechanisms with Payments

The Gibbard-Satterthwaite Theorem assumes that agents can have arbitrary prefer-
ences over the set of alternatives, and in particular does not apply in settings where
the outcome selected by the mechanism includes monetary payments and the utility of
each agent is quasilinear, i.e., a linear combination of a valuation for the alternative
selected by the social choice function and the amount of money transfered to or from
the agent. It is worth noting that this assumption makes utilities comparable across
agents.

In cases where the outcome includes monetary payments, it will be instructive to
separate these payments from the social choice and write a mechanism as a pair (f,p)
of a social choice function f: ® — A and a payment function p : @ — R™. The utility
of agent 1 can then be written as u;(0’,0;) = vi(f(0’),0;) —pi(0’), where 0’ is a profile
of types revealed to the mechanism, 0; is the true type of agent i, vi : A x ©; — R
is a valuation function over alternatives, and p;(0’) = (p(0’));. The main result for
the quasilinear setting is positive and provides a way to optimize the most natural
social choice function, the one that maximizes social welfare. The social welfare of
an alternative a € A is ) ;.\ vi(a,0;), i.e., the sum of all agents’ valuations for this
alternative.

24.1 Vickrey-Clark-Groves Mechanisms

The mechanisms implementing this social choice function are the so-called Vickrey-
Clark-Groves (VCG) mechanisms. A mechanisms (f,p) is a Vickrey-Clark-Groves
mechanism if

f(0) € argmaXZvi(a, 0:) and

AE€A  ieN

pi(0) =hi(0_1) — Z v;(f(0),6;) for alli e N,
JENA{i}

where h; : ©_; — R is some function that depends on the types of all agents but i. The
crucial component is the term ZjeN\{i} v;(f(0), 0;), which is equal to the social welfare
for all agents but i. The utility of agent i adds its own valuation v;(f(0),0;) and thus
becomes equal to the social welfare of alternative f(0) minus the term h;(0_;). The
latter does not depend on 0; and therefore has no strategic implications.

THEOREM 24.1. VCG mechanisms are strategyproof.
Proof. Let i€ N, 0 € ©, and 0{ € ©;. Then,

ui(0,0;) =vi(f(0),0;) —pi(0)
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= vi(f(6),0;) —hi(6_y)
jEN

> Z\’j(f(G{,eq)»ej) —hi(0-1)
JEN

= ui((e{> e—i)) ei)>
where the inequality holds because f(0) maximizes social welfare with respect to 6. [

Strategyproofness holds for any choice of the functions hy, so it is natural to ask
for a good way to define these functions. In many cases it makes sense that agents
are charged rather than paid, but not more than their gain from participating in the
mechanism. Formally, mechanism (f,p) makes no positive transfers if p;(0) > 0 for all
i€ N and 0 € O, and is ez-post individually rational if it always yields non-negative
utility for all agents, i.e., if vi(f(0)) —pi(0) > 0 for all i € N and 0 € ©. It turns
out that these two properties can indeed be achieved simultaneously. The so-called
Clark pivot rule sets h{(0_;) = maxqca ZjeN\m vj(a, 0;), such that the payment of
agent i becomes p;(0) = maxqca Z].EN\M vj(a, Gj)—ZjeN\{i} v;(f(0)). Intuitively, this
latter amount is equal to the externality agent i imposes on the other agents, i.e., the
difference between their social welfare with and without i’s participation. The payment
makes the agent internalize this externality.

THEOREM 24.2. A VCG mechanism with Clarke pivot rule makes no positive trans-
fers. If vi(a,0;) > 0 for alli € N, 0; € O, and a € A, it also s indivtdually
rational.

Proof. Fix @ € ®@ and i € N, and let a =f(0) and b € argmax,ca 2 _jeny iy Vila', 65).
Then, by choice of b, p;(0) = ZjeN\{i}vj (b,6;) — ZjeN\{i}vj(a, 0;) > 0, so the mech-
anism makes no positive transfers. Moreover,

ui(e>ei):vi(a>ei)+ Z Vj(a)ej)_ Z Vj(b>ej)

JEN\{i} JEN\{i}
> ) vi(a,0) — ) vi(b,05) >0,
jEN jEN

where the two inequalities respectively hold because v;(b,0;) > 0 and by choice of a.
[

