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ABSTRACT

Making commitmentse.g, through promises and threats, enables a
player to exploit the strengths of his own strategic posias well

as the weaknesses of that of his opponents. Which commigment
a player can make with credibility depends on the circuntstan

In some, a player can only commit to the performance of an ac-
tion, in others, he can commit himselbnditionallyon the actions

of the other players. Some situations even allow for comeitis

on commitments or for commitments to randomized actions. We
explore the formal properties of these types of (conditijpoam-
mitment and their interrelationships. So as to precludensis-
tencies among conditional commitments, we assume an ander i
which the players make their commitments. Central to oulyana
ses is the notion of aextortion which we define, for a given order

of the players, as a profile that contains, for each playeopsimal
commitment given the commitments of the players that coteuohit
earlier. On this basis, we investigate foffdrent commitment types
whether it is advantageous to commit earlier rather thaar,land
how the outcomes obtained through extortions relate tovsak
induction and Paretofigciency.

General Terms
Economics, Theory

Categories and Subject Descriptors

1.2.11 [Distributed Artificial Intelligence ]: Multiagent Systems;
J.4 [Computer Applications]: Social and Behavioral Sciences—
Economics
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1. INTRODUCTION

On one view, the least one may expect of game theory is that
it provides an answer to the question which actions maxiraize
agent’s expected utility in situations of interactive c#mn making.
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A slightly divergent view is expounded by Schelling when tees
that “strategy [. .. ] is not concerned with th&ieientapplicationof
force but with theexploitation of potential forcg9, page 5]. From
this perspective, the formal model of a game in strategimfonly
outlines the strategic features of an interactive situatipart from
merely choosing and performing an action from a set of astion
there may also be other courses open to an afegt.the strategic
lie of the land may be such that a promise, a threat, or a catibm
of both would be more conductive to his ends.

The potency of a promise, however, essentially dependsen th
extent the promisee can be convinced of the promiser’swegol
see to its fulfillment. Likewise, a threat only succeeds iteding
an agent if the latter can be made to believe that the threaten
bound to execute the threat, should it be ignored. In thisesen
promises and threats essentially involveammitmenbn the part
of the one who makes them, thus purposely restricting hexifsen
of choice. Promises and threats epitomize one of the fundehe
and at first sight perhaps most surprising phenomena in gage t
ory: it may occur that a player can improve his strategic pmsi
by limiting his own freedom of actio®y commitmentsve will un-
derstand such limitations of one’s action space. Actioglfitsould
be seen as the ultimate commitment. Performing a partiectéon
means doing so to the exclusion of all other actions.

Commitments come in fierent forms and it may depend on the
circumstances which ones can and which ones cannot creukbly
made. Besides simply committing to the performance of aiomct
an agent might make his commitmestnditional on the actions
of other agents, a®.g, the kidnapper does, when he promises to
set free a hostage on receiving a ransom, while threateniogtt
off another toe, otherwise. Some situations even allow for cidémm
ments on commitments or for commitments to randomized astio

By focusing on the selection of actions rather than on commit
ments, it might seem that the conception of game theory as mer
interactive decision theory is too narrow. In this resp8chelling’s
view might seem to evince a more comprehensive understguadlin
what game theory tries to accomplish. One might object,dbat-
mitments could be seen as the actions of a larger game. Wepl
this criticism Schelling remarks:

While it is instructive and intellectually satisfying to
see how such tactics as threats, commitments, and
promises can be absorbed in an enlarged, abstract “su-
pergame” (game in “normal form”), it should be em-
phasized that we cannot learn anything about those
tactics by studying games that are already in normal
form. [...] What we want is a theory that systematizes
the study of the various universal ingredients that make
up the move-structure of games; too abstract a model
will miss them. [9, pp. 156-7]



Our concern is with these commitment tactics, be it that oat-a
ysis is confined to situations in which the players can conimit

a given order and where we assume the commitments the players

can make are given. Despite Schelling’s warning for toorabst
framework, our approach will be based on the formal notioarof
extortion which we will propose in Section 4 as a uniform tactic
for a comprehensive class of situations in which commitsiean

be made sequentially. On this basis we tackle such issudseas t
usefulness of certain types of commitment iffelient situations
(strategic games) or whether it is better to commit earlyeathan
late. We also provide a framework for the assessment of nmte g
eral game theoretic matters like the relationship of ekdns to
backward induction or Paretdfiency.

Insight into these matters has proved itself invaluableforoper
understanding of diplomatic policy during the Cold War. New
days, we believe, these issues are equally significant folicap
tions and developments in such fields as multiagent systdiss,
tributed computing and electronic markets. For exampleymi-
ments have been argued to be of importanceirftaracting soft-
ware agentss well as fomechanism desigrin the former setting,
the inability to re-program a software agent on the fly candemsas
a commitment to its specification and thus exploited to sfifeen
its strategic position in a multiagent setting. A mechaniemthe
other hand, could be seen as a set of commitments that sheers t
players’ behavior in a certain desired way (s&g, [2]).

