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Abstract

We give new bounds for the single-nomination model of impartial selection, a problem
proposed by Holzman and Moulin (Econometrica, 2013). A selection mechanism, which
may be randomized, selects one individual from a group of n based on nominations among
members of the group; a mechanism is impartial if the selection of an individual is indepen-
dent of nominations cast by that individual, and a-optimal if under any circumstance the
expected number of nominations received by the selected individual is at least o times that
received by any individual. In a many-nominations model, where individuals may cast an
arbitrary number of nominations, the so-called permutation mechanism is 1/2-optimal, and
this is best possible. In the single-nomination model, where each individual casts exactly
one nomination, the permutation mechanism does better and prior to this work was known
to be 67/108-optimal but no better than 2/3-optimal. We show that it is in fact 2/3-optimal
for all n. This result is obtained via tight bounds on the performance of the mechanism
for graphs with maximum degree A, for any A, which we prove using an adversarial ar-
gument. We then show that the permutation mechanism is not best possible; indeed, by
combining the permutation mechanism, another mechanism called plurality with runner-
up, and some new ideas, 2105/3147-optimality can be achieved for all n. We finally give
new upper bounds on « for any a-optimal impartial mechanism. They improve on the ex-
isting upper bounds for all » > 7 and imply that no impartial mechanism can be better than
76/105-optimal for all n; they do not preclude the existence of a (3/4 — ¢)-optimal impartial
mechanism for arbitrary € > 0 if n is large.

1 Introduction

Group decision-making often involves the selection of one of the members of a group based on
nominations among members. An early and somewhat unpleasant example of a procedure of
this kind is reported from the period of the Athenian democracy in the 5th century BC, when
citizens could vote in so-called ostracisms for other citizens to be temporarily expelled from the
city. After having collected votes engraved into pottery shards from participating citizens, the
city would expel the citizen receiving the highest number of votes, subject to a quota. To this
date important decisions such as the selection of representatives, speakers, or chairpersons,
or the award of prizes are made in the same manner, with pottery shards replaced by slips of
paper or clicks on a website.

The economic efficiency of such selection procedures of course relies crucially on impar-
tiality of the votes. However, in decisions with such far-reaching consequences as the possible
expulsion from one’s home, a voter’s interest would certainly lie primarily in the fact whether
they themselves are selected, and would dominate any concern for the exact identity of another
voter selected instead. Such an interweaving of honest opinions regarding other voters eligible
for selection with personal interest is problematic since it may prevent voters from revealing
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their opinions impartially and truthfully. Specifically, in Classical Athens, a citizen fearing ex-
pulsion may have been tempted to vote for another citizen likely to also receive a high number
of votes, in an attempt to decrease their own risk of expulsion.

In order to decouple opinions regarding eligibility for selection from selfish interest, it
makes sense to study impartial selection mechanisms in which the probability of selecting any
voter is independent of that voter’s vote [[Holzman and Moulin, 2013, |Alon et al., 2011]]. Vot-
ers and votes can conveniently be represented by vertices and edges of a directed graph. A
selection mechanism then chooses a vertex for any graph, and is impartial if the selection of
any particular vertex is independent of the outgoing edges of that vertex. It is easy to see that
the most natural mechanism, already used in the ostracisms, of selecting a voter who receives
a maximum number of votes is not impartial. For example, in a situation where two voters re-
ceive a maximum number of votes and vote for each other, one of them can change the selection
by instead voting for someone else.

The requirement of impartiality is obviously appealing, but it turns out to be very demand-
ing and thus incompatible with other important properties. Specifically, any deterministic im-
partial selection mechanism must in some situation select an individual who receives no votes at
all or not select an individual receiving votes from everyone else [[Holzman and Moulin, 2013]].
This result was shown for a single-nomination model, i.e., for selection mechanisms on graphs
where all outdegrees are equal to one. If we measure the quality of a mechanism in terms of the
worst ratio over all scenarios between the number of votes for the selected individual and the
maximum number of votes for any individual, it follows that for any deterministic impartial
mechanism this ratio is at most 1/(n — 1), where n is the number of individuals. Fortunately
this ratio can be improved significantly using randomization [|Alon et al., 2011]], with the best
possible ratio lying somewhere in the interval [67/108, 35/48] ~ [0.6204, 0.7292] [[Fischer and
Klimm|, 2015]].

1.1 Owur Contribution

We improve both the lower and upper bound, to show that the best possible perfor-
mance guarantee for impartial selection in the single-nomination model lies in the interval
[2105/3147,76,/105] ~ [0.6689, 0.7238).

The existing lower bound of 67/108 due to Fischer and Klimm| [2015] is achieved by the so-
called permutation mechanism, which considers vertices from left to right along a random per-
mutation and maintains a candidate vertex with maximum indegree from the left. We provide a
tight analysis of the permutation mechanism showing that it achieves a performance guarantee
of a(A) in a situation where some individual receives A votes, where a(A) = (3A+2)/(4A+4)
if Aisevenand o(A) = a(A—1) otherwise. This implies a performance guarantee of 2/3 in any
situation. The analysis fixes a particular maximum-indegree vertex v* and allows an adversary
to choose the probability with which any vertex other than v* has indegree at least ¢ from the
left, for every ¢t € [A]. The adversary faces a trade-off: on the one hand, large indegrees from the
left can be detrimental to the performance of the mechanism because they decrease the prob-
ability with which v* is selected; on the other hand, large indegrees improve the performance
guarantee in cases where v* is not selected. Our tight bound is obtained through a careful analy-
sis that uses the probabilities set by the adversary and shows that possible correlations between
indegrees can only improve performance. The proof relies on a coupling argument for the in-
volved probabilities. The analysis is tight on graphs with a unique maximum-indegree vertex
and many vertices with indegree [A/2]. As the number of the latter increases, the maximum-
indegree vertex is selected with probability arbitrarily close to (A—|A/2])/(A+1), and a vertex
with indegree at most | A/2| with the remaining probability.

In a many-nominations model, i.e., on graphs with arbitrary outdegrees, the permutation
mechanism achieves the best performance guarantee of any impartial mechanism, equal to 1/2
[Fischer and Klimm) 2015]. It is natural to ask whether the permutation mechanism is best
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possible in the single-nomination model as well. We give a negative answer to this question,
by constructing a mechanism with performance guarantee greater than 2/3. When the num-
ber n of vertices is small, such a guarantee can be obtained by selecting the out-neighbor of a
random vertex. For n > 6, an improvement on the permutation mechanism is achieved by a
convex combination of the permutation mechanism and a modified version of another mecha-
nism from the literature, plurality with runner-up.

We finally give new upper bounds on the performance guarantee of any impartial mecha-
nism, equal to (3n3 — 19n? + 30n — 4) /(4n(n — 2)(n — 4)) for graphs with n > 6 vertices. These
bounds are obtained by analyzing sets of linear constraints imposed by impartiality and the
requirement to select a vertex on a class of graphs consisting of a 2-cycle and paths of varying
lengths directed at the cycle vertices. They improve on the best upper bounds known previ-
ously for all n > 7, and from 35/48 ~ 0.7292 to 76/105 ~ 0.7238 in the worst case over all n
Like the previous bounds they tend to 3/4 as n goes to infinity, and one may conjecture that
3/4-optimality is achievable in the limit.

1.2 Related Work

Impartiality of the kind we discuss here was first considered for the allocation of a divisible
good [De Clippel et al,2008]], and then for selection [[Alon et al., 2011}, [Holzman and Moulin|
2013]]. Holzman and Moulin/showed that in the single-nomination model and for deterministic
mechanisms, impartiality is incompatible with the requirement to select any vertex with inde-
gree n — 1 and never select a vertex with indegree 0. Alon et al.| studied impartial mechanisms
selecting a fixed number k of vertices in the many-nomination model, showing that determin-
istic such mechanisms cannot provide a non-trivial performance guarantee for any k£ whereas
the best randomized one for k£ = 1 is between 1/4- and 1/2-optimal. The permutation mecha-
nism was introduced and shown to achieve 1/2-optimality by Fischer and Klimm| [2015]. An
axiomatic characterization of symmetric randomized mechanisms was provided by Mackenzie
[2015]], and improved performance guarantees for different values of k& were given by [Bjelde
et al.| [2017]].

Bousquet et al.|[2014]] proposed a slicing mechanism that achieves a performance guarantee
of 1 in the limit as A — oo. Caragiannis et al.| [2022]] pointed out that the slicing mechanism
is also O(n®/?)-additive in the sense that it guarantees a gap of O(n%/?) between the indegree
of the selected vertex and the maximum indegree. Caragiannis et al. then provided an O(y/n)-
additive mechanism for the single-nomination model and an O(n?/3 In'/? n)-additive mecha-
nism for the many-nominations model, both of them randomized. Cembrano et al.| [2022a]]
showed O(y/n)-additivity in the single-nomination model can also be achieved determinis-
tically, whereas in the many-nominations model deterministic impartial mechanisms cannot
improve on the trivial additive guarantee of n — 1.

Tamura and Ohseto| [2014] studied mechanisms selecting a variable number of vertices in
the single-nomination model, and specifically a deterministic version of plurality with runner-
up that selects a maximum-indegree vertex and possibly a second vertex whose indegree is
smaller by at most 1. An axiomatic characterization of this mechanism was provided by|Tamura
[2016]], and |Cembrano et al.| [2022b]] studied the trade-off between the number of selected ver-
tices and the gap between the maximum degree and the degree of any selected vertex in settings
with more than a single nomination.

Following the observation that a highly publicized mechanism for scientific peer review
due to Merrifield and Saari [2009]] expressly does not separate honest opinions from personal
interest, impartial selection has finally been studied as an element of mechanisms for impartial
peer review [e.g.,[Kurokawa et al [2015||Aziz et al., 2016, Kahng et al., 2018, Xu et al.,[2019].

!The previous bounds were given by Fischer and Klimm)|[2015]] without proof, and claimed to be tight for n < 9.
Comparison with our bounds shows that the claim regarding tightness is incorrect.



2 Preliminaries

For n € N, let G, be the set of directed graphs with n vertices, no loops, and one outgoing edge
per vertex, i.e., the set

{(V,E) V={12,....n},EC(VxV)\ U{(v,v)},]Eﬂ({v} x V)| =1 forevery v € V}
veV

Let G = U,enGn- For G = (V,E) e Gandv € V,let NT(v,G) = {u € V : (v,u) € E} denote
the out-neighborhood of v in G, N~ (v,G) = {u € V : (u,v) € E} the in-neighborhood of v
in G, ~(v,G) = [N~ (v,G)| the indegree of v in G, and 64 (v,G) = |[{u € S : (u,v) € E}|
the indegree of v from a particular subset S C V of the vertices. We refer to the maximum
indegree of any vertex in G as A(G) = max,ey 0~ (v, G), and to an arbitrary (fixed) vertex with
maximum indegree in G as v*(G) € argmax,cy 0~ (v, G). When the graph is clear from the
context, we will sometimes drop G from the notation and write N~ (v), §~(v), dg (v), A and v*.
We alsolet T(G) = {v € V : §~(v) = A} denote the set of maximum-indegree vertices of G.
For a graph G = (V, E) € Gand v € V, we finally denote by G_, = (V, E\ ({v} x V) the graph
obtained by omitting v’s outgoing edge.