Consider for example the application of the VCG mechanism with Clarke pivot
rule to an auction of a single good. In this case A = N, and the valuation func-
tion can be written as v; : A — R, such that v;(a) is equal to agent i’s valuation
for the good if a = i and zero otherwise. Since only a single agent can receive the
good, maxaea ) jen Vi(a) = maxien Vvi(i), and thus f(0) € argmax; .y Vvi(i). More-
over, pi(0) = maxgea ZjeN\{i}vj(a) — ZjeN\{i}Vj(f(e))' The first term is equal to
max;jeni) Vi (j) if a =i, the second term is zero if a = i and equal to the first term
otherwise, and thus p;(0) = maxjenygiyv;(j) if f(0) =1 and p;(6) = O otherwise. We
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thus obtain the well-know Vickrey (or second-price) auction, which assigns the good to
the agent with the highest bid and charges this agent a payment equal to the second-
highest bid.

24.2 Characterizations of Strategyproof Mechanisms

One might wonder whether other objectives can be implemented in the quasilinear
setting besides maximization of social welfare. Two characterizations of strategyproof
mechanisms (f,p) exist in the literature. The first characterization states that a mech-
anism is strategyproof if and only if the payment of an agent is independent of its re-
ported type and the chosen outcome simultaneously maximizes the utility of all agents.

THEOREM 24.3. A mechanism (f,p) s strategyproof if and only if for every i € N
and 0 € O,

pi(0) = t1(0_4,f(0)) and

f(e) € arg maX(Vi(ei) Cl) - ti(e—i) a)))
acA(6_;)

where t; : ©®_; X A = R 1s a price function and A(0_;) ={f(0;,0_;) : 0; € O} s the
range of f given that the reported types of all agents but i are fized to 0_;.

Alternatively, strategyproof mechanisms can be characterized purely in terms of
their social choice function. SCF f satisfies weak monotonicity if for all 6 € O,
i€ N, and 0] € Oy, f(0) = a # b = f(0;,0_;) implies that vi(a,0;) —vi(b,0;) >
vi(a,0!) —vi(b,0!). Intuitively, an SCF is weakly monotone if a change in the social
choice due to a change of type of a single agent means that the agent’s value for the
new choice must have increased relative to its value for the old choice.

THEOREM 24.4. If mechanism (f,p) is strategyproof, then f satisfies weak momno-
tonicity. If SCF f satisfies weak monotonicity and for each i € N, {(vi(a,0;))aca :
0; € ©;} C R 4s a convex set, then there exists a payment function p : ©® — R™
such that (f,p) ts strategyproof.

This result reduces the characterization of strategyproof mechanisms to one of
weakly monotone social choice function. The problem with the latter is that weak
monotonicity is a local condition that is hard to check, and existence of a global condi-
tion depends on the domain of possible preferences. Good global conditions are known
to exist for two extreme cases: domains that are unrestricted in the sense that the
utilities an agent assigns to the alternatives in A can be arbitrary vectors in R/, and
domains that are essentially one-dimensional.

A closer look at the unrestricted case reveals that the only strategyproof mechanisms
are simple variations of VCG mechanisms, which allow for the assignment of weights
to agents and alternatives and for restrictions of the range. SCF f is called an affine
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mazximazer if there exist A’ C A, w; € Rop fori € N, and ¢, € R for a € A’ such
that for every 0 € ©, f(0) € argmax, ca/(Ca+ ) ;o Wivila, 61)). It is easy to see that
VCG mechanisms can be generalized to affine maximizers.

THEOREM 24.5. Let f be an affine mazimizer, and for each i € N and 0 € O, let
pi(0) =hy(0_;) — ZjeN\{i}(wj/wi)vj(f(G), 0;) — cr(e)/Wi, where hy : ©_; — R. Then
(f,p) s strategyproof.

Proof. The utility of agent i € N is

ui(6,6;) = vi(f(8),0{) —hi(6_;) + Z(Wj/wi)\’j(f(e)» 0;) + cf(e)/Wi.
JENA{i}

By adding h;(0_;), which does not depend on 0;, and multiplying by w;, we see that
u;(6,0!) can be maximized by maximizing c¢(g) + Z]-EN wjv;(f(6),0;). This happens
when 0; = 6,. [

When there are at least three alternatives and preferences are unrestricted, affine
maximizers are the only strategyproof mechanisms.

THEOREM 24.6 (Roberts, 1979). Let |A| > 3 and {(vi(a,0:i))aeca : 0 € ©} = RA! for
everyi € N. Let f: 0 — A be a surjective SCF, p : @ — R™ a payment function.
If (f,p) s strategyproof, then f is an affine mazimizer.