Our analysis is conceptually similar to that Sfackelbergor
leadership gamefL5], which have been extensively studied in the
economic literaturecf., [16]). These games analyze situations in
which aleadercommits to a pure or mixed strategy, and a number
of followers who then act simultaneously. Our approach, however,
differs in that it is assumed that the players all move in a particu
lar order—first, second, third and so on—and that it is speadlfi
aimed at incorporating a wide range of possible commitments
particular conditional commitments.

After briefly discussing related work in Section 2, we presen
the formal game theoretic framework, in which we define the no
tions of acommitment typas well asonditionalandunconditional
commitmentg$Section 3). In Section 4 we propose the generic con-
cept of anextortion which for each commitment type captures the
idea of an optimal commitment profile. We point out an equiv-
alence between extortions and backward induction solsitiand
investigate whether it is advantageous to commit earltberahan
later and how the outcomes obtained through extortiongeréta
Pareto éiciency. Section 5 briefly reviews some other commit-
ment types, such asductive mixedandmixed conditional com-
mitments The paper concludes with an overview of the results and
an outlook for future research in Section 6.

2. RELATED WORK

Commitment is a central concept in game theory. The possi-
bility to make commitments distinguishes cooperative froom-
cooperative game theory [4, 6]. Leadership games, as nmeatio
in the introduction, analyze commitments to pure or mixeeltst
gies in what is essentially a two-player setting [15, 16fotmally,
Schelling [9] has emphasized the importance of promisesats
and the like for a proper understanding of social interaction a
more formal level, threats have also figured in bargainirepii
Nash’sthreat gam¢g5] and Harsanyi'sational threats[3] are two
important early examples. Also, commitments have playeida s
nificant role in the theory oéquilibrium selectior{see e.g, [13].

Over the last few years, game theory has become almost indis-

pensable as a research tool for computer science and (@agelti)
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Figure 1: Committing to a dominated strategy can be advanta-
geous.

e.g, [1, 11]). Recently, also thstrategicaspects of commitments
have attracted the attention of computer scientists. T@asjtzer
and Sandholm [2] have studied the computational complexfity
computing the optimal strategy to commit to in normal forndan
Bayesian games. Sandholm and Lesser [8] employ levelled com
mitments for the design of multiagent systems in which aamtr
tual agreements are not fully binding. Another connectiea b
tween commitments and computer science has been pointed out
by Samet [7] and Tennenholtz [12]. Their point of departsrthe
observation that programs can be used to formulate commitme
that are conditional on the programs of other systems.

Our approach is similar to the Stackleberg setting in thatsw«e
sume an order in which the players commit. We, however, densi
a number of dierent commitment types, among which conditional
commitments, and propose a generic solution concept.

3. COMMITMENTS

By committing, an agent can improve his strategic posititin.
may even be advantageous to commit to a strategy tlstasgly
dominatedi.e., one for which there is another strategy that yields
a better payfi no matter how the other agents act. Consider for ex-
ample the 22 game in Figure 1, in which one play&ow chooses
rows and anothezol, chooses columns. The entries in the matrix
indicate the payds to Rowand Col, respectively. Then, top-left
is the solution obtained by iterative elimination of strigndomi-
nated strategies: fdRow playing top is always better than playing
bottom, and assuming th&®owwill therefore never play bottom,
left is always better than right fa€ol. However, ifRowsucceeds
in convincingCol of his commitment to play bottom, the latter had
better choose the right column. Thigowattains a pay of two
instead of one. Along a similar line of reasoning, howeu)
would wish to commit to the left column, as convinciRpw of
this commitment guarantees him the most desirable outcdme.
on the other hand, both players actually commit themselvélsis
way butwithoutconvincing the other party of their having done so,
the game ends in misery for both.

Important types of commitments, however, cannot simplyrbe a
alyzed as unconditional commitments to actions. The esseha
threat, for example, is deterrence. If successful,noiscarried out.
(This is also the reason why the credibility of a threat ismetes-
sarily undermined if its putting intofiect means that the threatener
is also harmed.) By contrast, promises are made to enticeaand
such, meant to be fulfilled. Thus, both threats and promisagdv
be strategically void if they were unconditional.

Figure 2 shows an example, in whi€lol can guarantee himself
a paydr of three by threatening to choose the right columRdfw
chooses top. (This will dfice to deteRow and there is no need
for an additional promise on the part 6bl.) He cannot do so by
merely committing unconditionally, and neither daawif he were
to commit first.

In the case oftonditional commitments, however, a particular
kind of inconsistency can arise. It is not in general the dase
any two commitments can both be credible. In & 2 game, it

research. Commitments have by no means gone unnoticed (seecould occur thaRowcommits conditionally on playing top if the
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Figure 2: The column playe€ol can guarantee himself a pdijyof
three by threatening to play right if the row playRowplays top.

Col plays left, and bottom, otherwise. If no@ol simultaneously
were able to commit to the conditional strategy to play ri§iRow
plays top, and left, otherwise, there is no strategy profitg tan
be played without one of the players’ filloeing called.

