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Abstract

Let G = (V, E) be a 2-connected plane graph on n vertices with outer face C' such that
every 2-vertex cut of G contains at least one vertex of C. Let Pg(q) denote the chromatic
polynomial of G. We show that (—1)"Pg(q) > 0 for all 1 < ¢ < 1.2040.... This result
is a corollary of a more general result that (—1)"Zg(g,w) > 0 for all 1 < ¢ < 1.2040...,
where Zg(g,w) is the multivariate Tutte polynomial of G, w = {w,}ecr, we = —1 for
all e which are not incident to a vertex of C, w. € W for all e € E(C), w, € W; for all
other edges e, and Wy, Ws are suitably chosen intervals with —1 € Wy C W C (—2,0).

Keywords: planar graph, Potts-model partition function, multivariate Tutte polynomial,
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1 Introduction

The study of chromatic polynomials of graphs was initiated by Birkhoff [3] for planar graphs
in 1912 and, for general graphs, by Whitney [14, 15] in 1932. Inspired by the 4-Colour Con-
jecture, Birkhoff and Lewis [4], obtained results concerning the distribution of the real zeros

of chromatic polynomials of planar graphs and made the stronger conjecture that chromatic
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polynomials of planar graphs have no real zeros greater than or equal to four. Their hope
was that results from analysis and algebra could be used to prove their stronger conjecture
and hence deduce that the 4-colour conjecture was true. This has not yet occured: indeed
the 4-colour conjecture is now a theorem [1, 2, 9], but the stronger conjecture of Birkhoff and
Lewis remains unsolved. Nevertheless, many results have been obtained concerning the zero
distribution of chromatic polynomials both on the real line and in the complex plane, see the

survey articles [6, 10].

We will refer to the zeros of the chromatic polynomial Pgs(q) of a graph G as chromatic roots
of G. It follows from results of Tutte [13] and the second named author [5] that no graph
can have a chromatic root in the real intervals (—oo,0), (0,1) or (1,32/27]. Furthermore,
these zero-free intervals are maximal: it is easy to see that 0 and 1 are chromatic roots of any
graph with at least one edge, and a sequence of (planar) graphs with chromatic roots tending
to 32/27 from above is given in [5]. Thomassen [12] went further by showing that these are
the only zero-free intervals for intervals for chromatic polynomials: for each r € (32/27, 00)

and all € > 0 he constructed a graph which has a chromatic root in (r — €, 7 + €).

The graphs used in the constructions of [5, 12] are 2-connected, but contain many 2-vertex
cuts, so it is conceivable that the (1,32/27] zero-free interval can be extended for the special
family of 3-connected graphs. Indeed, it is conjectured [5, Conjecture 5(a)] that (1,«) is a
zero-free interval for chromatic polynomials of 3-connected graphs where o = 1.781... is a
chromatic root of K34. For 3-connected planar graphs the smallest chromatic root we know
is B = 1.840... which is a chromatic root of the Herschel graph. The main purpose of this

paper is to give some evidence in support of the above mentioned conjecture. We will show:

Theorem 1.1 Let G be a 2-connected plane graph on n vertices and let C' be the bounding
cycle of the outer face of G. Suppose that all 2-vertex cuts of G contain at least one verter of
C. Then (—1)"Pg(q) > 0 for all q € (1,~] where v = (5 — p?)/4 ~ 1.2040... and p ~ 0.4289...
is a root of x10 — 89 4 1228 + 4027 — 8226 — 7225 + 682 + 5623 + 31322 — 162 — 56 = 0.

We will also construct a sequence of graphs which satisfy the hypothesis of the theorem and

have chromatic roots converging to v from above.

Our proof technique for Theorem 1.1 is inductive and uses a weighted generalization of the
chromatic polynomial called the multivariate Tutte polynomial (or Pott’s model partition
function), see [11]. It is similar to that of a recent result of Jackson and Sokal [7] which
extended the zero-free intervals (—o0,0), (0,1) end (1,32/27] from chromatic polynomials to

multivariate Tutte polynomials.

An outline of the paper is as follows. Section 2 contains some preliminary graph theoretic
results and introduces the multivariate Tutte polynomial. Our proof of (a weighted gener-

alization of) Theorem 1.1 is given in Section 3. We construct the sequence of graphs which



have chromatic roots converging to v in Section 4. We close by giving some open problems

in Section 5.