A selection mechanism consists of a family of functions f : G, — [0, 1]” mapping each graph to
a probability distribution over its vertices, such that ) . f,(G) = 1 forevery G = (V, E) € G.
In slight abuse of notation, we use f to refer to both the mechanism and individual functions
of the family. Mechanism f is impartial on G' C G if on this set of graphs the outgoing edges
of a vertex have no influence on its selection, i.e., if for every pair of graphs G = (V, E) and
G = (V,E)in G and every v € V, f,(G) = f,(G') whenever G_, = G"_,. Mechanism f is
a-optimal on G' C G, for a < 1, if for every graph in G’ the expected indegree of the vertex
selected by f differs from the maximum indegree by a factor of at most o, i.e., if

E,. [0~ (v, G)]
. v~ f(G) ’
inf . > .
A6k AG) -

We will sometimes define a selection mechanism in terms of an algorithm that uses randomness
and returns a single vertex. The output of the mechanism in the space [0, 1]" is then simply the
vector of probabilities with which each vertex is returned: denoting the output of the algorithm
on graph G = (V, E) € G, by A(G), the mechanism is the function f : G — [0, 1]" such that
fo(G) =P[A(G) = v] forevery v € V.

We finally introduce some notation regarding permutations of the set of vertices. We denote
by P(n) the set of all permutations of {1,...,n}. For 7 € P(n), we denote by 7, the set of
vertices to the leftof vin 7, i.e, 7y = {u € V : w = m;,v = 7 forsome i < j}. For 7 € P(n)
and S C V, we write m(S) for the restriction of 7 to S, such that, for each k£ € {1,...,]5|},
mp(S) =vifand onlyifv € Sand [{u € SN} =k — 1L

For 7 € P(n) we write 71 for the reverse permutation of 7, such that 7rZR = Tpt1—; for
alli € {1,...,n}, and 7 for the permutation obtained from 7 by swapping the elements in
position i and j, such that for all i, j, k € {1,...,n},

o Uy ifk:i,
=49 m ifk=j,

m,  otherwise.

3 A Tight Analysis of the Permutation Mechanism

On graphs with arbitrary outdegrees, impartial selection is solved optimally by the so-called
permutation mechanism [[Fischer and Klimm), 2015|]]. The mechanism, described formally as
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ALGORITHM 1: Permutation mechanism (Perm)
Input: graph G = (V, E) € G,
Output: vertex vf € V
Sample a permutation 7 = (w1, ..., T, ) of the vertices V uniformly at random;
initialize v* < m; and d « 0;
forje{2,...,n} do

denote v <~ mjand 7, = {m; ;i € {1,...,j —1}};

if 6;<v\{vp}(v) > d then

update v¥’ « vand d + 6, _ (v);

end
end
return v

P

chooses a permutation 7 of the vertices uniformly at random and then considers
vertices “from left to right” in the order of that permutation. At any point the mechanism
maintains a candidate vertex v, along with the indegree d of that vertex from its left; initially
the candidate vertex is the first vertex in the permutation, and its indegree from the left is equal
to 0. When a new vertex is considered, that vertex becomes the new candidate if and only if
it has a higher indegree from the left than the current candidate, whereby any edge from the
current candidate vertex is ignored. The vertex selected by the mechanism is the vertex that is
the candidate when all vertices have been considered.

It is easy to see that the permutation mechanism is impartial on G, and indeed also on graphs
with arbitrary outdegrees. On graphs with arbitrary outdegrees it is 1 /2-optimal, which is best
possible for any impartial mechanism. On G the performance of the mechanism is significantly
more difficult to analyze, and it was previously shown to be at least 67/108-optimal but no
better than 2/3-optimal [[Fischer and Klimm) 2015]. We proceed to give a tight analysis of the
mechanism on G. We specifically analyze the mechanism on graphs with maximum degree A,
for any A. The following is our main result.

Theorem 3.1. Let A € N. Then the permutation mechanism is a(A)-optimal on {G € G : A(G) =
A}, where

1 iFA=1,
a(A) = ¢ 3842 if A is even,

a(A —1) otherwise.

Since a(1) =1, a(2) = 2/3, and «(A) is non-decreasing for A > 2, a performance guarantee
of 2/3 on G follows immediately.

Corollary 3.2. The permutation mechanism is 2/3-optimal on G.

We need some notation. For a graph G = (V, E), let 7(G) be a uniform random permutation
of V, vF’(G) the vertex selected by the permutation mechanism, and X (G) = 6~ (v7(G)) the
indegree of that vertex. In slight abuse of notation, we will use the same notation for specific
realizations of the random variables as well as the random variables themselves, and omit the
dependence on G when it is clear from the context.

Our proof of [Theorem 3.1|relies on two lemmas. The first is a simple observation about the
permutation mechanism that was first made by [Bousquet et al. [2014]]: the selected vertex has
maximum indegree from the left for the permutation used by the mechanism.

Lemma 3.3 (Bousquet et al.,2014). For any graph G € G, v¥’ € arg max ey {0_, (v)}.

The second, technical, lemma establishes a weak form of negative correlation between the
indegree from the left of an arbitrary maximum-indegree vertex and that of any other vertex.
It is key to our improvement over the best previous analysis of the permutation mechanism.
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Fischer and Klimm|analyze the permutation mechanism as the limit case of a k-partition
mechanism, which rather than permuting the set of vertices partitions it into & of sets. Analo-
gously to the permutation mechanism the k-partition mechanism then considers sets in a fixed
order from left to right and maintains a candidate vertex with maximum indegree from sets to
the left. The analysis fixes a particular maximum-indegree vertex v* and allows an adversary
to choose, for any fixed assignment of all vertices except v* to the sets, the maximum indegree
from the left for each set. Vertex v* itself is assigned to one of the sets uniformly at random.
The adversary then faces a tradeoff between choosing large indegrees to stop v* from being
selected when it happens to be in a later set, and choosing small indegrees to reduce the per-
formance of the mechanism when v* happens to be in an earlier set and may not be selected.
For graphs with arbitrary outdegrees the k-partition mechanism is ((k — 1)/2k)-optimal, and
1/2-optimality of the permutation mechanism follows by taking £ to infinity. In graphs where
all outdegrees are positive, which includes the single-nomination case, the existence of a cy-
cle in the graph and thus of an edge from left to right in any permutation of the vertices, the
permutation mechanism is 2/3-optimal on graphs G with A(G) € {1,2}. For graphs G with
A(G) > 3 the adversarial analysis shows 67/108-optimality.

A weakness of the analysis of [Fischer and Klimm, which prevents it from going beyond
67/108-optimality, is that it allows the adversary to choose indegrees from the left separately for
every assignment of the vertices in '\ {v*} to the k sets, or separately for every permutation of
these vertices in the case of the permutation mechanism. Our analysis overcomes this limitation
by allowing the adversary to choose the probability with which any vertex different from v*
receives at least i edges from its left, forall i € {0, 1, ..., A}. We can then compute the expected
indegree of the vertex selected by the permutation mechanism by conditioning on the indegree
from the left of v*. The advantage of this approach is that the probabilities are clearly not tied
to a specific permutation of V' \ {v*}, which allows the adversarial logic to be applied globally.

Analogously to the existing analysis, a higher probability that some vertex other than v*
has a large indegree from the left allows such a vertex to be chosen when v* itself has a large
indegree from the left, which is detrimental to the performance of the mechanism, but causes a
vertex with relatively large indegree to be chosen even when v* has a small indegree from the
left, which improves the performance of the mechanism. What makes this argument nontrivial
is that the events where v* has a large indegree from the left and where some other vertex has a
large indegree from the left may be correlated. The following lemma establishes that any such
correlation is weakly negative, which allows the argument to go through and will be key to our
proof of Specifically, the lemma states that conditioning on v* having indegree
j < i rather than i from the left can only increase the probability that some other vertex has
indegree at least ¢ from the left.

Lemma 3.4. Let G = (V,E) € G. Then, foreveryi € {1,...,A}and j € {0,...,i — 1},

o) =jl=P| |J [6,(v)>1i]
veV\{v*}

P U [0, (v) > 1]

veV\{v*}

Proof. Let G, i, and j be as in the statement of the lemma. Then
1 P [5;@* () =jA3veV\{v*}: o (v) > Z]
IP) [57:<v* (’U*) = j:|

Or_,. (V) =7 | =

Pl U [, >4

veV\{v*}

and

] IP’[S* (W) =inTveV\{v*}: oo (v)zz}

T < p* T<v
P [0r_,. (v*) = i]

O (V1) = 1| =

Pl U [0, >4

veV\{v*}




Figure 1: Example of function g constructed in the proof of fori =3and j = 1.

Vertices swapped by g are drawn in white. The indegree from the left of v* decreases from i to
Jj, whereas the indegree from the left of v remains unchanged (left) or increases (right).

s <v*
holds for the numerators. Let

Since P [(5;@* (v*) = z} =P [5* (v*) =j| = 1/(A + 1), it suffices to show that the inequality

Pyj(n) = {m € P(n) : 6, .(v") = jA3veV\ {v"} 167 (v) > i} and

T <p*

Pi(n) = {77 €P(n):6; (") =iAnFveV\{v*}:o5 (v) > z}

T <y*

and observe that since 7 is chosen uniformly at random it is enough to show that |P;;(n)| >
|Pi(n)|. We do so by constructing an injective function g : P;(n) — Pi;(n).

For each m € P(n), let k(r),{(r) € {1,...,n} such that w11 ({v*} U N~ (v*)) = mp(r) and
Tir1({v*} U N7 (v*)) = 7y, ie., k(m) is the position of the (i + 1)st vertex among v* and
the in-neighbors of v* in 7 and /() is the position of the (j + 1)st vertex among v* and the in-
neighbors of v* in 7. Now define g : P;(n) — P;;(n) such that for all m € P;(n), g(r) = 7k,

An illustration of g is shown in[Figure 1]

Function g is clearly injective: by definition of 7*(™4(™), ¢(7) = g(x’) implies 7 = 7’. We
proceed to show that the codomain of g is P;;(n). Let 7 € P;(n), and observe that v* = 7). It
follows that v* = (g(7))¢(x) = (9(m)({v*} U N~ (v)));+1, since

INT() N {g1(m), - (g(m))emy—1} | = INT @) N {71, w1 b L=,

and thus 6(_9(7r))< . (v") = j. On the other hand, let v € V' \ {v*} with §_ (v) > t, which we

know exists because 7 € P;. If v = 7y, it follows from /() < k(r) that

(g(ﬂ'))<v = (g(ﬂ-))<ﬂ'k(ﬂ.) = <7T<7Tk(7r) \{U}) U {U*} - T<mymy = T<vs
hence 5(_9(70)@(1)) >0, (v) > t. Otherwise, if v = 7, for m ¢ {k(m), {(7)}, then

Ty if m < £(mw) orm > k(n),
(9(m))<0 = { (m<o U{v*}) \ {my()} otherwise.

Since () € N~ (v*), we know that 7y ¢ N~ (v) and thus 5(?1(%))@ (v) > 0,_, (v) >t as well.

This shows that g(7) € P;j(n), which completes the proof. O

We are now ready to prove
Proof of[Theorem 3.1] Let G = (V,E) € G. If A = 1, then 6~ (v) = 1 for every v € V and every

mechanism is 1-optimal. We therefore assume A > 2 in the following.
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Fori € {0,...,A}, let 4; = [5;@* (v*) = 7,} be the event that v* has indegree i from the left,
and

Bi= |J [b:.,(0)>1]

veV\{v*}

the event that at least one vertex other than v* has indegree at least i from the left.