To get around this problem, one can write down conditioned-co
mitments in the form of rules and define appropriate fixed fpoin
constructions, as suggested by Samet [7] and Tennenhdiz [1
Since checking the semantic equivalence of two commitm@nmts
commitment conditions) is undecidable in general, Tenoknh
bases his definition gbrogram equilibriumon syntactic equiva-
lence. We, by contrast, try to steer clear from fixed point-con
structions by assuming that the players make their committime
a particular order. Each player can then make his commitsroat
pendent on the actions of the players to commit after himnbtt
on the commitments of the players that committed before.hen t
issue how this order comes about we do not here enter. Ratéer,
assume it to be determined by the circumstances, which niag fo
or permit some players to commit earlier and others laterwiille
find that it is not always beneficial to commit earlier tharetadr
vice versa

Another point to heed is that we only consider the case infwhic
the commitments are considerafisolutely binding We do not
take into account commitments that can be violated. Il
this could be understood as that the possibility of violafiatally
undermines the credibility of the commitment. We also assum
commitments to beompletein the sense that they fully lay down a
player’s behavior in all foreseeable circumstances. Thssamp-
tions imply that the outcome of the game is entirely deteadiby
the commitments the players make. Although these might be im
plausible assumptions for some situations, we had betidy she
idealized case first, before tackling the complicationshef inore
general case. To make these concepts formally precise, ste fir
have to fix some notation.

3.1 Strategic Games

A strategic gameis a tuple {, (A)ien, (Uiien), Where N =
{1,...,n} is a finite set of players4 is a set of actions available
to playeri andy; a real-valued utility function for playeron the
set of(pure) strategy profiles & Ay x- - -xA,. We call a gaménite
if for all playersi the action se# is finite. Amixed strategy-; for
a playeri is a probability distribution oved;. We write 2; for the
set of mixed strategies available to playeand = 23 x --- x 2,
for the set ofmixed strategy profilesWe further haver(a) and
oi(a) denote the probability of actiomin mixed strategy profile-
or mixed strategyr;, respectively. In settings involving expected
utility, we will generally assume that utility functions peesent
von Neumann-Morgenstern preferences. For a plaged (mixed)
strategy profiles- andr we writeo <; 7 if U (o) < Ui (7).

3.2 Conditional Commitments

Relative to a strategic gameN,((A)ien, (U)ien) @and an order-
ing m = (m1,...,m,) of the players, we define the g€t of (pure)
conditional commitmentsf a playern; as the set of functions
from A, x--- X A, to A,. Form; we have the set of conditional
commitments coincide witA,, . By aconditional commitment pro-

file f we understand any combination of conditional commitments
inFr x---xFg.

Intuitively, = reflects the sequential order in which the players
can make their commitments, with committing first7,_; second,
and so on. Each player can condition his action on the actibns
all players that are to commgifter him. In this manner, each con-
ditional commitment profilef can be seen to determine a unique
strategy profile, denoted bf/, which will be played if all players
stick to their conditional commitments. More formally, thteategy
profile f = (f; ... ., f; ) for a conditional commitment profilé is
defined inductively as

fr, =dar faps
’ _ ’
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The sequenca‘;;l, (f,;l, f,;z), e (f,;l, ..., f; ) will be called thepath
of f. E.g, in the two-player game of Figure 2 and given the or-
der (Row Col), Row has two conditional commitments, top and
bottom, which we will henceforth denoteandb. Col, on the other
hand, has four conditional commitments, correspondingeadif-
ferent functions mapping strategiesRéwto those ofCol. If we
consider a conditional commitmeritfor Col such thatf(t) = |
and f(b) = r, then(t, f) is a conditional commitment profile
and(t, f)" = (t, f (1) = (t.1).

There is a natural way in which a strategic gaBogether with
an ordering £1, . . . , my) of the players can be interpreted asean
tensive form game with perfect informati¢see,e.qg, [4, 6])%, in
which 7; chooses his action first, second, and so on. Observe
that under this assumption teategiesn the extensive form game
and theconditional commitments the strategic gamé& with or-
deringr are mathematically the same objects. Applybagkward
inductionto the extensive form game yieldsbgame perfect equi-
libria, which arguably provide appropriate solutions in thisiagtt
From the perspective of conditional commitments, howepiary-
ers move in reverse order. We will argue that under this pméeda-
tion other strategy profiles should be singled out as apatgpr

To illustrate this point, consider once more the game in FEigu
and observe that neither player can improve on the outcome ob
tained via iterated strong dominance by committing unciorh
ally to some strategy. Situations like this, in which play/ean
make unconditional commitmenis a fixed ordey can fruitfully
be analyzed as extensive form games, and the most lucrative u
conditional commitment can be found througgckward induction
Figure 3 shows the extensive form associated with the gafgef
ure 2. The strategies available to the row player are the sanme
the strategic form: choosing the top or the bottom row. Thetet
gies for the column player in the extensive game are giverhby t
four functions that map strategies of the row player in thatst
gic game to one of his own. Transforming this extensive form
back into a strategic game (see Figure 4), we find that thasésex
a second equilibrium besides the one found by means of badkwa
induction. This equilibrium with outcomél, 3), indicated by the
thick lines in Figure 3, has been argued to be unacceptahteein
sequential game as it would involve arcredible threatby Col:
onceRowhas played topCol finds himself confronted with fait
accompli He had better make the best of a bad bargain and opt
for the left column after all. This is in essence the line afubht
Selten followed in his famous argument farbgame perfect equi-
libria [10]. If, however, the strategies @fol in the extensive form
are thought of as hisonditionalcommitments he can make in case

1For a formal definition of a game in extensive form, the reader
consult one of the standard textbooks, such as [4] or [6].his t
paper all formal definitions are based on strategic gamesatedl-
ings of the players only.



