
TIME SERIES
Solutions to Exercise Sheet 6

1. (a) Seasonal ARMA(1, 1)12.
(b) Seasonal MA(2)4.
(c) Non-seasonal AR(1).
(d) Seasonal ARIMA(2, 0, 1)× (0, 1, 0)12.
(e) Non-seasonal ARIMA(2, 1, 0).

2. A seasonal AR(1)4 model can be written as (1 − ΦB4)Xt = Zt or Φ(B4)Xt = Zt. To
obtain the autocorrelation function, it is convenient to represent it as a linear process
of the form

Xt =
∞∑

j=0

ψjZt−j = ψ(B)Zt,

where ψ(B) =
∑∞

j=0 ψjB
j. Then we can write

Xt = ψ(B)Zt = ψ(B)Φ(B4)Xt,

which means that
1 = ψ(B)Φ(B4),

or, in terms of polynomials in B,

1 = (ψ0 + ψ1B + ψ2B
2 + ψ3B

3 + ψ4B
4 + ψ5B

5 + . . .)(1− ΦB4).

Expanding yields

1 = ψ0 + ψ1B + ψ2B
2 + ψ3B

3 + (ψ4 − Φ)B4 + (ψ5 − ψ1Φ)B5 + (ψ6 − ψ2Φ)B6

+(ψ7 − ψ3Φ)B7 + (ψ8 − ψ4Φ)B8 + . . . .

Equating coefficients of Bj on the LHS and RHS of this equation, we obtain

ψ0 = 1

ψ1 = ψ2 = ψ3 = 0

ψ4 = Φ

ψ5 = ψ1Φ = 0

ψ6 = ψ2Φ = 0

ψ7 = ψ3Φ = 0

ψ8 = ψ4Φ = Φ2

...

In other words, we see that

ψj =

{
0 if j 6= 4k, k = 1, 2, . . . ,
Φk if j = 4k, k = 0, 1, 2, . . . .

1



Since Xt is a zero-mean process, by Corollary 3.1 in Section 3.4 of the lecture notes,
we have

γ(τ) = σ2
∞∑

j=0

ψjψj+τ ,

which can be written as

γ(τ) =

{
σ2 ∑∞

j=0 ψ4jψ4j+τ = σ2 ∑∞
j=0 ΦjΦj+τ if τ = 4k, k = 0, 1, 2, . . . ,

0 otherwise.

Hence, for τ = 4k, k = 0, 1, 2, . . ., we obtain

γ(τ) = σ2Φτ
∞∑

j=0

Φ2j =
σ2Φτ

1− Φ2
.

By dividing γ(τ) by γ(0), we obtain the required result.

3. A seasonal ARIMA(1, 1, 1)× (0, 1, 1)12 model can be written as

(1− φB)(1−B12)(1−B)Xt = α+ (1 + ΘB12)(1 + θB)Zt.

When expanded, we have the form

{1− (φ+1)B+φB2−B12 +(φ+1)B13−φB14}Xt = α+(1+ θB+ΘB12 +ΘθB13)Zt,

or

Xt = α+ (φ+ 1)Xt−1 − φXt−2 +Xt−12 − (φ+ 1)Xt−13 + φXt−14 + Zt + θZt−1

+ΘZt−12 + ΘθZt−13.
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