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Question 1 (17 marks) Let {Xt}t=1,2,... be a time series such that

Xt = mt + st + Yt,

where mt denotes a polynomial trend of degree k, st denotes a seasonal effect with
period length d and Yt denotes a zero-mean stationary process with autocovariance
function γY (τ), τ = 0,±1,±2, . . .. It is assumed that st = st−d.

(a) Define the operators ∇ and ∇d, and explain how they can be used to remove
the trend and seasonality from the time series {Xt}. [6]

(b) Show that ∇dXt is a stationary process for k = 1 and give its autocovariance
function. [5]

(c) Outline the main steps of the classical decomposition method for estimating
the trend and seasonal effects. [6]

Question 2 (22 marks) Consider an MA(2) process of the form

Xt = Zt + θ1Zt−1 + θ2Zt−2,

where {Zt} ∼ WN(0, σ2).

(a) Show that the autocorrelation function of this process is given by

ρ(τ) =


1 if τ = 0,
θ1(1+θ2)
1+θ2

1+θ2
2

if τ = ±1,
θ2

1+θ2
1+θ2

2
if τ = ±2,

0 if |τ | > 2.

How does this function behave for an MA(q) process? [12]

(b) State a necessary and sufficient condition for the above MA(2) process to be
invertible. For what values of θ1 and θ2 is the process invertible? [6]

(c) Define the seasonal MA(2)h process and give the equivalent condition for this
process to be invertible. [4]

Question 3 (24 marks) Let the causal process for a time series {Xt} be given by

Xt − φ1Xt−1 − φ2Xt−2 = Zt + θZt−1,

where {Zt} ∼ WN(0, σ2).

(a) Write down the operator form of this process. Under what conditions would
this be an ARMA(2, 1) process? [4]

(b) Obtain the linear process form of this time series when φ1 = 0.3, φ2 = 0.4 and
θ = 0.9. [15]

(c) State the difference equations in terms of the autocorrelation function for an
ARMA(2, 1) process. How does this function behave for this process? [5]
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Question 4 (20 marks) Consider an AR(1) process of the form

Xt = φXt−1 + Zt,

where {Zt} ∼ WN(0, σ2).

(a) Describe the stationary and causal properties of this process for different values
of φ. [6]

(b) Show that the autocorrelation function of a causal AR(1) process is ρ(τ) = φ|τ |

for τ = 0,±1,±2, . . .. What is its partial autocorrelation function? [8]

(c) Give the best linear predictor of Xn+1 based on X1, . . . , Xn. Explain how you
would estimate this predictor and give an approximate 95% prediction interval. [6]

Question 5 (17 marks) A time series data set, {xt}t=1,...,240, was modelled as an
ARIMA(p, d, q) process. Calculating ∇xt produced a new series which resembled a
stationary process. Given below are the first six values of the sample autocorrelation
and partial autocorrelation functions of this new series.

Lag ACF PACF
1 -0.2946 -0.2946
2 -0.0868 -0.1901
3 -0.0698 -0.1775
4 0.0869 -0.0165
5 0.0624 0.0673
6 -0.0952 -0.0482

(a) Determine values of p, d and q which would best model the data. Give reasons
for your answers. [8]

(b) Write down the suggested model for {Xt}, explaining your notation. [3]

(c) Having fitted the above model to the data, what residual diagnostics should
be looked at, and why? [6]

End of Paper
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