Figure 3: Extensive form obtained from the strategic game of Fig-
ure 2 when the row player chooses an action first. The backward
duction solution is indicated by dashed lines, the condéia@com-
mitment solution by solid ones. (The horizontal dotteddidenot
indicate information sets, but merely indicate which playare to
move when.)

he moves first, the situation is radicallyfigirent. Thus we also as-
sume that itis possible faol to make credible the threat to choose
the right column ifRowwere to play top, so as to ensure the latter is
always better fi to play the bottom row. ol can make a condi-
tional commitment of playing the right columnRowchooses top,
and the left column otherwise, this lea\lRswwith the easy choice
between a pay® of zero or one, anc€Col may expect a payb of
three.

This line of reasoning can be generalized to yield an algo-
rithm for finding optimal conditional commitments for geaktwo-
player games:

1. Find a strategy profile = (s;,, S;,) with maximum payé to
playerrn,, and seff,, = s;, and f,,(s;,) = S,.

2. For eacht,, € A, witht, # s, find a strategyt,, € A,
that minimizesu,, (t-,. t-,), and setf,, (t;,) = t.,.

3. 1 Uy, (try, Ty (try)) < Upy(Srys Sry) fOr all ty, # s, returnf.

4. Otherwise, find the strategy profilg (, s;,) with the highest
paydT to m, among the ones that have not yet been consid-
ered. Setf;, = s, andf,(s,) = s, and continue with
Step 2.

Generalizing the idea underlying this algorithm, we présen
Section 4 the concept of axtortion which applies to games with
any number of players. For any order of the players an ertorti
contains, for each player, an optimal commitment given thra-c
mitments of the players that committed earlier.

3.3 Commitment Types

So far, we have distinguished between conditional and wieon
tional commitments. If made sequentially, both of them detee
a unique strategy profile in a given strategic game. Thisonadif
sequential commitment allows for generalization and gigs to
the following definition of gsequential) commitment type

DermniTion 3.1. (Sequential commitment type) @&Gequen-
tial) commitment typer associates with each strategic game G
and each orderingr of its players, a tuple(Xy,,..., Xy, ),
where X,,..., X, are (abstract) sets of commitments apds a
function mapping each profile in X X;, x --- x X, to a (mixed)
strategy profile of G. A commitment typ€,,, ..., Xz, @) is finite
whenever X is finite for each i withl < i < n.

Thus, the type ofinconditionalcommitments associates with a
game and an ordering of its players the tupléS,,,..., S,,,id),

(22) (22) (0.0) (0.0
@3 @31 13 GBI

Figure 4: The strategic game corresponding to the extensive form
of Figure 3

whereid is the identity function. Similarly(F,,,...,F,, ) is the
tuple associated with the same game by the typ@ofe) condi-
tional commitments.

4. EXTORTIONS

In the introduction, we argued informally how players coind
prove their position by conditionally committing. How weley
can do, could be analyzed by means of an extensive game \with th
actions of each player being defined as the possible commisme
he can make. Here, we introduce for each commitment type-a cor
responding notion oéxtortion which is defined relative to a strate-
gic game and an ordering of the players. Extortions are mteant
capture the concept of a profile that contains, for each playeop-
timal commitment given the commitments of the players tloatc
mitted earlier. A complicating factor is that in finding a yda's
optimal commitment, one should not only take into account ho
such a commitmentfiects other players’ actions, but also how it
enables them to make their commitments.

Dermnition 4.1. (Extortions) Let G be a strategic gamean
ordering of its players, and a commitment type. Le{G, n) be
given by(Xz,,..., Xz, ¢). A r-extortion of order O is any com-
mitment profile xe X;, x --- x X;,. For m > 0, a commitment
profile xe X, X --- x Xz, is at-extortion of ordemin G givenx
if X is ant-extortion of order m- 1 with

PWrys - < X)) S Py - - Xnn)

for all commitment profiles g in X Wity , . . ., Yams Xeoeqs - - - » X))
ar-extortion of order m- 1. A r-extortionis a commitment profile
that is ar-extortion of order m for all m witl® < m < n. Further-
more, we say that a (mixed) strategy profités r-extortionableif
there is some-extortion x withg(x) = s.

ayirmvxnmds” '7Xﬂmsxﬂm17"

Thus, an extortion of order 1 is a commitment profile in which
playerr;, makes a commitment that maximizes his {&ygiven
fixed commitments of the other playefs extortion of ordemis
an extortion of ordem- 1 that maximizes playem's paydf, given
fixed commitments of the playetg,; throughz,.

For the type oftonditional commitment&e have that any con-
ditional commitment profilef is an extortion of order 0 and an ex-
tortion of an ordem greater than 0 is any extortion of ordar— 1
for which:

(Grys 5 Grmo T+ o5 Fr) < (Frgs oo B B o5 F)'s
for each conditional commitment profileg such that
(9rys - - - Ons Tappens - - - » Tp) @N €Xtortion of ordem— 1.