Using X to denote the indegree of the vertex selected by the permutation mechanism, our
goal will be to bound the expectation of X in terms of conditional expectations over a set of
disjoint events. We begin by convincing ourselves that the events are indeed disjoint and then
give bounds on their probabilities and the corresponding conditional expectations.

For i # 4/, the events [A; N —B;] and [4y N =By are disjoint since A; N Ay = 0. For j #
j' and all 7 and ¢, the events [A; N B; N ~B;;1] and [Aj/ N By N ﬁBi/H] are disjoint for the
same reason. For i # i’ and every j, the events [A; N B; N —B;41] and [A; N By N —B;41] are
disjoint, since [B; N —B; 1] is the same as [max, ey (,+}{0,_, (v)} = i]. Finally, [4;1—B;] implies
that o-_ (v) < d;_ . (v*) for every v # v, and [A; N By N =By4q] with j < 4’ implies that
Or.,(v) =05 (v")forsomewv # v*,soforalli € {1,...,A},i" €{0,...,A},and j € {0,...,4},
[Az N —|Bz} N [AJ N By N _|Bi/+1} = (.

Now, foralli € {1,...,A}, P[4;] = 1/(A + 1) and thus

1

| | =P[B: | A PA] = 5 (1—P(Bi | A) (1)
Moreover, since B; 11 C B;,
1
P[A; N B;N~Bia] = P[BiN~Bup | A PI4)] = 5= (PIBi| A~ P[Bia | 4).  (2)

By X = A whenever there exists i € {1,...,A} such that 07_  (v*) = i and
d-_ (v) <iforallv # v*. Thus, foralli € {1,...,A},

T<v
E[X | A; N—B] = A. 3)
Again by [Lemma 3.3} X > i fori € {0,...,A} if there exists j € {0,...,i} such that (i)

Or_,. (V") = j, (ii) there is a vertex v € V' \ {v } with 6, (v) = 4, and (iii) there is no ver-
texv € V\ {v*} with §;_ (v) > 4. Thus, forevery i € {0,...,A}and j € {0,...,1},

E [X ‘ Aj NB;N _‘Bi+1] > 1. (4.)

We now claim that
i

A
X] > E[X|Ain=B]P[A;n-B]+ E[X | A; N B; N =Biy1]P[A; N B; N —B;41]

e

=1 =0 j=0
A A i
1 .
Zm AZ(].—]P[Bi|Ai])+Z Z(P[BiAj]P[Bi—i-lAj]))
=1 i=0 j=0
- A i A+1 i1
1 .
= A1 2oAYP[B | A+ i) PIBi| A - ) (i - 1)) P[Bi| 4]
=1 =1 j=0 i=2 =0
A 7 A i—1
1 .
A+l AZPB [ A+ 30> PB4 = > (- 1) Y PBi| 4]
=1 j=0 i=1 =0
1 A -1 A
=57 AZPB\A ;FO [B; | Aj] +ZzIP’B\A



Indeed, the first inequality holds because the sum on the right-hand side is over disjoint events,
the second inequality by (1)), ), (), and (). The first and third equalities follow by re-
arranging, the second equality holds because the terms for i = 1 and i = A + 1 in the last sum
both vanish.

We can now use[Lemma 3.4 which states that forevery i € {1,...,A}and j € {0,...,i—1}
itholds P [B; | A;] > P[B; | A, to obtain that

1 A A A
E[X] > A (AZ—A;P[&Ai]+;¢-m&Ai]+;¢-P[BiAi]>

A
1 2 NP B, | A,
=31 (A ;(A 2P [B; | AJ) .
The sum in the final expression can be bounded as

A [A/2

S0 4l < 3 (820808 41 3 (030 = 3] (3] 3] 1)

i=1

where the first inequality follows by dropping non-positive terms and the second inequality
because P [B; | A;] < 1. Thus, if A is even,

E[X] 1 s A /A 3A2+2A  3A+2
> A2_2 (2| = - = a(A).
A —¢MA+Q[ 2(2 )] AATD  dAara B
If Aisodd,
_ 2 _ _
ElX] 1  ACL(ATT \]_BAPH2A-1 AL
A AL+ 2 2 AA(A + 1) A O

To prove it was sufficient to condition on the indegree from the left of an ar-
bitrary maximum-indegree vertex. In graphs with multiple maximum-indegree vertices, one
would expect the mechanism to only do better. Indeed, on graphs with £ maximum-indegree
vertices, the permutation mechanism is k/(k + 1)-optimal. This can be seen by considering the
expected indegree from the left of the right-most maximum-indegree vertex.

The bounds in[Theorem 3.1]are tight. For A = 2 this follows from an observation of [Fischer
and Klimm), who identified a family of graphs on which the permutation mechanism selects
the unique maximum-indegree vertex with a probability approaching 1/3 as n increases. The
following result generalizes this to graphs with arbitrary maximum degree.

Theorem 3.5. Let A € N, ¢ > 0. Then there exists a graph G € G such that A(G) = A and the
permutation mechanism is not (a(A) + €)-optimal on G, where

1 ifA =1,
a(A) = 3842 if A is even,

a(A —1) otherwise.

The proof of this result can be found in[Appendix A] It relies on graphs with one maximum-
indegree vertex and a large number n’ of vertices with indegree | A /2], so that the permutation
mechanism selects the unique maximum-indegree vertex with a probability approaching (A —

[A/2])/(A + 1) as n/ increases. An example for A = 4 is depicted in[Figure 2|



n' +6 n' +8 3n' +4
1 2 3 n' +1
n' +7 n' +9 3n'+5

Figure 2: Example of graph G as constructed in the proof of [Theorem 3.5, for A = 4, with
the corresponding vertex labels. For this value of A, in order to show, for instance, that the
permutation mechanism is not a-optimal for o = 2/3 + 0.1, it is sufficient to take n’ = 14.

ALGORITHM 2: Random dictatorship (RD)
Input: graph G = (V, E) € G,
Output: vertexv € V

Sample a vertex 4 € V uniformly at random;
return Nt (u)

4 The Permutation Mechanism is Not Best Possible

In a model with arbitrary numbers of nominations, the permutation mechanism achieves the
best possible performance guarantee of any impartial mechanism, and it is natural to ask
whether this could be true in the single-nomination model as well. We have seen in the previous
section that the permutation mechanism is 2/3-optimal on G,, for any n, and no better than 2/3-
optimal when n can be arbitrarily large. On the other hand, an upper bound of 35/48 ~ 0.7292
was given in prior work on the performance of any impartial mechanism on G, and we will later
improve this to 76/105 ~ 0.7238. In the limit as n — oo, the best upper bound is 3/4. We may
therefore ask whether the permutation mechanism is best possible on G, or on G,, as n — oc.
We answer both of these questions in the negative, by showing that a constant improvement
over 2/3-optimality can be achieved for any n.

Theorem 4.1. There exists a mechanism that is impartial and 2105/3147-optimal on G.

We obtain this improved guarantee through a combination of three different impartial
mechanisms. One mechanism is used when n < 5, a fixed convex combination of the other
two when n > 6.

When n < 5, a simple impartial mechanism introduced by Holzman and Moulin| [2013]]
and called random dictatorship improves on 2/3-optimality. This mechanism, described in[Algo-
and denoted by RD, selects a vertex v uniformly at random and returns the vertex at
the other end of the outgoing edge of v. The following lemma, whose proof can be found in

establishes the main properties of this mechanism.

Lemma 4.2. For n € {2,3,4,5}, the random dictatorship mechanism is impartial and 1/2 + 1/n-
optimal on G,,.

For n > 6, our goal will be to construct a mechanism that performs well in cases where the
permutation mechanism is only 2/3-optimal, and to then randomize between that mechanism
and the permutation mechanism. We have seen in[Theorem 3.1|that the class of graphs in which
the permutation mechanism is not better than 2/3-optimal only contains graphs with maximum
indegree 2 or 3. The following lemma restricts the class further for a constant improvement

over 2/3. Its proof can be found in

Lemma4.3. Let G € G such that the permutation mechanism is not 31 /45-optimal on G. Then A(G) €
{2,3}and [{ve V:0~(v) > 2} =1
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ALGORITHM 3: Plurality with runner-up and gap (PRUG)
Input: graph G = (V, E) € G,
Output: vector p € [0,1]" with 7, p, <1
Sample a permutation 7 € P(n) uniformly at random;
form e {fr,ﬁR} do
initialize p, (7) = 0 for every v € V;
let v (1) = argmax, ey (6~ (v, G), 7,);
if 6= (v'(7),G) > 07 (v,G_yr(x)) + 2 foreveryv € V \ {v”(r)} then
update p,r () () < 3/4
else
update p,r () (7) < 1/2
end
let v° (7)) = arg max,ey\ {vF (m)} (0 (v, G), Ty);
if (v9(m),v" (7)) € Eand [6~ (v¥(m)) = Aor (6~ (v9(m)) = A — Land w,s(x) > myr(r))] then
update p,s ) (m) < 1/2
end
end
letg = 5 (p(7) +p(7"));
sample a set S by letting S = {v} with probability ¢, for every v € V and S = () with probability

1- ZUGV Qv ;
return S

To improve performance on graphs covered by[Lemma 4.3 we will use a variation of a mech-
anism called plurality with runner-up, first proposed by Tamura and Ohseto| [2014]]. Before we
can define it formally, we need to slightly relax the definition of a mechanism to include func-
tions that may not always select, i.e., functions f : G,, — [0, 1]" that for every G = (V, E) € G,
satisfy ) o fo(G) < 1. We will call a family of such functions an inexact mechanism, and note
that our definitions of impartiality and a-optimality naturally extend to inexact mechanisms.
We will also slightly abuse terminology and refer to an inexact mechanism as a mechanism
when the distinction is clear from context. Plurality with runner-up permutes the vertices uni-
formly at random and then selects, with probability 1/2, the vertex with greatest index among
those with maximum indegree. In addition, if removing the outgoing edge of another vertex
would make that vertex the vertex with greatest index among those with maximum indegree,
that vertex is also selected with probability 1/2.

The variation we consider, and which we will call plurality with runner-up and gap, improves
performance on any graph with a gap of at least 2 between the maximum indegree and all other
indegrees, and is targeted specially at graphs where one vertex has indegree 3 and all other ver-
tices have indegree at most 1. For a given permutation of the vertices, the mechanism selects the
vertex with greatest index among those with maximum indegree with probability 3/4 or 1/2,
depending on whether or not removing the outgoing edge of that vertex creates a gap of at
least two between its indegree and all other indegrees. In addition, if removing the outgoing
edge of another vertex would make that vertex the vertex with greatest index among those
with maximum indegree, that vertex is also selected with probability 1/2. Of course, for a fixed
permutation, the sum of these selection probabilities could be as large as 5/4 > 1. To obtain
a well-defined inexact mechanism we thus average over a permutation = chosen uniformly at
random and over its reverse 7!t. Plurality with runner-up and gap is described formally as
In the description of the mechanism and in its analysis we use regular inequality

2The mechanism can be seen as a straightforward variation of plurality with runner-up through an alternative
description: it selects the vertex with maximum indegree with probability 3/4 rather than 1/2 whenever all other
indegrees are smaller than the maximum indegree by at least 2 in a graph where the outgoing edge of the maximum-
indegree vertex has been removed; any other vertex is selected with the same probability as in plurality with runner-
up. We will use the extensive description as[Algorithm 3|for the results that follow.