2 Definitions and preliminary results

All graphs are allowed to have loops and multiple edges unless explicitly stated otherwise.
We will refer to graphs with no loops or multiple edges as simple graphs. Let G be a graph
and k be a non-negative integer. A k-separation of G is a pair of subgraphs {G1, G2} such
that Gy UGy = G, E(G1) N E(G2) = 0, |[V(G1) NV (Ga)| = k, and |E(G;)| > k for each
i =1,2. We refer to V(G1) NV (G2) as a k-vertex-cut of G. The graph G is k-connected if it
has at least k edges and has no h-separation for 0 < h < k.

We shall need the following result which follows from a more general theorem of Mader [8,
Satz 1].

Lemma 2.1 Let G be a 2-connected simple graph and C be a cycle in G. Suppose each vertex
of C has degree at least 3. Then G — e is 2-connected for some e € E(C).

Let G be a graph and U C V(G). A bridge of U in G is a subgraph B such that B consists
of either two vertices of U joined by a single edge of G, or a component H of G — U together
with the set of vertices W C U which are adjacent to H in G and all edges of GG joining H
to W. We say that B is a trivial bridge in the former case and is a non-trivial bridge in the
latter case. We refer to the vertices of U NV (B) as vertices of attachment of B on U. When
F' is a subgraph of G we refer to the bridges of V(F') in G — E(F') as F-bridges in G.

2.1 Nearly 3-connected plane graphs

We use the term plane graph to mean a planar graph which has been imbedded in the plane.
We assume that all minors of a plane graph G are given an imbedding which has been obtained
from that of G by deleting and contracting edges. We say that G is nearly 3-connected if
it is 2-connected and, for all 2-separations {G1, G2} of G, V(G1) N V(G2) contains at least
one vertex on the outer face of G. Our proof of Theorem 1.1 is inductive and will use the

following hereditary properties of near 3-connectivity.

Lemma 2.2 Let G be a nearly 3-connected plane graph and let C' be the bounding cycle of

its outer face.

(a) Suppose that e = uwv € E(C). Let G' € {G —e,G/e}. If G' is 2-connected then G’ is

nearly 3-connected.



(b) Suppose that {F,H} is a 2-separation of G with V(F)NV(H) = {y,z} and C C H.
Let F + h be obtained from F by adding a new edge h = yz in the outer face of F', and
let G' € {F,F + h,(F+h)/h}. If G’ is 2-connected then G’ is nearly 3-connected.

Proof: We prove (a) and (b) simultaneously. Let G’ € {G—e,G/e, F,F +h,(F +h)/h} and
assume that G’ is 2-connected. Let C’ be the bounding cycle of the outer face of G’. Suppose
G’ has a 2-separation {G), G4} with V(G)) NV (G,) NV (C") = (. Relabeling if necessary, we
have V(C') CV(G,) — V(G)). Let Go = G — (V(G}) — V(G,)) — E(G}). Then {G),G>} is
a 2-separation of G with V(C) C V(G2) — V(G}). This contradicts the hypothesis that G is

nearly 3-connected. °

2.2 The multivariate Tutte polynomial

Our proof of Theorem 1.1 will use the following extension of chromatic polynomials to
weighted graphs. Let G = (V,E) be a graph with vertex set V' and edge set E. The

multivariate Tutte polynomial of G is, by definition, the polynomial

Za(gw) = Y "W ] we, (1)

ACE ecA
where ¢ and w = {w,}.cp are commuting indeterminates, and k(A) denotes the number of
connected components in the subgraph (V, A). We will refer to the pair (G, w) as a weighted
graph. We use Zg(q,w) to denote the two variable polynomial in which all edge weights
are equal to w. This polynomial can be transformed to the standard Tutte polynomial by a

simple change of variables, and satisfies Zg(q, —1) = Pg(q).

The following lemma gives a recursive procedure for calculating Zg(q, w).

Lemma 2.3 Let (G,w) be a weighted graph and e be an edge of G. Then Zg(q,w) =
ZG—e(Qaw‘G—e) + weZG/e((LW‘G—e)'

Effective weights

Suppose (G, w) is a weighted graph and F, H are connected subgraphs of G with FUH = G,
E(F)NEH) =0 and V(F)NV(H) = {u,v}. We can calculate the ‘effective weight’ of F
in (G,w) as follows. Let (F' + h,w|r, —1) be obtained from (F,w|r) by adding a new edge
h = uv to F with weight —1. Let F,,, = (F'+ h)/h. Let (H + ep, w|p,wr) be obtained from
(H,w|p) by adding an edge ep = uv with weight wp.