To illustrate the concept of an extortion for conditionaheo
mitments consider the three-player game in Figure 5 andassu

||

Figure 5: A three-player strategic game
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(Row Col, Mat) to be the order in which the players commit. Fig-
ure 6 depicts the possible conditional commitments of tlhgeais
in extensive forms, with the left branch correspondingRimns
strategy of playing the top row. Left and g be the conditional
commitment strategies indicated by the thick lines in ttedad
right figures respectively. Botfi andg are extortions of order 1.
In both f andg Rowguarantees himself the higher p#ygiven
the conditional commitments dflat andCol. Only g, however, is
also an extortion of order 2. To appreciate tifias not, consider
the conditional commitment profile in which Row chooses top
and Col chooses right no matter hoRowdecides,.e., h is such
that hgow = t @andhcg(t) = hea(b) = r. Then, frow heot, fvar) 1S
also an extortion of order 1, but yiel@ol a higher payfi than f
does. We leave it to the reader to check that, by contggistan
extortion of order 3, and therewith an extortiper se

4.1 Promises and Threats

One way of understanding conditional extortions is by conce
ing of them as combinations of precisely one promise and a num
ber of threats. From the strategy profiles that can still ladized
given the conditional commitments of players that have cdmm
ted before him, a player tries to enforce the strategy prffiée
yields him as much paybas possible. Hence, he chooses his com-
mitment so as to render deviations from the path that leatlsigo
strategy profile as unattractive as possible (‘threatst) tre de-
sired strategy profile as appealing as possible (‘promigesthe
relevant players. Ifg,,...,s;,) is such a desirable strategy pro-
file for players; and f; his conditional commitment, the value
of f(Sy.- .., Sy_,) could be taken as his promise, whereas the val-
ues of f; for all other ¢,,....,t,_,) could be seen as constituting
his threats. The higher the pays to the other players in a strategy
profile a player aims for, the easier it is for him to formulateef-
fective threat. However, making appropriate threats is thspect
does not merely come down to minimizing the péigdo players to
commit later wherever possible. A player should also take @g-
count the commitments, promises and threats the followiaggprs
can make on the basis of his and his predecessors’ commgment
This is what makes extortionate reasoning sometimes solecomp
cated, especially in situations with more than two players.

For example, in the game of Figure 5, there is no conditional
extortion that ensurdglat a paydrf of two. To appreciate this, con-
sider the possible commitmenk4at can make in casRowplays
top andCol plays left ¢l) and in cas&Rowplays top andCol plays
right (tr). If Mat commits to the right matrix in both cases, he virtu-
ally promisesRowa paydr of four, leaving himself with a pay®of
at most one. Otherwise, he p@slin a position to deteRowfrom
choosing bottom by threatening to choose the right colunthef
latter does so. Agairilat cannot expect a pagtohigher than one.

In short, no matter howlat conditionally commits, he will either
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Figure 6: A conditional extortionf of order 1 (left) and an extortiog of order 3 (right).

enableCol to threaterRowinto playing top or fail to lureRowinto
playing the bottom row.

4.2 Benign Backward Induction

The solutions extortions provide can also be obtained byaiod
ing the situation as an extensive form game and applying & bac
ward inductive type of argument. The actions of the playemny
such extensive form game are then given by their conditicoal-
mitments, which they then choose sequentially. For higpeeg
of commitment, such as conditional commitments, such ‘meta
games’, however, grow exponentially in the number of stjiate
available to the players and are generally much larger thewortig-
inal game. The correspondence between the backward inducti
solutions in the meta-game and the extortions of the origimate-
gic game rather signifies that the concept of an extortiorimdd
properly. First we define the concept loénign backward induc-
tion in general relative to a game sirategic formtogether with
an ordering of the players. Intuitively it reflects the idbatteach
player chooses for each possible combination of actionssqire-
decessors the action that yields the highest fiagiven that his
successors do similarly. The concept is calbedignbackward in-
duction, because it implies that a player, when fiigient between
a number of actions, chooses the one that benefitpredeces-
sorsmost. For an ordering of the players, we have® denote its
reversal(my, . ..,m1).

Dermnition 4.2. (Benign backward induction) Let G be a
strategic game anda an ordering of its players. Aenign back-
ward induction of order @ any conditional commitment profile f
subject tor. For m > 0, a conditional commitment strategy pro-
file f is a benign backward induction (solution) of order m isfa
benign backward induction of order m1 and

’
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for any backward inductio(g,...., O Gl seees g’f?) of order m-1.
A conditional commitment profile f istenign backward induction
if it is a benign backward induction of order k for each k witk
k<n.

f2)’

For games with a finite action set for each player, the follow-
ing result follows straightforwardly fronkuhn’s Theorendcf. [6,
p. 99]). In particular, this result holds if the players’ iacs are
commitments of a finite type.

Fact 4.3. For each finite game and each ordering of the play-
ers, benign backward inductions exist.

For each game, each ordering of its players and each commit-
ment type, we can define another gafewith the the actions
of each playei given by hisT-commitmentsX; in G. The utility



of a strategy profile(x,,, ..., Xz,) for a playeri in G* can then be
equated to his utility of the strategy profix,, ..., X, ) in G. We
now find that the extortions db can be retrieved as the paths of
the benign backward induction solutions of the ga@iefor the
orderings® of the players, provided that the commitment type is
finite.