11



ALGORITHM 4: Addition of a default vertex, DV( f, G) for input (f, G)

Input: inexact mechanism f : G, — [0,1]", graph G = (V, E) € G,

Output: vertexv € V

Sample a vertex 7 € V uniformly at random;

definep € [0,1]" asps =1 = > oy fu(G_5), Pv = fo(G_3) forevery v € V' \ {v};
sample a vertex v with probabilities given by p, for every v € V;

return v

signs as well as maximum and minimum operators to denote lexicographic comparison of pairs
of the form (6~ (v), v) for different vertices v.

By construction, plurality with runner-up and gap is 3/4-optimal on graphs G with A(G) =
3and 6~ (v) < 1lforallv € V' \ {v*}, but it is still only 1/2-optimal on graphs G with A(G) = 2
and 6~ (v) < 1forallv € V' \ {v*}. In addition it sometimes does not select a vertex and is
therefore not a mechanism.

We remove both of these shortcomings by a procedure we call addition of a default vertex, a
technique first used by|[Holzman and Moulin|[2013]] that can be applied to an arbitrary inexact
mechanism f. The procedure selects a vertex v uniformly at random, removes its outgoing
edge, and runs f on the resulting graph; if f ends up not selecting a vertex, the new mechanism
selects vertex v. A formal description of the procedure is given as its output for
an inexact mechanism f and a graph G will be denoted by DV(f, G).

We will be interested specifically in the mechanism PRUGP” obtained by addition of a default
vertex to plurality with runner-up and gap. The following lemma establishes impartiality of this
mechanism as well as guarantees for its performance on some graphs of interest.

Lemma 4.4. PRUGPY is an impartial mechanism on G. Moreover, for every n > 6, it is
(i) a(A)-optimalon {G € G, : A(G) = A}, where

1 7TA-9
A=+ =2—7
B =3+ apa)

(ii) 65/96-optimal on {G = (V, E) € G,, : A(G) =2};
(iti) 13/18-optimalon {G = (V, E) € G, : A(G) =3,[{v € V : 6~ (v) > 2}| = 1}.

The proof of this lemma, which is given in full in consists of three main
steps. First, we show that plurality with runner-up and gap is an impartial inexact mecha-
nism. That it is an inexact mechanism is established by showing that for any 7 € P(n) such
that >°, <y, po(m) = 5/4, it follows that Y, .\, pu(7’?) = 3/4. Impartiality is proved directly but
can also be seen by observing that the mechanism differs from plurality with runner-up only in
that it sometimes selects a particular vertex with probability 3/4 rather than 1/2, and that the
decision to do so is made independently of the outgoing edge of that vertex. Second, we show
that addition of a default vertex preserves impartiality and turns any inexact mechanism into a
mechanism. The key observation regarding impartiality is that the outgoing edge of the default
vertex is removed and thus has no influence on any additional probability assigned to the de-
fault vertex. The approximation guarantees, finally, are proved by considering the case where a
gap of at least 2 exists between the maximum indegree and the next-largest indegree in a graph
where the outgoing edges of the default vertex and the maximum-indegree vertex have been re-
moved, and the case where there is no such graph. The existence of a gap can only improve the
performance of the mechanism, but the general bound in fitem (i)|can be shown even without
taking such an improvement into account. The bounds in fitem (ii) and fitem (iii)| are obtained
by exploiting the particular structure of the graphs in question. For|item (ii)} the crucial step
is to bound from above the number of realizations, in terms of default vertex and permutation,

12



ALGORITHM 5: Mixture mechanism (Mix)
Input: graph G = (V, E) € G,
Output: probability distribution [0, 1]”
if n <5 then
return RD(G)
else
let Y ~ Bernoulli(825/1049), y a realization of Y;
if y = 1 then
return Perm(G)
else
return PRUG” (G)
end
end

for which the maximum-indegree vertex is selected with probability zero; for it is
to bound from below the number of realizations for which the maximum-indegree vertex is
selected with probability 3/4.

To achieve the performance guarantee claimed in[Theorem 4.1, we will do the following: for
graphs with at most 5 vertices, we run the random dictatorship mechanism; otherwise we run
the permutation mechanism with probability 825/1049 and PRUG” with probability 224,/1049.
The resulting mechanism, which we call the mixture mechanism, is given as We
proceed with the proof of the theorem.

Proof of We claim the result for the mixture mechanism. Let n € N, graphs G =
(V,E), G'=(V,E') € Gy,and v € V with G_, = G"_,.. If n <5, then

Mix, (G) = RD,(G) = RD,(G') = Mix,(G"),

where the second equality holds by impartiality of the random dictatorship mechanism, as

stated in[Lemma 4.2l Otherwise

Mix(G) = ~22 Perm, (@) + %PRUG{?(G)
825 Y
= 1019 Perm,(G") + 71049PRUGU (G

= Mix, (G"),

where the second equality holds by impartiality of the permutation mechanism and of PRUG?,
established respectively in[Theorem 3.1|and [Lemma 4.4, We conclude that the mixture mecha-
nism is impartial.

We now claim that the mechanism is 2105/3147-optimal on G. Letn € Nand G € G,,. If
n < 5, the claim follows directly from[Lemma 4.2} 1/2+ 1/n is decreasing innand 1/2+1/5 =
7/10, so the random dictatorship mechanism and thus the mixture mechanism is 7/10-optimal
on G,.

Now assume thatn > 6. If A > 4, a;(A)-optimality of the permutation mechanism follows
from and az(A)-optimality of PRUGP from where

SA+2 if A is even, 1 7TA —9
(B =y e, =3V GaGa—2)
a1(A —1) otherwise, 2 6A(3A-2)

For A > 4, a5 is decreasing in A since

_TABA-2) - (TA-9)(6A—2)  TA*-18A+6
B 6A2(3A — 2)2  2A2(3A —2)2

ah(A) < 0.
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Moreover, for odd values of A, a1 (A) = o (A —1) = 3/4—1/(4A). This means that any convex
combination of a1 (A) and as(A) attains its minimum at an odd value of A, and thus

EyMix(@)[0~ (v)] > min ] 32 By perm(c) [0~ (v)] + 224 E, _prycr[0” (v)]
A — A>4 | 1049 A 1049 A

825 224
> mi A A
—?ﬁ{mzxgal( )+ 102922 )}

> min 825 (3 1 +224 1+ TA -9
T A>4,Ao0dd [ 1049 \4 4A 1049 \ 2 4A(3A —-2)

_ 2923 907A + 366
— — Inax .
= 1196 A%3 4196A(3A — 2)

Defining g(A) = (907A + 366) /(4196 A(3A — 2)),

_ 90TA(3A — 2) — (907A + 366)(6A —2)  2721A2 4 2196A — 732

/ A = — 0
g(A) A196A2(3A — 2)2 I96AZ(3A — 22
so the maximum is attained for A = 5. Thus, if A > 4,
E,mix(@) [0 (v)] . 2923 907-54366 2923 377 7119 . 2105
A T 4196 4196-5-(3-5—2) 4196 20980 10490 ~ 3147

If A = 2, we know from [Theorem 3.1/ that the permutation mechanism is 2/3-optimal, and
from that PRUGP is 65/96-optimal. This implies

Eomix@[0 ()] 825 2 224 65 550 455 _ 2105
A ~ 1049 3 1049 96 1049 = 3147 3147

Finally assume that A = 3. If [{v € V : 6 (v) > 2}| = 1, [Theorem 3.1]and [Lemma 4.4
guarantee 2/3-optimality of the permutation mechanism and 13,/18-optimality of PRUG®, so

Eymixc) [0~ (v)] _ 825 2 224 13 550 N 1456 _ 6406 _ 2105
A — 1049 3 1049 18 1049 = 9441 9441 ~ 3147’

If {v e V:d(v)>2} > 2 |Lemma 4.3 guarantees 31/45-optimality of the permutation
mechanism and [Lemma 4.4 guarantees 25/42-optimality of PRUGP, so

E,Mix(c) [0~ (v)] 825 31 224 25 1705 400 _ 2105
A = 1049 45 ' 1049 42 3147 ' 3147 3147

This shows that the mixture mechanism is 2105/3147-optimal on G and completes the proof. [J

illustrates the performance of the permutation mechanism, PRUGP, and the mix-
ture mechanism on graphs with at least six vertices and maximum indegree A, for A €
{2,...,15}.

5 Upper Bounds

We conclude by giving new upper bounds on the performance guarantee of any impartial mech-
anism. They improve on the bounds of|Fischer and Klimm|[2015]] for all » > 6 and have a global
minimum of 76/105 ~ 0.7238 at n = 7. Like the bounds of [Fischer and Klimm! they approach
3/4 as n — oo and thus do not rule out the existence of an impartial mechanism that is close to
3/4-optimal when n is large. Whether such a mechanism exists is an intriguing open question,
the resolution of which is likely to require new insights.
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Figure 3: Values a(A), for A € {2, ..., 15}, such that the permutation mechanism, PRUG”, and
the mixture mechanism are o(A)-optimal on {G = (V, FE) € G : |V| > 6, A(G) = A}. The case
where A = 3 requires a case distinction based on the number of vertices with indegree greater
than 1.

Theorem 5.1. Let n € N,n > 6. Let f be a mechanism that is impartial and a-optimal on G,,. Then,

3n3 —19n2 +30n — 4
dn(n —2)(n —4)

Corollary 5.2. If f is an impartial and a-optimal mechanism on G, then o < 76/105. If f is an
impartial and o-optimal mechanism on G, then oo < 3/4 — ©(1/n).

A useful observation when attempting to prove upper bounds on the performance of im-
partial mechanisms is that we can restrict attention to mechanisms that are symmetric. Here,
mechanism f is called symmetric if it is invariant with respect to renaming of the vertices, i.e.,
if forevery G = (V, E) € G, every v € V, and every permutation 7 = (71,...,m,) of V,

fr (Gr) = fu(G),

where G, = (V, E;) with E; = {(my, ™) : (u,v) € E}. For a given mechanism f, denote by f;
the “symmetrized” mechanism obtained by renaming vertices according permutation 7w chosen
uniformly at random, applying f to the resulting graph, and renaming the result back by the
inverse of 7, such that foralln e N, G € G,,,and v € {1,...,n},

(Fol @)= 1 3 (G,

TEPn

where P, is the set of all permutations of V. It is not difficult to see that this operation does not
affect impartiality and approximate optimality and produces a symmetric mechanism.

Lemma 5.3 (Holzman and Moulin, 2013). Let f be a selection mechanism that is impartial and
a-optimal on G' C G. Then fs is impartial, a-optimal, and symmetric on G'.

We are now ready to prove

Proof of| Theorem 5.1[ Letn € N,n > 6. Let f be an impartial a-optimal mechanism on G,,, which
by|Lemma 5.3 we may assume to be symmetric. Let n’ = [n/2]| — 1, and consider the family of

!

graphs {G; = (V, E;)}_, C Gn, where V = [n] and for each i € {0,...,n'},

=

Ei={(v+1Lv):ve{l,...,.n—1}\{2,i+2}} U{(1,2),(3, 1+ x(: =0)), (i + 3,2)},
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where x(-) denotes the indicator function. In other words, in G;, vertices 1 and 2 form a 2-cycle,
vertices ¢ + 2 down to 3 a path directed at vertex 1, and vertices n to i + 3 a path directed at
vertex 2. Let C,, = (V, E(C,,)),Ca = (V, E(Cay)) € G, with

ECy) ={(v+1Lv):ve{l,...,n—1}} U{(1,n)},
E(Cypn)={(v+1v):ve{3,...,n—1}}U{(1,2),(2,1),(3,n)}}.

