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1. Answer the following:

(a)

Given two vectors, a and b, how can one test whether the two are parallel? Ex-
plain why the test works. [10 marks|

Ans: take the cross product of the two vectors and see if it is equal to zero. This
test works because the magnitude of the cross product is proportional to the sin of
the angle between the two vectors.

Given the vector field, F(r) = —kr, where k is a positive constant and r is the
position vector, what is the curl of the field? [10 marks]

Ans: the curl is zero, since the field is “central” (i.e., only contains a radial com-
ponent). Alternatively, one could directly perform the curl operation — making the
substitution, r = (z,y, z); the curl is zero, since k is a constant.

2 [Next question overleaf.]



2. Answer the following:

(a)

Evaluate the number, ¢%!, correct to three decimal places. [Hint: the Taylor

expansion of a function f(x) about x =0 is

fl@)=> ——,
= n!
where £ (0) is the n-th derivative of f(z) evaluated at x = 0.] [10 marks]

Ans: ®! & 1+0.1+1(0.1)>=1.1+0.01/2 = 1.105

A contour 1 is the locus of points of the same (constant) value ¢ in a scalar field
so that ¥(r) = ¥(z,y,2) = c¢. Show that Vi is perpendicular to the contour,
whose line element is dr. [10 marks|

Ans:

dyp = a—1/de' + a—wdy + a—wdz = V¢ -dr.
Ox dy 0z

Now, since ©» = ¢ on a contour, d¢p = V4 - dr = 0. Therefore V) is perpendicular
to dr.

3 [Nexzt question overleaf.]



3. Do the following.

(a)

State Newton’s first law. [5 marks|

Ans: an object in uniform motion tends to stay in uniform motion, unless acted upon
by an external force; an object at rest tends to stay at rest, unless acted upon by an
external force.

Show that an object of mass m, dropped from height h, hits the ground with
speed /2gh. [10 marks|

Ans: this can be shown two ways, “kinematically” or “dynamically”. That is, use
v? = v} + 2a(y — yo), where vy = y = 0, yo = h and a = —g. Alternatively, one
can use A(KE) + A(PE) = 0 = A(2mv?) = A(mgh), assuming mgh = 0 at the

ground.

Describe three ways of assessing whether a given force F(r) is conservative.
[15 marks]

Ans:

1. See if the work done in a circuit in F vanishes: § F - dr = 0.
2. See if there exists some scalar field (function) U(r) such that F(r) = —VU(r).
3. Seeif VX F =0.

4 [Nezt question overleaf.]



4. Consider the motion of a cannonball of mass m fired uphill. The hill slopes upward
at an angle ¢ with respect to the horizontal. The cannon ball is fired upward with
velocity, vo = (vos, Uoy), at an angle 6 with respect to the horizontal such that § > ¢.
Both angles are less than 90°; gravity g points downward; and, there is air friction,
which is directed opposite to the motion: —amv = —am(v,,v,), where « is a positive
constant.

(a)

Sketch the situation. [10 marks]

Ans: see the diagram above.

What is the vertical component of the velocity when the cannonball is at the
maximum height of its trajectory? [5 marks]

Ans: 0 (same as in without friction).

What is the horizontal component of the cannonball’s velocity v, (), as a function
of vy and 6, throughout its trajectory? [Hint: write down the differential equation
for v, (t) and then solve it, subject to the initial condition.] [15 marks|

Ans: the equation for v, is:

dv,
m = —amv
dt !
dv
dtgg = —av, = U,(t) = voee ® = vgcosfe .

(N.B., the form of v,(t) is not changed by the sloping ground — only the time the
cannonball is in the air.)

5 [End of examination paper.]