Tueorem 4.4. Let G = (N, (A)icn, (Ui)ien) be a game andr
an ordering of its players with which the finite commitment
type T associates the tupléXy,,..., X,,,¢). Let further G =
(Na (x”i)iENs (U:ri)ieN): where Cli (X,rn, Tt xfrl) = U (¢(x7r1’ Tt X,,n)),
for each r-commitment profile(X.,, ..., Xz,). Then, a n-
commitment profil€x,,, . .., X.,) is ar-extortion in G givemr if and
only if there is some benign backward induction f ih @venz®
with 7 = (Xr,, ..., Xqy)-

Proor. Assume thatf is a benign backward induction iG*
relative tozR. Then, f’ = (Xtn» - - -5 Xy ), fOr some commitment
profile (X,,..., %) of G relative toxr. We show by induction
that (X-,....,Xs,) is an extortion of ordem, for all m with 0 <
m < n. Form = 0, the proof is trivial. For the induction step,
consider an arbitrary commitment profilg.,....y,,) such that

(Yrys - - Yims Xameas - - - » %) IS @N €xtortion of ordem— 1. In virtue
of the induction hypothesis, there is a benign backwarddtidog
of orderm—1inG* with @' = (Xz,, - - - » Xypags Yams - - - » Yy ). AS TS
also a benign backward induction of ordar

(Gt -+ 0n) < Grns - s Gress Trms -0 Ty
Hence, K. .- » Xeper> Yims - - -0 Y1) <o (Xens - -+ 5 %oy ). By defini-
tion of u;_, then also:

S Wrrs -+ > Y Kemers « + > Xen) S P (Kegs -« -5 Xg)-

We may conclude thatis an extortion of ordem.

For the only if direction, assume thatis an extortion ofG
givenn. We prove that there is a benign backward inductiéh
in G* for 2R with f®)" = x. In virtue of Fact 4.3, there is a benign
backward inductiom in G* givenzR. Now definef ) in such a way
that £z, -2 Zey) = %o i (Zons o2 Zua) = (Ko os Xo)s
and f(z,....24,) = hy(Zw»-..»2Z,), Otherwise. We prove
by induction onm, that f®) is a benign backward induction of
orderm, for eachm with 0 < m < n. The basis is trivial. So
assume that®) is a backward induction of ordem — 1 in G*
given 7R and consider an arbitrary benign backward inductpon
of orderm— 1 in G* givenz®. Letg be given by Y., . ... Vx)-

Either §/r,, .. .. Yrma) = X - - - ey )» OF this is not the case. If
the latter, it can readily be appreciated that:
@+ G T s £Y = (G- Gy P -+ Dy’

Having assumed thalh is a benign backward induction, sub-
sequently, Gu»---s0r,) <in Qs - -+ » Gryegs Mo - - -5 Ny )’s @NA
(Y ) L (T £ £2Y. Hence, f is

’gnmls Tmo "
a benign backward induction of orden. In the former case

the reasoning is slightly fferent. Then, d.,....,0,) =
(Xtns -+« s Xegpags Yoms - - - » Yy ). It fOllOWsS that:
@2 G T B = (B D) = (Ko Xy

In virtue of the induction hypothesisy(, ..., Y,) iS an extortion
of orderm- 1 in G givenn. As the reasoning takes place under the
assumption that is an extortion inG givenr, we also have:

OVreys - - s Yams Xamezs - - - » Xn) <om @Ky - <+ s X )-
Then, e, - s Xegers Yoo -+ Ya10) <imy Kons « + +» Xy )., DY defini-
tion of u*. We may conclude that:

(Y i [ S (c MR M S SO

signifying thatf® is a benign backward induction of order [

As an immediate consequence of Theorem 4.4 and Fact 4.3 wve als
have the following result.

Cororrary 4.5. Let 7 be a finite commitment type. Then,
T-extortions exist for each strategic game and for each orger
of the players.

4.3 Commitment Order

In the case of unconditional commitments, it is not alwaysfa
able to be the first to commit. This is well illustrated by theniliar
gamerock-paper-scissordf, on the other hand, the players are in a
position to makeconditionalcommitments in this particular game,
moving first is an advantage. Rather, we find that it can neaenh
to move first in a two-player game with conditional commitrisen

Tueorem 4.6. Let G be a two-player strategic game involving
player i. Further let f be an extortion of G in which i commitst]
and g an extortion in which i commits second. Théensgf’.