Graphs Gy, G1, Gg, Cy, and Cs , for n = 7 are shown in Forv e V, let p, = f,(Go) be
the probability with which f selects vertex v in graph Gj.
Then

p1 = f1(Cn) =1/n, (5)
where the first equality holds by impartiality, since Ey \ ({1} x V) = E(C,) \ ({1} x V), and
the second equality by symmetry. Similarly,

p3 = f3(Can) < 1/(n —2), (6)

where the equality holds by impartiality, since Ey \ ({3} x V) = E(C2,) \ ({3} x V), and the
inequality by symmetry. We further claim that for every i € {0,...n" — 1},

f2(Gi) = f[i(Giga). (7)
To see this, observe that fori € {0,...n — 1},
E\N{2} xV)={(v+Lov):ve{l,...,n—1}\{1,2,i +2}}
U {(17 2)? (3’ 1+ X(i = 0))’ (z + 3, 2)}7
Eig\({1} xV)={(v+Lv):ve{l,....,n—1}\{2,i +3}} U{(3,1),(i +4,2)}.
Both (V, E;\ ({2} x V) and (V, E;11\ ({1} x V') consist of two paths of lengths i +1 and n—i—2

directed at the same vertex, vertex 2 in the former graph and vertex 1 in the latter. Denoting by
7 the permutation with

3 ifv=1,
ifv=2,
m=4 v+1 ifve{3,.. .. i+2},
2 ifv=1i43,
v otherwise,

we have that (E; \ ({2} x V)))x = Ei11 \ ({1} x V). Since w2 = 1, and by impartiality, f2(G;) =
f1(Gi41). This implies in particular that p, = f1(G1). Denote z; = fo(G;) for i € {1,...,n'},
and observe that z; = f1(G;41) fori e {1,...,n' —1}.

We finally claim that for every i € {1,...,n},

f3(Gi) = pn—it1 and  fiy3(Gi)) = pits. (8)
For the first equality, observe that for i € {1,...,n'},

EN\N{3xV)={(v+1Lv):vef{l,....,n—1}\{2,i+ 2} U{(1,2), (i +3,2)},
Eo\(In—i+1}xV)={(v+1L0):ve{l,....n—1}\{n—di}} U{(L2).

Denoting by 7 the permutation with

v if v e {1,2},
=14 v+tn—i—2 ifve{3,...;i+2},
v—1 otherwise,
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Figure 4: Set of graphs that yield a < 76/105 for any impartial a-optimal mechanism on G7. Im-
partiality forces the probability assignment shown in the figure. The equality and inequalities
come from the fact that probabilities sum up to 1 in each graph or from imposing a-optimality.
Combining all the expressions yields the bound stated in[Theorem 5.1|for n = 7.

we have that (E; \ ({3} xV))r = Eo\ ({n—i+1} x V). Since m3 = n—i+ 1, and by impartiality,
f3(Gi) = pn—it1. For the second equality observe that fori € {1,...,n'},
E\{i+3txV)={(v+1Lv):ve{l,....n—1}\{2,i+2}} U{(1,2),(3,1)},
Eo\{i4+3} xV)={(v+1Lv):ve{l,...,n—1}\{i+2}} U{(1,2)}.
Denoting by 7 the permutation with
2 ifv=1,
Ty, =< 1 ifv=2
v otherwise,
we have that (E; \ ({i +3} x V))r = Eo \ ({i + 3} x V). Since ;13 = 743, and by impartiality,
fi+3(Gi) = pits.

By combining what we have shown above with the fact that selection probabilities in each
graph sum to 1, we obtain

n? —4n+2
v > v 9
2—1—;19 ~ nn-2) ©)
p2t+patpntar <1, (10)
Prn—it1 + Pits + i1 +a; <1 forallie {2,...n'}. (11)

Indeed, (9) holds because probabilities for Gy sum to 1, together with (§) and (6)); holds
because probabilities for G; sum to at most 1, together with (7)) and (8); (11]) holds because
probabilities for G; with i € {2,...,n'} sum to at most 1, together with and ({8)).

If nis odd, thenn’ = (n —3)/2and n' +4 = (n +5)/2 = n — n’ + 1. Therefore, p, for

each v € {2} U {4,...,n} appears exactly once in and (1I)). Adding up and for
ie{2,...,n'} yields

n’ n'—1
p2+zpv+2zxz+$n’<n
v=4 i=1
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which together with (9) implies

n'—1

n—3 n?2—4n+2
2 , ;< _ ) 12
D mitow S = n(n—2) (12)

If nis even, thenn’ =n/2 —landn' +3 =n/2 +2 =n —n' + 1, p, /2, appears twice in
fori = n/, and p, for each v € {2} U {4,...,n} \ {n/2 + 2} appears exactly once in ([10))
and (11)). Adding multiplied by 2, multiplied by 2 fori € {2,...,n' — 1}, and for
i = n' yields

n’ n'—2
2p2+22pv+4zxz+3xn,,1+xn <on —1, (13)
v=4 i=1

which together with (9)) implies

n'—2
2(n? — 4n +2)
We now claim that )
< = i 1. 15
o5 (pm,m) 15)

To see this, let i* € argming; .y 7; and consider the graph Gj. = (V, E}.) € G, with E. =
(Ei- \ {(2,1)}) U{(2,n)}. By impartiality, fo(G}) = f2(Gix) = z;-. Moreover, A(G}.) = 2 and
arg max,cy 0 (v, Gi.) = {2}. Thus

EUNf(G;*)[(Si(U,G;*)] <2x;+1- (1 — :UZ'*) = x;+ + 1,

and a-optimality of f implies (I5). Graphs G/ and G} for n = 7 are shown i in[Figure 4]
Define avg,, : ]R>0 — Ry such that cng( ) is the weighted average of with weights w,
ie., forall z,w € RY

avg,(w) E Wi T;.
z lwl i=1

Then, for every w € R%, minjegy 1y 2 < avg,(w). If nis odd, then by (12)),

1 n—3 n®—4n+2 1 2(n* —4n +2)
2.....2.1) < -~ = I By e e
(J/ng( y 5 4y )— m —1 |: 2 TL(TL—Q) :| Q(n_4) |:TL

If n is even, then by ((14)),

avg,(4,...,4,3,1) <

[n_3_2(n2—4n+2)} -5 1

~ dn/ — n(n —2)

In both cases, we conclude from that

bt . _2(n® —4n+2) :3n3—19n2+30n74
52(”2@-4)[ S T =) D n(n—2)(n—4) 0
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A Proof of Theorem 3.5

Let A € Nand € > 0. The result holds trivially if A = 1, so we assume A > 2 in the following.
Our goal will be to construct a graph G' = (V, E) such that the permutation mechanism is not
(a(A) + €)-optimal on G.

Letn' € N, to be fixed later,and n = A+ 1+n/(|A/2] +1). Fix V ={1,...,n} and let E be
the set

{(v,20+ A+n'=2):ve{l,....n  +1}} U{(v,1):ve{n+2,....0"  + A+ 1}}U

{(u,v):v6{2,...,n’+1},u€{n'+A+2—|—(v—2) ﬁJ,...,n’+A+1+(v—1) ﬁ“}

In words, the graph G consists of n’ 4 1 disjoint subgraphs; one subgraph contains vertex 1 as
well as A vertices with an outgoing edge directed at vertex 1; each of the other n’ subgraphs
contains a vertex i € {2,...,n' + 1} as well as | A/2] vertices with an outgoing edge directed at
vertex i. Vertices 1 to n’ + 1 finally have an outgoing edge directed at the vertex with smallest
index among their in-neighbors. An example of G is shown in

We note that 67 (1) = A, §~(v) = [A/2] for every v € {2,...,n' + 1}, and §~(v) = 1
for every v € {n’ +2,...,2n' + 2}. Moreover, P [6;_ (1) > [A/2]] = (A — [A/2])/(A +1),
P[6,_,(1) < [A/2]] = (lA/2]+1)/(A+1),and, by[Lemma 3.3, P [v"" = 1|4, _ (1) > |A/2]] =
1. The permutation mechanism thus chooses vertex 1 with probability

_n_A-[A/2]  [A/2]+1 I A
P[’UP—I]— A+l + A4+1 P vp_l 5ﬂ<1(1)§\\2J
We claim that )
P [UP — 16 (1)< B” < <m> | (16)

We will first show that this claim implies the theorem and then prove the claim.
If holds, then

E[X] < AP [ =1] + EJ 1-P[" =1])

2 (o325 (-3 S ()

Denote the last term of the sum by h(n’, A). Then, if A is even,

IN

E[X] 1 A 1 , 3A+2 1 ) 1 /
el g = 7 _oars 1 _ 1 '
A _2+4(A+1)+Ah(n’A) 4A+4+Ah(n’A) a(A)+Ah(n’A)
If Ais odd,
EX] A-1 A+1 1 ,, 3A -1 1., "y
< 1 _ 1 _ 1 |
A S oa taa T Ak A) = =R+ Jh(nA) = a(B) + Th(n',A)

In both cases, the permutation mechanism is not («(A) + ¢)-optimal on G if 1/Ag(n’, A) < ¢,
which happens if and only if

(-3 S ()

or, equivalently,

, log((A—[A/2])(1A/2] +1)) —log((A + 1))
log(2|A/2] +2) —log(2|A/2] +1) '
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The theorem thus follows by choosing n' large enough to satisfy this inequality.
We now prove ([I6)). Whenever d,_, (1) < |A/2] and there exists a vertex v with 1 € 7,
and d,_ (v) = |A/2], the permutation mechanism does not select vertex 1. Thus

B A Al A B A
P [’UP =1 57’l’<1(1> S \‘QJ S P [m |:5TI'<U(U) < \‘2J vV ve 7T<1:| 67’l'<1(1) S \\QJ
v=2
~ A B AT\
- (v-rfiza= 8] o resa] m<[2]])
1 A "
= _—_— - < —_ = 0_
(1 Ty et IR ISR - B ANE) ) ,
where we have used the fact that the indegrees from the left of vertices 1,2,...,n' 4+ 1 are
independent random variables, that the indegrees from the left of vertices 2,...,n + 1 are,

in addition, identically distributed, and that P’ [5;<2 (2) = [A/2]] = 1/(lA/2] +1). We now
claim that

A

P [5;<1(1) < {QJ = 5;,(2) A

> P [5;<1<1> <|53] -

lena

2 e 7T<1] . (17)

This claim, together with Bayes” Theorem and the fact that P[1 € 73] = P[2 € 73] = 1/2,
implies that P [1 € 72 | 0o (1) < [A)2] = 5;<2(2)} > 1/2, and substituting this term in the
previous expression yields

=3

which is identical to ([16]).

It remains to prove ([17]). For this, we use a similar approach as in the proof of
We first note that

_ 1 21A/2] +1

dies < () - GEAR)

P [57;1(1) < EJ =6,_,2)|1€ 7r<2] _P [0,.,(1) < LAH/D2[]JL ;;52]2(2) A 1€ mes]
and
P [6;<1(1) < {gJ — 52| 2¢ 7T<1] _P [0,.,(1) < LAP{?i Z;Zﬁ@) A2€ 7r<1].