Lemma 2.4 Let
~ 4Zr,, (¢, W|F) = Zr(q, W|F)

wr = .
T Ze(g,wlr) — Zp,, (g, Wr)

Then
ZF(q7W’F) - ZFuv(q?W‘F)

q(q—1)

ZG(q7 W) =
Furthermore, we have

ZF h q)wFu_]-
Za(q,w) = +q((q_|1) )ZH+6F(QaW|H7wF)'

and

wrp = -1
ZFJrh(qu’Fv _1)
(¢ —1)Zr(q, w|F)

ZF+h(q7 W’F? _1)

ZHter (¢, W|H, WF).

(6)

Proof: Equation (3) follows from [11, Proposition 4.2] (in particular equations (4.40) given

in the proof of this proposition). Equations (4), (5) and (6) are simple reformulations of (2)

using the fact that

Zpin(g,wlrp,—1) = Zr(q, w|F) — ZF,, (¢, W|F).

We shall refer to the value of wp given in the above lemma as the effective weight of F' in

(G, w).

Two special cases of Lemma 2.4 are particularly useful: when F' is a cycle of length two

(parallel reduction) and when F' is a path of length two (series reduction).

Lemma 2.5 Let (G,w) be a weighted graph.

(a) Suppose G has two edges ey, es with the same end vertices u,v. Let H = G — {e1,ea}

and let (H+ f, W, we, || we,) be obtained from (H,w|r) by adding a new edge f = uv

of weight

We, H Wey = Wey + Wey + Wey Wey -

Then Z(;(q,W) = ZH+f(QaW’H7w61 ” w62)'

(b) Suppose G has a vertex of degree two w incident two edges e; = wu and es = wv. Let

H =G —w and let (H + f,W|g,we, X4 we,) be obtained from (H,w|g) by adding a

new edge f = uv of weight

We, We,

We, [><]q Wey = ———— .
q+w€1 +w62

Then ZG(q’ W) = (q + We, + weQ)ZH+f(Q7 W|H7 We; Mg w62)'



3 Main Result

Our proof of Theorem 1.1 is inductive and is based on using local operations, such as parallel
and series reduction of edges incident to vertices on C, to transform G to a smaller nearly 3-
connected plane graph. This requires us to consider weighted edges: we use the multivariate
Tutte polynomial Zg(q,w) where ¢ € (1,7], we = —1 when e is not incident to a vertex of
C, we € Wi(q) when e is incident to a vertex of C' but e ¢ E(C), and w, € Wa(q) when
e € E(C), for suitably chosen intervals Wi(q), Wa(q) € (—2,0) which we will define below.

The interval W,

We take Wi = (a1,b1) where a; = (—1)p<, b1 and by is the smallest real root of the equation
w = [(=1) >, w] || [(=1) <, w]. This gives —w(w? +w(2¢ —1) +¢?> —1)(¢ — 1 +w)~2 = 0 and
hence

1 1
bIZ_Q+§—§\/5_4q
_ =3+V5—4q
_f.

and

ai

The interval W is defined for all ¢ € (1,1.25].

The interval Wy

We take Wy = (ag,b2) where ag = ba<y ba, by = min{bs1,b22}, and by 1, b2 are defined as
follows. We let by be the unique real root of the equation Zg, (¢, w,w,w) = 0. We have
Zky (¢, w,w,w) = q(w® 4 3w? + 3qw + ¢*) and hence

q

b -1 _11/3_ _12/3:_—.
2,1 + (q ) (q ) 1+ (q — 1)1/3

We let byo be the largest real root of the equation w = [wpggw] || [b1 <, b1]. We have
w — ([way w] || 159, bi]) = g(w)(q + 261) g + 20) ! where

g(w) = (b] — 2b1 — q)w® + (27 — 2b1g — ¢°)w + big.

It can be seen that g(w) = 0 has real roots if and only if ¢ < 7. It can also be seen
that the two curves bp; and byo have a unique point of intersection which occurs when
g(b2.1) = 0. Solving for ¢ we obtain ¢ = 7 =1+ 03 ~ 1.1956..., where 8 ~ 0.5805... is a root
of 2 — 2212 4 62! — 210 — 1029 + 1528 — 627 — 1025 + 152° — 1224 + 723 — 422 + 32 — 1 = 0.
We have by 1 < bap for 1 < ¢ <7 and by 1 > by for 7 < ¢ <. Thus

by — bg’l for qc (1,7’)
2T bao for q € [1,7]
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Figure 1: The intervals Wi = (a1,b1) and Wy = (ag,be) for 1 < ¢ < 1.204---.

