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A.3. The divergence theorem

Let the region V be bounded by a simple closed surface § with
unit outward normal n. Then

Appendix

J'F-ndS:f V-Fdv. (A.13)
S 1 4
In suffix notation, and using the summation convention, this
takes the form
(@anb)rc=(a-c)b—(b-c)a, '

) - [ mas=[ Hay
VAV =0, V-(VAF)=0, (A2,A3

V- (¢F)=¢V-F+F-Vg, (A8

A.1. Vector identities

There are many identities which may be derived from the
divergence theorem. The identity

V A(¢F) =V AF +(Vp) AF, AS)
NPF) =@V AF+(T9) A (A fdmdS:qude (A.19)
VAFAG)=(G-V)F—(F-V)G+F(V-G)-G(V-F), s v
(AR is particularly valuable, and may be written
V-FAG)=G-(VAF)-F-(VAG), (AT} [omas=[ Z2av. (A.15)
v OX;
VIF-G)=FA(NVNAG)+GA(VAF)+(F-V)G+(G-V)F, . °

The following are immediate consequences:

(F -V)F =(V AF) A F + V(AF?), (AS andS f—dV fundS f "dV
VZF=V(V-F)—~V A (VAF). (AEm (A.16,A.17)

g 4
A.2. Two properties of the gradient operator V Luiv"nf ds = fva (wv7) AV. (A.18)

Other identities derivable from the d1vergence theorem

Let ¢(x) be some scalar function of x, and let d¢/ds be its s
include:

of change, with distance s, in the direction of some unit vectoe:

Then )
fFAndS=—-fVAFdV, fn-V¢dS=IV¢dV,
d¢/ds=1-V¢. (A s v s v
A.19,A.20
For this very reason, the line integral of V¢ along some cumws ( )
C is equal to the difference in ¢ between the two end-points:
the curve:

f s as = f (V29 + V¢ - Vo) dV, (A.21)
s on

L<"’%“”gf) ds = f GPI-vTR . (A2)

[ vo-ar=rglc. (a1s
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A4. Stokes's theorem and
. Ox = h, Sue, + h, Sve, + h; dwe,,,
Let C be a simple closed curve spanned by a surface S with unk where T e 2 OV T s e
normal n. Then hy = |ax/3ul, etc.
] Furthermore,
Vo =——-= —_— —— .
o ] ) ¢ hy du & b, au +h3 aw ™ (A.26)
where the line integral is taken in an appropriate sense, according
to that of n (see Fig. A.1). V-F=—1— [—i(h h F)+—i(h h F)+£—(h hF )]
Green’s theorem in the plane may be viewed as a special case of hahohy Lo 2700 T gy VRTEI T 5 Wibabu) |,
Stokes’s therorem, with F = [u(x, y), v(x,y),0]. ECis a simple - (A.27)
closed curve in the x—y plane, and S denotes the region enclosed
by C, then : hie, hye, hse,
1 3 3 3
o] VAF=on—1}| — — | A.28
f ude+vdy= f (-ai’—?) dx dy. (A. 24 hiohs | Su v ow (4.29)
: x
¢ i 7 mE, hFE, hoF,
A useful identity derivable from Stokes’s theorem is For cylindrical polar coordinates (Fig. A.2)
- = > . = 0’ = ’
f¢dx=—f(V¢)Ands. (A25 “Eno Y v
C S . h1=1. h2=r, h3=1-
For spherical polar coordinates (Fig. A3)
A5. Orthogonal curvilinear coordinates
, u=r, v=0, w=d¢,
Let u, v, and w denote a set of orthogonal curvilinear hi=1, hy = l:, . hy=rsin6.
coordinates, and let e,, e, and e,, denote unit vectors paraliel &
the coordinate lines and in the directions of increase of u, U, apd A.6. Cylindrical polar coordinates
w respectively. Then
Cylindrical polar coordinates (r, 8, z) are such that
e,=e, Ae,, etc., .
X1=rcos 8, X,=rsin 6, X3=2,
as in Fig. A.2. Clearly,
n Ox = dre, +r 60ey + Oze,
and .
e,=cosfe, +sinbe,, €; = —sin O e, + cos B e,, e, =e;.
The unit vectors do not change with r or z, but
C -
Je, Jey Je, o
= =€, ——=u A.29
Fig. A.L. 30  39- 39 (a.29)
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The Navier-Stokes equations in cylindrical polar coordinates
are:

z;r_*_(u V)ur_ﬂ’—_%%-i- v(Vzu,——%r—;zg%%q),
(A.35)
2l;z+(u.v)uz=—%%+vvzuz,
, LR )