Since P[1 € meo] =P [2 € m<1] = 1/2, it suffices to show the inequality for the numerators. Let

Pres(n) i={m € P(n) : 67 (1) < |A/2) =67_,(2) A 1 €7y} and

<1 T<2

Poci(n) = {m € P(n) : 6_, (1) < [A/2] =67 ,(2) A 2€ma},

<1 <2

and observe that since 7 is chosen uniformly at random it is enough to show that [P<2(n)| >
|Pa<1(n)|. We do so by constructing an injective function ¢ : Pac1(n) — Pi<a(n).

For each 7 € P(n), let i(1),i(2) € {1,...,n} be such that 7;;) = 1 and 7,9y = 2, i.e., i(j)
is the position of vertex j in the permutation 7, for j € {1,2}. Now define ¢ such that for all
T € Paci(n), g(m) = 7142), This function is injective: by definition of 7!, g(7) = g(x’)
implies 7 = 7’. To show that the codomain of g is P;<2(n), consider © € Pa<1(n). Since 2 € 71,
it follows that 1 € (g(7))<2. Moreover (g(7))<1 = m<1 N T<2 C 7« and thus 5@(W))<1(1) <

07, (1) < [A/2]. Similarly, (g(7))<2 = T<2 Um<1 U{1} D 7<2 and thus O(g(r))<s (2) > 90,_,(2) =

|A/2]. Since 67 (2) = [A/2] the last inequality must hold with equality, which implies that
g(m) € Pi<2(n). This shows and completes the proof of the theorem.
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B Proof of Lemma4.2]
The mechanism is trivially impartial on G, since for any graph G = (V,E) € G, we have
RD,(G) = ¢ (v,G)/n for every v € V, and 6§~ (v,G) = § (v,G’) for every v € V and G’

with G_, = G’_,,. To see that the mechanism is 1/2 4+ 1/n-optimal on G,, forn € {2,...,5}, let
n € N, G € G,,, and observe that

> 5 (@RDL(G) = = 3 (5 () = (A? S <5<v>>2) .
veV veV veV\v*

Therefore, the mechanism is «,-optimal on G,, for

1 1 1 n—A
n= min —[A — - 2| = in -~ (A
o &£ﬂ1<“”+A@> ZI<5@@”) Aqwaﬂn( A )

A(G)>0 veEV\v*(G)

where we observed that the minimum is reached on graphs where all but one vertex have inde-
gree 0 or 1. For constant n, the expression on the right is convex in A and reaches its minimum
for A = \/n. For n € {2,3,4,5}, it is easy to see that the minimum taken over natural values of
A is reached for A = 2, which implies o,, = 1/2 4+ 1/n and concludes the proof of the lemma.

C Proof of Lemma /4.3l

Let G = (V,E) € G be an arbitrary graph. If A ¢ {2,3}, we know from that the
permutation mechanism is a-optimal on G with o« > 7/10 > 31/45, so we assume A € {2, 3}
in what follows. For v € T(G), we let b, = 5:;((;) (v) denote the indegree of each vertex in
T(G) from other maximum-indegree vertices and v” the right-most vertex among this subset

in the permutation 7 taken uniformly at random, i.e., v¥* € T(G) such that v € 7_,r for every
v € T(G)\ {v}. Then,

E [‘EUR(UR)} — |T(1G)| 3 (bv+ > Pluc w@])
) ueN T(G)

veT(G —(v)\
_ @,
NEGIR (b4 iy 2 -2)
@)
- T+ T TG SV

where we used that the probability of any vertex not in 7'(G) being before the last vertex of T'(G)
in the permutation is |T'(G)|/(|T(G)|+1). If |T(G)| > 3, this yields E 5;<UR (vR)} /A > 3/4and
thus 3/4-optimality of the permutation mechanism due to If [ T(G)| =2and b, = 1
for some v € T(G), we get E [5;@3 (vR)} JA>3/4>31/45if A =2,and E [5;@}3 (vR)} JA >
13/18 > 31/45if A = 3, implying these values as approximation guarantees for the permutation
mechanism. If A = 2, |T(G)| = 2, and b, = 0 for both vertices v € T(G), the indegrees of
these vertices from the left are independent random variables. Denoting T'(G) = {v], v} and

borrowing some notation from to denote as X the random variable corresponding to
the indegree of the vertex selected by the permutation mechanism, this implies

1 1
il > — <
7PX12 P | e 000 =2] + 57 | g 67 (0) <

1/2\* 7 31
:1_7[@{5* Deing <] =1-(5) =5> T,
2 7T<vi‘ (Ul) — /\ T{'<U3 (/U2) — 2 <3> 9 > 45
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where the first equality uses to ensure that a vertex with strictly positive indegree
is always selected. Similarly, if A = 3, T'(G) = {v},v3}, b, = 0 for both vertices v € T(G) and
0~ (v) <1 for every other vertex v ¢ T'(G), we obtain

%E[X] >P [ max 0

1
22} +P[max o Sl]
veT(G) "< 3

veT(G) T<v

2 2 /1\* 5 31
>1—7P[5‘ N<1IAC *<1]:1_7 ) =2 > =
2 1= gP o () S IO (03) < 3<2> 6~ 15

We finally analyze the case when A = 3 and there exists v € V with §7(v) = 2. We know

from the proof of that

A 3
E[X] > A1+1 <A2 ~3 (A 20)PB; | AZ-]> _ i (9 ~ S (3-20)P[B; | Ai]> . (18)

i=1 i=1

where, foreachi € {0,...,3}, A; = [0, (v*) =i] and B; = Uver for} [65_,(v) > i]. We claim
that

1/3 if ENn{(v,v"), (v*,0)} =0,

3/10 if EN{(v,v*), (v*,0)} = {(v*,0)},

14/45 if En{(v,v%), (v*,0)} = {(v,v%)},

4/15  otherwise.

P[5y (0) = 2| Ag] =

v

The case E N {(v,v*), (v*, )} = 0 is straighforward, since in such situation the indegrees from
the left of v* and v are independent. For the other cases, we first fix the permutation 7 ({v*} U
N~ (v*)) since conditioning on B, is equivalent to conditioning on v* being on the third position
of this permutation. If £ N {(v,v*), (v*,0)} = {(v*,v)}, in order to have d; (v) = 2 we first need
that v is assigned to a position in the permutation either between v* and m4({v*} U N~ (v*))
or after my({v*} U N~ (v*)), both events having probability 1/5. We then need that the other
inneighbor of v, which we denote as u, is assigned before v, which happens with probability
4/6 if v was assigned between v* and m4({v*} U N~ (v*)) and with probability 5/6 if it was
assigned after 7y ({v*} U N~ (v*)). Putting all together, we obtain

P [(5@_(1‘;) =2 A2] =P [u € ey As({v* }UNT (v%)) € 7r<1—)]
=P [m3({v'}UN"(v")) € ] Pu € me | m3({v*} UN™ (v¥)) € meq]
14 15 3
56756 10

where for the last equality we split the event [m3({v*} U N~ (v*)) € 73] into the disjoint events

[mi({v*}UN™(v*)) € repand 0 € 7T<7ri+1({v*}UN*(v*))]

for i € {3,4}, and computed the probability P [u € 73] conditioning on this events. If E N
{(v,v*), (v*,0)} = {(v,v*)}, in order to have ¢; (v) = 2 we can have either v = 71 ({v*} U
N~ (v*)), v = m({v*} UN"(v*)), or v = my({v*} U N~ (v*)), all these events with a probability
of 1/3. Itthenholds ¢; (v) = 2if both in-neighbors of 7, which we denote u; and uy, are assigned
before v in the permutation, which occurs with probability 1/5 - 2/6 in the first case, 2/5 - 3/6
in the second case, and 4/5 - 5/6 in the third case. We obtain

., 1
P[5 (@) =2|As] =5 > Plur € marurjon-) A U2 € Tm(fujon—(o0)]
3
i€{1,2,4}
1 i 1+ 1 1/1 2 2 3 4 5 1 14 14
-3 Y s -iGEti i) i o
i€{1,2,4}
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Finally, if {(v,v%), (v*,0)} C E then §; (v) = 2 if and only if v = my({v*} U N~ (v*)), which
occurs with probability 1/3 given v* = m3({v*} U N~ (v*)), and ¢’s other in-neighbor, which we
denote again as u, is assigned before ¢ in the permutation, which occurs with probability 4/5
conditioned on the former event. This yields

P65 (0) =2|A2] =P [v =m({v*}UN"(v*)) Au € meg | A
— P[5 =m{v"} UN"(v")) | 4] P [u € 7 | 5 = ma({v*} UN~(v"))]
14 4
“ 35 15

This concludes the proof of the claim, which overall implies P[B; | A2] > P [65 (v) =2 | A3 >
4/15. Replacing this in yields
4

E[X]Zi(f)—P[Bl |A1]—|—IP’[B2|A2])21<9_1+15> —

31
15’7

so the permutation mechanism is 31/45-optimal on G. This concludes the proof of the lemma.

D Proof of Lemma [4.4]

For a graph G € G, and a permutation 7 € P(n), we let p(m, G) denote the vector p(7) as
defined inwith G as input graph, and we further denote as v'(, G) and v° (7, G)
the vertices v (7) and v° () defined inwith G as input graph. As usual, we omit
the dependence on G when the graph is clear from the context. Let C'(7, G) denote the event

[0~ (' (7),G) > 6 (v, G_yr(r)) + 2 forevery v € V'\ {oF ()},

and C(G) = [C(w, G) holds for every m € P(n)]. The following lemma states the natural prop-
erty that C'(m, ) is independent of 7 and characterizes the probabilities assigned by the mech-
anism with input G when the event holds for this graph.

Lemma D.1. Let n € N, G € G, be arbitrary. Then, C(w, G) holds for some = € P(n) if and only if
C(G) holds. Moreover, if C(G) holds, then T(G) = {v*}, {v e V : 6~ (v) = A —1}| < 1, and for
7 € P(n), it holds p,«(7,G) = 3/4 and

1/2 ifo— (vs(w, G)) =A-1, (’I}S(W,G),’U*) € Eand mys ¢y > o,

v (T 7T>G =
Pus( ’G)( ) { 0 otherwise.

Proof. Let n, G = (V, E) be as in the statement of the lemma, and let 7 € P(n) be such that
5§~ (vF(7),G) > 5 (v, G_yr(z) + 2 forevery v € V' \ {vF(7)}. This implies 6~ (vF'(7),G) >
6~ (v,G) + 1 for every v € V \ {v¥(7)}, which yields T(G) = {v*} and v¥ (1) = v* for every
7 € P(n). Furthermore, since 6~ (v*,G) > 07 (v, G_,r(z)) + 2 for every v € V' \ {wf(m)}, if
there is v € V with 67 (v,G) = A(G) — 1 it necessarily holds v € N~ (v*, G), which implies
both [{v € V : 6~ (v,G) = A(G) — 1}| < 1 and §~ (v (7),G) > 6~ (v,G_yr(r)) + 2 for every
7w € P(n), v € V\ {vf'(n)}. Therefore, C(m,G) holds for every 7 € P(n), i.e.,, C(G) holds.
This directly implies p,~ (7, G) = 3/4 for every m € P(n). Since every vertex other than v* has
indegree at most A(G) — 1, in order to have pys( ¢ (7, G) = 1/2, from[Algorithm 3] we know
that we need to have 6~ (v¥(m,G),G) = A(G) — 1, (v¥(r,G),v*) € E, and TS (m,G) > Mo
Otherwise, p,s(x,q) (7, G) = 0. This concludes the proof of the lemma. O

suggests a simple alternative way of computing the probabilities assigned
to each vertex when running plurality with runner-up and gap, by replacing probabilities

pu(m,G) = 1/2, py(7%,G) = 0 by p(7,G) = pl(7%,G) = 1/4. This will later simplify the
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proof for the performance guaranteed by the mechanism. For G € G,, m € P(n), consider
p'(m, G) defined for every v € V as

1/4 if C(G) holds ,0~(v) = A —1, and (v,v*) € E,
p(m,G) otherwise.

p;(’]’(, G) = {

The following lemma states both that the probability assigned by the mechanism with input
graph G to any vertex v is the average of p,(7,G) over 7 and that this same average can be
computed using p) (7, G) as well.