The interval W5 is defined for all ¢ € (1,7].

We will use the intervals W; and Wy to prove the following weighted generalisation of Theorem
1.1.

Theorem 3.1 Let (G,w) be a weighted nearly 3-connected plane graph on n vertices and let
C be the bounding cycle of its outer face. Let q € (1,7], where v = (5 — p?)/4 ~ 1.2040... and
p ~ 0.4289... is a root of !0 —8x? +122% +402" — 822 — 7225 +682* +5623 +31322 — 162 —56 =
0. Suppose that:

(a) we =—1 for alle € E(G — C);

(b) we € Wy foralle € E(G) — E(C) — E(G - C);

(c) we € Wy for all e € E(C).

Then (—1)"Zg(q,w) > 0.

We first need to establish some properties of the intervals Wy, Wy. We will use the following

result which can be verified by elementary calculus.

Lemma 3.2 Let z1,q be fized real numbers with q¢ > 0.



(a) For all z € (—00,00): 21 || 2 = —1 when z1 = —1, z1 || z is a strictly increasing
continuous function of z when z1 > —1, and 21 || z is a strictly decreasing continuous

function of z when z1 < —1.

(b) For all z € (—00,—q — 21) U (—q — 21,00): 21,2 = —q when z1 = —q, 21,2 is a
strictly increasing continuous function of z when 2 € (—o0, —q) U (0,00), and z >, z

is a strictly decreasing continuous function of z when z; € (—q,0).

Given ¢ € R and X7, Xo C Rwe put Xg || Xo = {z1 || 22 : 21 € X1,29 € X2} and
Xy Xo = {xiqgze @ 21 € Xi,20 € Xo}. We may use Lemma 3.2 to determine what

happens when these operations are applied to intervals.
Lemma 3.3 Let q,c1,dy,c2,da € R and put X1 = (c1,d1) and Xo = (c2,d2). (a) If ¢1,c2 <
—1 and dy,dy > —1 then
X1 || X2 = (min{q || dg, d1 || CQ}, max{cl || Co, d1 || dg})
(b) If c1,¢c0 < —q and —q < dy,ds < —q/2 then

X1 >y XQ = (min{cl Xy C2, d1 >y dg}, max{q >y d2, d1 >y CQ}).

We can now obtain our desired results for Wy, Ws.

Lemma 3.4 Let g € (1,1.25]. Then:
(a) a1 < —q < —1 < by;

(b) Wi || W1 € Wy;

(c) Win<, [—-1] C Wh.

Proof: (a) This follows directly from the definitions of a; and b; on page 6.

(b) By (a), we have a1 < —1 < b;. Lemma 3.3(a) implies that Wy || W1 = (a1 || b1, max{a; ||
ai,by ” bl}) We have (a1 H bl) —ay = (a1 + 1)b1 > 0, so a; ” by > a1. Similarly
(b1 || bl) —b = bl(bl + 1) < 0so by || b1 < by. We also have

ay || ay = ([=1]><g b1) || ([=1]>dg b1) = by
by the definition of Wl. Thus W1 H W1 = (a1 || bl, bl) - Wl.
(c) Since —1 € (—¢,0), Lemma 3.3(b) implies that

Wipdy [=1] = (b1 >y [=1], a1 >4 [=1]) = (a1, a1 >4y [-1]).



Furthermore
2¢=2(¢=2+V5-19) _,
(2¢g —5++/5—4q)

for 1 < ¢ <1.25. Thus a; >, [—1] < by and so Wy, [—1] € Wy °

al [><]q [—1] — b1 =

Lemma 3.5 Let g € (1,7]. Then:

(a) as < a1 < —q¢< —1<by <by<—q/2;
(b) W1 C Way;

(c) Wany Wy C Wy;

(d) (Wy 52, W) || W © W

(e) W1 || Wa C Ws.

Proof: (a) By Lemma 3.4(a), it suffices to show that as < a1 and b; < by < —¢q/2. We first
show that
by < by < —q/2 (7)

We consider the cases when ¢ < 7 and g > 7 separately.

Case 1: 1 < ¢ < 7. We have by + % = —71+(q31)1/3 —i—% <0, forall 1 <q<2so0by<—q/2.
Furthermore,
—q 1 1
by—by = —————+q—=+-5-4
2 — 01 1+ (q—1)1/3 =575 q

(- 1)"Y3(q/5—4g+2—q—2(q—1)'/?)
(1+ (g —1)3)(1+/5—14q) '

Since 2 — ¢ — 2(q — 1)1/3 > 0 for 1 < ¢ < 1.23, we have by > b;.