Fig. A.2 Cylindrical polar coordinates,
‘ The components of the rate-of-strain tensor are given by:

=% _Loue w4
AISO, € = or’ eGG"'r 36 r’ zz — 8z’
3¢ 13¢ 3¢
Vo=—"e+-——e;+t e, _13u. 3due _Su, ou,
or rao 3z 2€gz—r 30 T 3. € = + 3 (A.36)
108 10F, O8E g 13u
v.p=12 5y, 135 oK <2 () 10w
rar(r) rog sz’ 2er0 "or r +r80'
e,. reg [
V/\F=1 s 9 ) s
r|or 98 &z
E rF E
187 2 18 &
I
ror\"ar) T 2ae2 T 520
3 Ug 8 a ________ >y
V= r_+_— -
et ety |

Fig. A.3. Spherical polar coordinates.
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A.7. Spherical polar coordinates

Spherical polar coordinates (r, 8, ¢) are such that

X1 =rsin 6 cos ¢, X, =rsin @sin ¢, X3=rcos 8,
as in Fig. A.3. Clearly,

Ox = Ore, + ré0ey + r sin 6 O¢e,
and
e, = sin 0 cos ¢ e; + sin O sin ¢ e, + cos Oes,

eg = ¢0s 0 cos ¢ e; + cos 0 sin ¢e2—sm Ges,
€, = —sin ¢ e; + cos ¢ e,.
The unit vectors do not change with 7, but
Je, /36 = e, dey/30 = —e,, de, /80 =0,
de,/3¢ =sinfe,, Bey/d¢ =cos O €y, (A7

de;,/3¢ = —sin G e, —cos 0 €.

Also,
b 10d 1 8¢
Vb =——e +~-— —
ar & r86e8+rsin68¢e¢’ (A%
129 1 OF
V-F= ’F, Fysin ) +———2 (A 3%
Erled s meae("sm) rsngap’ OF
e, reg rsinfe,
3
vap= i |22 o |

r’sin@ |5r 96 3¢
E rFy rsin OF,

\;2_13<,23)+g_3(5in9i)+ 1 &
R 3r/  r*sin 0960 860/ r*sin®0 9¢*’

(Aazp
d ug u, 9
u-V=u 8r+r86+rsin08¢'

(A
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The Navier-Stokes equations in spherical polar coordinates
are:

aa‘;'+(u-V)u,—3§-”r¢

=‘;a_p+”[‘72“r“2;’§"r—sfﬁéa<“esm ) sfne?f;”]

Ze+(a «Vug + 'rue -l-‘-‘zl(?—tq
A2t e

du,, UyU, Ugliy cOt O
24+ -V +
ot (- Vyuy + r
1 ap [VZ 2 du, 2cos O0us  u, ]
~prsin 6 8¢ t sne ¢ r*sin’0 3¢ r’sin®6t
12 2 1 23 ) 1 du,
== — +————>=0. (A.43
r’or ) rsineae(”"sm ) rsin 6 3¢ 0. ( )
The components of the rate-of-strain tensor are given by:
G, 10k u,
% %75
1 du, u, ugcoth
—— + _—,
o0 = rsin 8 3¢ r
sinf 3 ( u, ) 1 Bu,
= — + —_—, A.44
% r a6 (sm 6/ rsin0 8¢ ( )

1 ou, ) (uq,,)
= e— +r—{— 5
2eqr rsin 6 3¢ r

3 ue) 1%u,
269_.r8r< +r86'