Lemma D.2. Foreveryn € N, G € G, it holds

PRUG(G):% 3 p(W,G):% S P G).

" weP(n) T reP(n)

Proof. For a graph G € G,, and a permutation 7 € P(n), let ¢(7, G) denote the vector ¢(m) as
defined in with G as input graph when the permutation sampled in the first step
is 7, i.e., ¢ = (p(m,G) + p(nf,G))/2. Letn € Nand G = (V, E) € G, be arbitrary. To see the
first equality, note that

PRUG(IC) = = 3 a(mG) == 3 2 (po(m @) +p(r".G) = o 3 o, G)

" weP(n) " meP(n) " weP(n)

The second equality follows immediately if C(G) does not hold, or if there is no vertex v € V'
with §~(v) = A—1, orif (v,v*) € E for every v € V with §~ (v) = A — 1. We assume, therefore,
that C'(G) does hold, and that there is a vertex v € V with 6~ (v) = A — 1 and (v,v*) € E.
From[Lemma D.T} we know that this is in fact the unique vertex with indegree A — 1 and thus
v¥(m,G) = v for every m € P(n). Moreover, we know that p,(7,G) = 1/2 if 1, > 7, and
pu(m, G) = 0 otherwise, thus (p(7, G) + p(7ft, G))/2 = 1/4 = pl(«,G) for every = € P(n). We
obtain

PRUGU(G):$ > Q(mG):% > %(p(mG)er(WR,G)):% Y. p(ma),

" weP(n) T weP(n) " weP(n)

which yields the equality for vertex v. For every u € V' \ {v}, we know from the definition of
p'(m, G) that pl, (7, G) = p,(m,G) for every m € P(n) and thus the equality holds directly. This
concludes the proof of the lemma. O

This last lemma directly implies that plurality with runner-up and gap is indeed an inexact
mechanism. We now state this property together with impartiality.

Lemma D.3. Plurality with runner-up and gap is an impartial inexact mechanism on G.

Proof. Let gq(m, G) denote the vector ¢ defined in when the input graph is G and
the sampled permutation is 7, ie., q(7,G) = (p(r,G) + p(rft,G))/2. We first show that
plurality with runner-up and gap is an inexact mechanism on G, i.e., that for every G € G
it holds }° ., PRUG,(G) < 1. Letn € Nand G = (V,E) € G, be arbitrary. From
Lemma D.1} if C(G) does not hold, then for every 7 € P(n) we have p,r(7) = 1/2 and
thus p,r () () + pys(x)(7) € {1/2,1}, py(m) = 0 for every v ¢ {vF(7),v%()}. This directly
implies Y, .y py(m) < 1 for every m € P(n) and the result follows directly from Lemma D.2|If
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C(G) does hold, then implies
1
D —
D PRUGY(G) =~ > > p(m.G)

veV " EP(n) veEV
1
= > Py (1 G) + Pys () (7, G)]
" reP(n)
1 3 1 — (S S %
:E Z Z+§X(5 ('U (7T7G)):A_17 (U , U )GE, 77'1)5(71'7G)>7Tv*
" reP(n)

1 /3 1
<~ (Zpl+inl) =1
—n!<4"+4n> ’

where the third equality follows from and the inequality follows since two vertices
are in a certain order for half of the permutations. This concludes the proof of PRUG being an
inexact mechanism.

We now show impartiality. Let G = (V. E), G’ = (V,E') € Gand v € V such that G_,, =
G'_,. We show in the following that for every 7w € P(n) it holds p, (7, G) = p, (7, G’). Since

1
PRUG(C) =~ 3 p(r.C).
" weP(n)

this implies PRUG,(G) = PRUG,(G’) and thus impartiality of the mechanism. Let 7 €
P(n) and suppose first p,(7,G) = 3/4. From we know that v = v*, and
- (v*,G) > 6 (v,G_yp+) + 2 for every v € V \ {v*}. Since G_,» = G’ ., this implies
(v, G") > 6 (v,G_,.) + 2 for every v € V \ {v*}, and thus p,(7,G’) = 3/4. Suppose now
pu(m,G) = 1/2, so either (i) v = vf'(7,G) or (ii) v = v° (7, G), (v°(x,G),vF(x,G)) € E and
either 5~ (v¥(m, G)) = A(G) or both (6~ (v¥(r,G)) = A(G) — 1 and TS(m,G) > Tl (m,c) 1
v = vF (7, G), we have that

v = arg Tea§(5 (u, G),my). (19)
If v = arg max,ey (0~ (u, G'), m,) as well, then clearly p,(7,G’) = 1/2 and we conclude. Oth-
erwise, there is v’ € V \ {v} such that v' = argmax,cy (0~ (u,G’),m,). But since G_, =
G’_,, this yields (v,v") € E and either (a) 6~ (v/,G') = A(G) + 1 and 7, > my, or (b)
S~ (',G) = A(G) and 7y > m,. From we have m, > m, for every u € V \ {v,v}
with 6~ (u, G") > A(G), so we conclude v = v°(m,G’) and thus p,(7,G') = 1/2. Consider
now the case v = v¥(m, G), (v9(m,G),v"(7,G)) € E and either 6~ (v¥(7,G)) = A(G) or
both (6~ (v¥(m,G)) = A(G) — 1 and TS(m,G) > ToF(ra) U = v¥(m, G"), then necessarily
(v, (m,G)) € E: otherwise we would have (6~ (v, G'),m,) > (6~ (vF(7,G),G"), myr (r 1)),
a contradiction. Since the other conditions do not change, we obtain p,(7,G’) = 1/2. Oth-
erwise, we necessarily have v = v'(r,G’): if there were ui,us € V with (6~ (u;, G'), 7y,) >
(0~ (v,G"), ) fori € {1,2}, we would have (v*,u;) for i € {1,2}, a contradiction. We conclude
po(m, G') = 1/2 as well, and thus p, (7, G) = p, (7, G'): the mechanism is impartial. O]

Recall that, given an inexact mechanism f and a graph GG, we define the addition of a default
vertex as the procedure that selects a vertex v uniformly at random, removes its outgoing edge,
and runs f on the resulting graph; if f ends up not selecting a vertex, the new mechanism
selects vertex v. This is described in[Algorithm 4]and its output is denoted as DV(f, G) for an
inexact mechanism f and a graph G. The following lemma states that the addition of a default
vertex turns any inexact mechanism into a mechanism while preserving impartiality.

Lemma D.4. Let f be an inexact mechanism that is impartial on G,,. Then fP : G, — [0,1]" given by
fP(G) = DV(f, G) is an impartial mechanism on G,,.
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Proof. Exactness is straightforward from the definition of probabilities in[Algorithm 4 To check
impartiality, letn € N, G = (V, E), G’ = (V,E’) € G,,, and v € V such that G_, = G"_,,. From
the definition of addition of a default vertex with input mechanism f, we have that

G va (V,E\ ({0} x V))) + 1—qu (V,E\ ({v} x V)],
vEV ueV

G = -5 BV EN [0 x V) 4 |1 3 £l (VB () x V)))
vGV ueV

where each term of the first summation on the right-hand side of both expressions corresponds
to the probability assigned to vertex v by mechanism f when vertex v is the default vertex and
thus its outgoing edges are omitted, and the second term is the additional probability assigned
to vertex v when it is the default vertex. Since (V, E'\ ({v} x V)) and (V, E’\ ({v} x V)) are the
same graph, the second terms on each right-hand side are trivially equal. Moreover, G_, = G'_,
implies that for every v € V it holds

(E\ {2} x V) ({o} x V) = (B"\ ({2} x V) \ ({v} x V),

thus from impartiality of f we obtain

fol(V.EN ({9} x V) = fu(V.E"\ ({0} x V).
We conclude that f2(G) = fP(G"), so the mechanism is impartial. O

We have now all the necessary ingredients to prove regarding the mechanism
PRUGP obtained from adding a default vertex to plurality with runner-up and gap. Formally,
for every G € G we define PRUG” (@) = DV(PRUG, G).

Proof of| That PRUG” is an impartial mechanism follows directly from
and

In order to study its approximation ratio, let n» € N be any natural value with n > 6 and
G = (V,E) € G, an arbitrary graph with n vertices and A > 2 (otherwise the result is trivial).
From we know that C(G_3) is equivalent to the existence of 7 € P(n) such that

5~ (v(m, G_p), G_5) =6 (v, (G—%)—vF(r,c_y)) +2foreveryv e V' \ {UF(ﬂ', G_3)},

and to the fact that this holds for every = € P(n). For each default vertex v € V, we define the
event D(m,v) = [p;}s(ﬂ Gfa)(ﬂ’ G_3) > O} and define vy (7, ) as

(r.5) v¥(r,G_3) if D(r, ) holds,
vo(m,v) =
2 v otherwise,

i.e., the vertex that is assigned strictly positive probability according to p’ (7, G_3) in addition to
vF (7, G_3) for the permutation 7 when v is the default vertex. For v € V and 7 € P(n), va(r,v)
is assigned probability 1/4 if C(G_3) holds and 1/2 otherwise, due to the definitions of p(7, G)
and p/(m, G). Moreover, we can now compute the expected indegree of the vertex selected by
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the mechanism, } | ~(v)PRUGP (@), as

vGV
Z[Z5 v)PRUG, (G —5) + 6 ( (1—ZPRUG )
UEV veV veV
nln.Z[Z 25 v)p(m, G—3) + 0~ (v) (1 Z ZP@(EGU))
" eV | reP(n) veV TEP(n) veV
- > PN ETCAC G-n)ﬁf (v (m, G—2)) X(D(, 7)) +
" BeV: O(G- )ﬂep(n) .
16 x(—D(m, v }
T X |5 (G + 30 (S XD
Bl -
5(5 x(=D(m,v }
D D IRC G3)) + 0™ (v5(m, 1)) +
veV weP(n)
ﬁ Yo D (67 (0 (7 Gp)) =6 (va(m,0))) - (20)

" 5eV: C(G_p) T€P(n)

The first expression comes from the definition of the addition of a default vertex; the second
one, from the third one, from and the definition of p/(7, G); and the
last one, from the definition of v (7, v).