Proor skercH. Let f be a conditional extortion i givenr. It
sufices to show that there is some conditional extortioof or-
der 1 inG givenn’ with " = f’. Assume for a contradiction that
there is no such extortion of order 1@givens’. Then there must
be someb* € A; such thatf’ <; (b*,a), for alla € A. (Oth-
erwise we could defineg(, g)) such thatg; = fj(f), gi(g;) = fi,
and for any otheb € Aj, gi(b) = &, wherea" is an action inA;
such that(b,a*) <; f’. Theng would be an extortion of order 1
in G given’ with g’.) Now consider a conditional commitment
profile h for G andn such thathj(a) = b*, for alla € A;. Let fur-
therh; be such thatd, h;)’ <; (hi, h;)’, foralla € A. Then,his an
extortion of order 1 irG givenn. Observe thatt(, h;)" = (f/,b").
Hence,f’ <; i, contradicting the assumption thits an extortion
inGgivenr. [

Theorem 4.6 does not generalize to games with more than two
players. Consider the three-player game in Figure 7, witbrex
sive forms as in Figure 8. HerRowandMat have identical pref-
erences. The latter’s extortionate powers relafod however, are
very weak if he is to commit first: any conditional commitment
he makes put€ol in a situation in which she can enforce a pay-
off of two, leavingMat andRowin the cold with a payfi of one.
However, ifMat is last to commit andRowfirst, then the latter can
exploit his strategic powers, threat€ol so that she plays left, and
guarantee both himself aldat a paydr of two.

4.4 Pareto Efficiency

Another issue concerns the Pareffbogency of the strategy pro-
files extortionable through conditional commitments. W et
a strategy profiles (weakly) Pareto dominatesother strategy pro-
file t if t <; sfor all playersi and s¢;t for some. Moreover, a
strategy profiles is (weakly) Pareto gicient if it is not (weakly)
Pareto dominated by any other strategy profile. We extersl thi
terminology to conditional commitment profiles by sayingttla
conditional commitment profil€ is (weakly) Pareto gicient or
(weakly) Pareto dominatemnother conditional commitment profile
if f”is or does so. We now have the following result.

|

Figure 7: A three-person game.

(0,1,0) (0,0,0)
(0,0,0) (1L21)

(2.1,2) (0,0,0)
(0,0,0) (1L21)
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Figure 8: Itis not always better to commit early than late, even in thgecof conditional or inductive commitments.

Tueorem 4.7. Ineach game, Paretgfecient conditional extor-
tions exist. Moreover, any strategy profile that Pareto dwates an
extortion is also extortionable through a conditional coitment.

Proor skeTcH. Since, in virtue of Fact 4.5, extortions gener-
ally exists in each game, it fiices to recognize that the second
claim holds. Lets be the strategy profiles(,,...,s;,). Let fur-
ther the conditional extortiorf be Pareto dominated by An
extortion g with ¢ = s can then be constructed by adopting
all threats off while promisingg’. l.e. for all playersm; we
haveg, (Ses.--»Sqy) = S and gy (try, ..o te) = Tty b)),
for all othert,,, ..., t,,. As sPareto dominatef’, the “threats” off
remain d€fective as threats @ given thatsis being promised. ]

This result hints at a éierence between (benign) backward in-
duction and extortions. In general, solutions of benignkiecd
inductions can be Pareto dominated by outcomes that arenigrbe
backward induction solutions. Therefore, although evetgréion
can be seen as a benign backward induction in a larger gaise, it
not the case that all formal properties of extortions areeshay
benign backward inductions in general.

5. OTHER COMMITMENT TYPES

Conditional and unconditional commitments are only two-pos
sible commitment types. The definition also provides foret/p
of commitment that allow for committing on commitments, ghu
achieving a finer adjustment of promises and threats. Silyiia
subsumes commitments on and to mixed strategies. In thi®sec
we comment on some of these possibilities.

5.1 Inductive Commitments

Apart from making commitments conditional on taetionsof
the players to commit later, one could also commit on ¢hm-
mitmentsof the following players. Informally, such commitments
would have the form of “if you only dare to commit in such and
such a way, then | do such and such, otherwise | promise tamact s
and so.”

For a strategic gam@ and an ordering of the players, we de-
fine theinductive commitmentsf the players inductively. The in-
ductive commitments available tq coincide with the actions that
are available to him. An inductive commitment for player, is a
function mapping each profile of inductive commitments aypl
ersm; throughs; to one of his basic actions. Formally we define the
type of inductive commitment&,, ..., F,,, ') such that for each
playerrn; in a gameG and givenn:

Fr =dar A,
Frq X-XFrj
i+1 :

Fr., =dr

AR RO RN

Letf, =f,(f,....,f, ) foreach player; and havef’ denote
the pure strategy profilef; ,.... f7 ).

Inductive commitments have a greater extortionate powen th
conditional commitments. To appreciate this, considereanore
the game in Figure 5. We found that the strategy profile in
which Row chooses bottom an@ol and Mat both choose left is
not extortionable through conditional commitments. By n=eaf
inductive commitments, however, this is possible. [Eebe the
inductive commitment profile such thét,,, is Rowchoosing the
bottom row ), -, is the column player choosing the left column
() no matter howRowdecides, and ,,; is defined such that:

roif frow=t and feu (D) =T,
Tvat (Frow fco) = {| ochI’Wise “

Instead of showing formally that is an inductive extortion of the
strategy profile(b, I,1), we point out informally how this can be
done. We argued that in order to exact a gagbtwo by means of
a conditional extortionMat would have to lurdRowinto choosing
the bottom row without at the same time putti@gl in a position
to successfully threateRow not to choose top. This, we found,
is an impossibility if the players can only make conditionam-
mitments. By contrast, ¥at can commit to commitments, he can
undermineCol's efforts to threaterRowby playing the right ma-
trix, if Col were to do so. YetMat can still forceRowto choose
the bottom row, in cas€ol desists form making this threat.

