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LECTURE 20
Whole-Life Annuities

A life annuity is a series of regular payments dependent on the survival of a life (x); no payments are
to be made after the death of (x).

A whole-life annuity is payable until the death of(x).

n-year term life annuity is payable until the death of(x) for at mostn years.

Life annuities can be classified according to the mode of a payment: (1) annually in advance, (2)
pthly in advance, (3)pthly in arrears, (4) annually in arrears, and (5) continuously. (compare these
modes with those in the table at the bottom of p. 11)

The expected present value (E.P.V.) of a whole-life annuity to be taken out by a life (x), payable at the
rate of 1 unit of money per annum is denoted by

··ax if the annuity is payable annually in advance,
··a(p)

x if the annuity is payablepthly in advance,

a(p)
x if the annuity is payablepthly in arrears,

ax if the annuity is payable annually in arrears,
āx if the annuity is payable continuously.

One can express E.P.V. of annuities in terms of life-table functions using the indicator of the survival
of (x) to agex+ t:

11t =
{

1 if T(x)> t
0 otherwise

As the probability of the survival to agex+ t is t px, 11t ∼ Bernoulli(t px).

Annuities payable annually

The present value of a whole-life annuity payable annually at rate of 1 p.a. in advancecan be written
as

z=
∞

∑
k=0

vk11k. (1)

The first payment (of 1 unit of money) is due now, at the present time, and accordingly the first term
in the sum above is 1. Thekth term in the sum above is the present value of 1 payable on the survival
of (x) to agex+k, hence the factorχk.

Taking the mathematical expectation

··ax = E(z) = E
( ∞

∑
k=0

vk11k

)
=

∞

∑
k=0

vkE(11k) =
∞

∑
k=0

vk
kpx =

∞

∑
k=0

vk lx+k

lx
=

∞

∑
k=0

Dx+k

Dx
,
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where we have used thatE(11k) = kpx. Therefore,

··ax =
Nx

Dx
.

If we considerz−1 = ∑∞
k=1vk11k this will give us the present value of a whole-life annuity payable

annually at rate of 1 p.a. in arreas. For life annuities payable in arrears complemented by the corre-
sponding payment at the present time become life annuities payable in advance.

ax = E(z−1) = E(z)−1 = ··ax−1 =
Nx−Dx

Dx
=

Nx+1

Dx
.

Annuities payable pthly

If an annuity is payable in regular installmentsp times per year at the rate of 1 p.a., then each install-
ment is of1

p.

The present value of a whole life annuity payablepthly at rate 1 p.a. in advance is the sum of the
present values of1p payable on the survival ofx to agesx+ k

p, k = 0,1,2, . . .,

z=
∞

∑
k=0

1
p

v
k
p11k

p

and

··a(p)
x = E(z) =

1
p

∞

∑
k=0

v
k
pE(11k

p
) =

1
p

∞

∑
k=0

v
k
p k

p
px =

1
p

∞

∑
k=0

v
k
p

lx+ k
p

lx
=

1
p

∞

∑
k=0

Dx+ k
p

Dx

As the P.V. of a continuous flow of money at rate 1 p.a. equals the infinite-p limit of the present value
of a series ofpthly payments made at rate 1 p.a. over the same period of time, we obtain

āx = lim
p→∞

··a(p)
x = lim

p→∞

1
p

∞

∑
k=0

Dx+ k
p

Dx
=
∫ ∞

0

Dx+t

Dx
dt =

∫ ∞

0
vt lx+t

lx
dt

Therefore, the expected present value of a whole-life annuity payable continuously at rate 1 p.a. is
given by

āx =
∫ ∞

0
vt

t pxdt. (2)