Letk = |{v € V : 07 (v) = A — 1}| denote the number of vertices with indegree A — 1. We
claim the following;:

e D DI (L CR ) PN T (21)
" 5EV 7eP(n)
LYY i () 2 O, @)
" 5€V neP(n)

We first show (21]), so we assume T(G) = {v*}. We observe that, if v'(7,G_5;) # v* for
some default vertex v € V' and some permutation 7 € P(n), then v € N~ (v*) and, moreover,
v* & arg maxy,«yufvev:s-(v)=A—1} Tv- These two events are independent; the former occurs for
A out of n possible realizations of the default vertex and the latter for kn!/(k + 1) out of n!
permutations. We obtain

nn'z > 6 (0 (mG)) = |Z Y (A= X (r,G) #v ))ZA_IC‘Fl'

eV reP(n) " 5eV weP(n)

.
s

To see (22), we distinguish three cases. If |[T'(G)| > 3 and vo(m,v) # © for some v €
V, m € P(n), then this vertex is v° (7, G_;) and since A(G_;) = A with [T(G_3)| > 2 we
obtain 0~ (va(m,v)) = A > 6~ (v). This yields

_ 1n, ) 6 (va(m) > n'ln‘ Y 5 @=

" DEV meP(n) " DEV weP(n)

If |T(G)| = 2 and 6~ (vo(m, ) < 6 (v) for some © € V, m € P(n), this vertex is v (7, G_3)

_) as
well. Since A(G_3) = A and |T(G—_5)| > 1, we must have 0~ (v2(m,0)) = A —1, 67 (v) = A,
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and 7, (r ) > 7. This yields

,Z Do o)z 13 Y@= Y Y (6 (wa(mw) —6 (@)

'uevnep (n) : veV neP(n) TET(G) wEP(n):
Tog (, 1))>7rv
1 5 nl n-—1
n-n! 2 n

—1-

Finally, if T(G) = {v*} and 6~ (va(m,0)) < 6~ (v) for some v € V, 7 € P(n), then v = v*.
If this was not the case and 0~ (v) = A — 1, then [{v € V : 6 (v,G_5) > A — 1} > 2 and
thus 0~ (ve(m,0)) > A —1 = ¢ (v) for any permutation 7, a contradiction. If v # v* and
0~ (v) < A —1, then va(m,v) # v for some m € P(n) implies §~ (v2(v, 7)) > A —2 > 6 (v),
again a contradiction. Moreover, we have 6~ (ve(m,v*)) > A — 1 for every m € P(n), since
A(G_,+) = A. We obtain

1 o 1 _
'Z Z(S vo(m = Z& va(m,v*)) — 6 (v*) er_z:é (v)
veV weP(n) TEP(n) eV
zl(A—1—A)+1:”_1.
n n

Since §~ (ve(m,v*)) > A—1implies va(m, v*) = v* when d~ (v*)—d~ (v) > 2foreveryv € V\{v*},
it is clear for such case that 6~ (vz(m, v)) < 6~ (v) cannot hold for any v € V, © € P(n) and thus

nln'z D> 6 (va(r, D)) > — n‘z > 6

" DEV weP(n) veV meP(n)

This concludes the proof of (22)).
We now observe that, if |T(G)| > 2, for every © € V we have ~C(G_3) and, moreover, for
every m € P(n) it holds max,cy 0~ (v, G,@) = A. This implies

D — _
725 v)PRUG,(G) > o — m AZ > (6 G_5)) + 6 (va(m,0)))
veV veV reP(n)
1 n—1 1 5
= >4
2A <A+ n >—2+12A’ (23)

where the equality follows from and the last inequality from the fact n > 6. We make use
of this fact to prove all three items of the lemma
We first prove_ item (i)] If |T(G)| > 2, from (23]) we have

15 1, TA-9
— v)PRUGP(G) > —
%;5 Ve (@) 23+ A > 2 T 6a@a—2)

where the last inequality holds since

5 TA-9
12A ~ 6A(3A —2)

< 15A — 10 > 14A — 18 <—= A > -8,

so we reduce to the case |T'(G)| = 1 in what follows. Replacing the bounds given by and
in the expression (20]), we obtain that 3", - 6~ (v)PRUGY(G) is bounded from below by

1 A

2<A_k_";1.n+”;1>+4n1_n, Z 2 Gs)) — 5 (va(m, 0))) -

veV: C(G_5) m€P(n

(24)
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If k£ = 1, let v/ denote the unique vertex with §~(v') = A — 1. For every v
set of size at least A — 2), it holds C(G_3) and, for every 7 € P(n), 6~ (v
07 (va(m,v)) < A — 2. This yields

A n-1 1 1 A—6
JR— D —_— — —_— . — [
E 0~ (v)PRUG, (G) > IA <A o + - ) + in 2(A-2) = A <A + 1+ o ) )

UEV

€EN ()\{v}(a
(r,G_3)) = A and

If A <6, this expression is non-decreasing in n and it is minimized for n = 6, where

3 1 1 7A-9
D _
Ag‘s VPRUGHG) 2 30+ 48 > 2 Y Ga@a —2)

where the last inequality follows since

1 1 TA—-9

— > = A% +16A — 12 > 28A — A% — 4A
4A>6A(3A—2)<:>3 + 16 > 28 36 <— + 8> 0,

which clearly holds since the expression on the left is a convex quadratic function that is mini-
mized for A = 2, where its value is 4. If A > 6, on the other hand, the expression is decreasing
in n and it is minimized for n — oo, where

1 1 1 TA -9
R— D —_— S —
1;5 v)PRUG)(G) > 5 + 51 > +6A(3A_2),

where the last inequality follows since
1 TA -9 3
— > A — A — A>——.
2A>6A(3A—2)<:>9 6>7 9 A> 5

To address the case k > 2 we first note that we can omit the second term in (24)) since whenever
C(G_3) holds for some & € V we have 6~ (vf' (7, G_3)) = A and thus the terms of the sum are
non-negative. This yields

koA n_1>_A+1_k(A+1)+1

— D SR A —
1;5 v)PRUG,(G) = 2A<A el n o n NTNCE

Since this expression is increasing in n and we can bound n from below with the sum of the
known indegrees, n > A+ k(A — 1), we obtain

A+1 E(A+1)+1
2A  2A(k+1)(A+ k(A —1))

— Za v)PRUGP (@) > (25)

UEV

Denote the substracted term as g(k, A). We note that it is decreasing in k > 2, since

dg(k,A) (A2 -2 +2(A - 1)k — (A2—A+1)

ok 2A(k + 1)2(A + k(A — 1))2 ’

where the numerator is a concave function with its greatest root in

. _ VAL -D(A%+ ) 1
K A )(A+) Arl=?

where the last inequality holds since

VAA -1)(A2 +1) L2A+1
(A-—1)(A+1) ~— A+1

= AA-1)(A%T+1) < (2A+ 1) (A —1)2

< 3A* —3A% —4A2+3A +1 >0,
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which holds for every A > 2 since —4A? > —2A3 and —5A3 > —5/2A%, thus the expression on
the left is greater or equal to 1/2A* +3A + 1, a value that is clearly non-negative. Therefore, we
can bound the approximation ratio of the mechanism by replacing & = 2 in (25). This yields

A+l 2243 1 TA-9
)PRUGP( - _l, a9
A ;5 Ve, (@) 2 58 ~6apa—2 2 T 6a@A D)

which concludes the proof of fitem (i)}
We now provelitem (ii)] If A = 2 and |T(G)| > 2, yields

17 65
=24 967

= Z 5~ (v)PRUGP(G) >

UEV

so once again we can reduce to the case T'(G) = {v*}. We first improve both bounds and
(22)) for this case. As an improvement of the former, we claim that

'Z S 5 ))22—2:2%. (26)

veV weP(n)

To see this, we note that if v (r, G_z) # v* for some default vertex v € V and some permu-
tation m € P(n), then (a) v € N~ (v*); (b) v* ¢ argmax,c(y*}ufvev:s—(v)=1} Tv; and, denoting
N*t(v*) = {w}, we have (c)

7y and v* = arg

- <w = arg max max m) )
ve{v* Ju{veV:6—(v)=1} ve{v*Ju{veV:5— (v)=1}\{w}

(a) occurs for 2 out of n realizations of the default vertex; (b) and (c) hold for

] 1 1 - n—3
n—-1 (nm-1)n-2) n-2

out of n! permutations, those with v* not having the highest index among the vertices in {v*} U
{v €V :6 (v) = A—1}nor the vertex in N (v) having the highest index in this set and v* the
second-to-highest. Since the default vertex and the permutation are sampled independently,
we obtain

\ ~-3 2
‘225 Fir,G_5)) = ,ZZ G_@)#v)ZQ—Z_Q-E.

'vEVweP (n) .’UEVﬂ'EP (n)

As an improvement of (22)), we claim that

,225 vy (7, ) >1—(nl_2) (27)

" 9EV 7eP(n)

It is clear, from the more general case analyzed before, that if 6~ (v2(7w, 7)) < 0~ (v) for some
m € P(n) then v = v*. But the inequality §~ (v2(m,v*)) < 2 only holds if there exists v € V
with (u,v*) € E and 7, > m, for every v € V with 6~ (v, G_,+) > 1. This holds for at most
2n!/(n — 2) permutations, those with a vertex in N~ (v*) (a set of size 2) in the first position
among the vertices in {v*} U{v € V : 6~ (v, G_,+) > 1} (a set of size at least n — 2). We obtain
that

4 !
2n..

0" (vo(m,v*)) > 1forevery m € P(n), [{meP(n):d (va(m,v*)) > 2} > Z:
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On the other hand, denoting as v’ € V' the vertex with §~ (v/, G) = 0, we have 6~ (va(m,v")) > 1
for every m € P(n) such that

5~ ») € N~ (v1),
argvg‘ljiﬁ( (v), ) (v7)

where vT = argmax,cy (6~ (v), 7). If N*(v') = {v*} this happens for at most n!/(n—2) permu-

tations: those where the second vertex with the highest index among {v € V : § = (v,G_,/) = 1}
(a set of size n — 1) is an in-neighbor of the first one. If N (v') # {v*}, on the other hand, this
happens for at most n!/(n—3) permutations, those where the first vertex with the highest index
among {v € V : 6~ (v,G_,) = 1} (a set of size n — 3) is an in-neighbor of v*. We obtain that

nl.

[{r € P(n) : 6~ (oa(m, ) 2 1} >

Putting everything together, we obtain

DD DI CACH e (i‘ S (5 (valm, %)) + 6 (valm, ') — 6 (o) 5@’))
" 9EV reP(n) " meP(n)
- % > 6 ()
veV

1 2 1N, 1
“a\n-—2"n-2"")7 n(n —2)’
as claimed. Replacing the bounds obtained in and with A = 2and k = n — 2 in (20)),
we obtain

1/, n—3 2\ 1 1 3 2m-5 _ 65
=Y 6 (v)PRUGP(G) > = (2 - I _3__2n-5 65
1; v G)_4< n—2 n>+4n<n n—2> 4 4n(n—2) = 96’

where we used that the last term is decreasing in n > 6 since its derivative is

nin—2)—(2n—->5)(n—1)  n*-5n+5
2n(n —2) T 2n(n—2)

<0,

and evaluated it in n = 6. This concludes the proof for A = 2.

We finally show IfA =3,and [{v € V : 6 (v) > 2} = 1, then whenever
v & N~ (v*) U {v*} we have that C(G_;) holds, and for every 7 € P(n), 5~ (vF'(7,G_3)) = A,
and §~ (va(m,v)) < 1. Therefore, from and (22)),

725 (0)PRUGP(G) = ~(3 4 1)+ —— -2(n — 4) — %

2
6 12 T3 2
veV n

S| Ut

where we used that the expression after the equality is increasing in n and equals 13/18 for
n = 6. This concludes the proof of the lemma. O
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