As can readily be observed, in any game, the inductive com-
mitments of the first two players to commit coincide with thei
conditional commitments. Hence, as an immediate conseguen
of Theorem 4.6, it can never harm to be the first to commit to
an inductive commitment in the two player case. Similarlg w
find that the game depicted in Figure 7 also serves as an egampl
showing that, in case there are more than two players, ittiglho
ways better to commit to an inductive commitment early. lis th
example the strategic position bfat is so weak if he is to com-
mit first, that even the possibility to commit inductively eonot
strengthen it, whereas, in a similar fashion as with coodél com-
mitments Rowcan enforce a paybof two to both himself anélat
if he is the first to commit.

5.2 Mixed Commitments Types

So far we have merely considered commitments to and on pure
strategies. A natural extension would be also to considemaio-
ments to and omixed strategies We distinguish between con-
ditional, unconditional as well as inductive mixed commetmts.

We find that they are generally quite incomparable with thaie
counterparts: in some situations a player can achieve nsng u

a mixed commitment, in another using a pure commitment type.
A complicating factor with mixed commitment types is thagyh



can result in a mixed strategy profile being played. This make
that the distinction between promises and threats, asedgtd in
Section 4.1, gets blurred for mixed commitment types.

The type of mixed unconditional commitmentassociates
with each gameG and orderingn of its players the tu-
ple (2, ...,2,.id). The two-player case has been extensively
studied €.g, [2, 16]). As a matter of fact, von Neumann’s fa-
mous minimax theorem shows that for two-player zero-sumagam
it does not matter which player commits first. If the secoral/pt
to commit plays a mixed strategy that ensures his securigf,lthe
first player to commit can do no better than to do so as well.[14]

In the game of Figure 5 we found that, with conditional commit
ments Mat is unable to enforce an outcome that awards him a pay-
off of two. Recall that the reason of this failure is that affpe: to
deterRowfrom choosing the top row is flawed, as it would (@al
in an excellent position to threaté&ownot to choose the bottom
row. If Mat has inductive commitments at his disposal, however,
this is a possibility. We now find that in case the players dan d
pose of unconditional mixed strategiédat is in a much similar
position. He could randomize uniformly between the left agtit
matrix. Then,Rows expected utility is ’5‘ if he plays the top row,
no matter howCol randomizes. The expected pd#iyof Col does
not exceed g either, in casdRowchooses top. By purely com-
mitting to the left columngCol player enticefRowto play bottom,
as his expected utility then amounts to 3. This ensures agctsg
utility of three forCol as well.

However, a player is not always betteff avith unconditional
mixed commitments than with pure conditional commitmef:
an example, consider the game in Figure 2. Using pure conditi
commitments, he can ensure a péiyaf three, whereas with un-
conditional mixed commitmentsi2would be the most he could
achieve. Neither is it in general advantageous to committfira
mixed strategy in a three-player game. To appreciate thissider
once more the game in Figure 7. Again committing to a mixed
strategy will not achieve much fddat if he is to move first, and as
before the other players have no reason to commit to anythhrey
than a pure strategy. This holds for all playerRdwcommits first,
Col second andat last, be it that in this cagdat obtains the best
paydf he can get.

Analogous to conditional and inductive commitments one can
also define the types afixed conditionahndmixed inductiveom-
mitments. With the former, a player can condition his mixeets-
gies on the mixed strategies of the players to commit after. hi
These tend to be very large objects and, knowing little abioern
yet, we shelve their formal analysis for future researchnd@ptu-
ally, it might not be immediately clear how such mixed coiudial
commitments can be made with credibility. For one, when ®ne’
commitments are conditional on a particular mixed strategiyng
played, how can it be recognized that it was in fact this mistealt-
egy that was played rather than another one? If this proves to
impossible, how can one know how his conditional commitraent

is to be @fectuated? A possible answer would be, that all depends [12]

on the circumstances in which the commitments were madg,

if the different agents can submit their mixed conditional commit-
ments to an independent party, the latter can execute tld@man
izations and determine the unique mixed strategy profilettier
commitments induce.

6. SUMMARY AND CONCLUSION

In some situations agents can strengthen their strategitigro
by committing themselves to a particular course of actioheré
are various types of commitmertg, pure, mixed and conditional.
Which type of commitment an agent is in a position in to make es

sentially depends on the situation under consideratichelbgents
commit in a particular order, there istactic common to making
commitments of any type, which we have formalized by meaes th
concept of arextortion This generic concept of extortion can be
analyzedn abstracto Moreover, on its basis the various commit-
ment types can be compared formally and systematically.

We have seen that the type of commitment an agent can make
has a profound impact on what an agent can achieve in a game-
like situation. In some situations a player is much helpeteif
is in a position to commit conditionally, whereas in otherixed
commitments would be more profitable. This raises the questi
as to the characteristic formal features of the situationghiich it
is advantageous for a player to be able to make commitmeras of
particular type.

Another issue which we leave for future research is the caaapu
tional complexity of finding an extortion for thefiierent commit-
ment types.
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