Case 2: 7 < ¢ <. We have by = by 5 where by 5 is the largest root of g(z) = 0 and
g(x) = (b7 — 2b1 — q)a® + (2b7 — 2019 — ¢*)z + big.
Let bi o be the other root. Then bi 9 < b2 9 and

byo+b22 207 —2b1g — ¢°

2 o 2(bF—2b1—q)

We have 2by +¢q=—qg+1—+/5—4q <0 for 1 < ¢ < 1.25. Thus
b2 — 2b1 —q > 0. (8)

Hence the coefficient of #? in g(x) is positive and we have g(x) < 0 for byo < < by Thus,
to show that by o < —q/2, it will suffice to show that (by, +b2,2)/2 < —¢/2 and g(—¢q/2) > 0.

‘We have
b;,? + b272

2

207 — 2b1q — ¢ _ b(2—q)

= ——-—"——<0
2(q — b} + 2b1)

q—_
+5=



by (8), and
9(=q/2) = (g +2by +b7)/4 = ¢*(q — 1+ (b1 +1)*) /4 > 0.

Hence by 2 < —q/2.
It remains to show that ba 9 > b;. We have

byot+ba2  ¢*—6b7 4203
2 YT 20— 2 2n)

Furthermore
¢* — 67 + 2b = —(5 — 4¢” + 2¢°) — (3¢° — 1+ 2¢)\/5 — 4q.
Since 5—4¢%*+2¢> > 0 and 3¢>—1+2¢ > 0 for ¢ € (1,1.25) we have ¢ —6b2+2b3 < 0. We may

now use (8) and (9) to deduce that (62_72—|—b272)/2—b1 > 0 and hence by 5 > (b2_,2+b272)/2 > by.

This completes the proof of (7). Using (7), Lemma 3.2(b), and the definitions of a1, as, we
have

as = by >y by < (—1) >y by = as.

(b) This follows immediately from (a).

(c) Since ag < —q < by by (a), Lemma 3.3(b) implies that

WQ l><]q W2 = (min{ag [><]q ag, bQ [><]q bg}, ag [><]q bg)
We have by >, by = ag by the definition of ap. Furthermore (a) implies that (ag >, a2) —ag =
—ag(az + q)/(q + 2a2) > 0 and (aap<yba) — by = —ba(bs + q)/(q + a2 + b2) < 0. Thus
WQ >y W2 = (CLQ, ag Py bg) C WQ.
(d) Since a; < —¢ < by, Lemma 3.3(b) implies that

W1 >Xyg W1 = (min{a1 g4 ai, b1 Xy bl}, ap Xy bl)

We have

(2 - (/5= - (/5= 1g - 3
16(¢ = 14+ +v/5—4q)(q - 3+ /5 —4q)
for 1 < ¢ <1.25. Hence by, b1 < a1><5a1. We also have (a1, b1) — by = —bi(q + b1)(¢ +
a1+ b))~ <0 by (a). Thus a; >, by < by. Hence

<0

(bl l><]q bl) — (a1 l><]q al) =

W1 Xy W1 - (bl >Xyg bl,bl). (10)

Since by € (—¢,0), Lemma 3.2(b) implies that 2z, by is a strictly decreasing function of z.
Hence by, b1 < (—q) >, b1 = —g < —1. Since we also have a1 < —1 < by < by we can use
Lemma 3.3(a) and (10) to deduce that

(Windg Wh) || W © (min{(b1 g b1) || b2, b1 || az}, max{(b1><q b1) || az, by || b2}).

10



We have (b1 || a2) —ag = bi(az + 1) > 0 and hence

b1 || az > az. (11)
Similarly (by || b2) — b2 = b1(ba + 1) < 0 so

by || ba < ba. (12)
We also have

[(b1 < b1) || b2] — a2
b2b b2 b2
= 124 Lo by~ :
q+2b; g+ 2b; q + 2by
ba(q + 2b1)(lg — 1] + [by + 1][b2 + 1]) + b1g(1 + b2) (b1 — b2)

(q 4 2b1)(q + 2b2)

> 0,
as both the numerator and denominator are positive. Thus (b1 >, b2) || b2 > as.

It remains to show that (b; <, b1) || a2 < ba. From the definition of W, we have ay = by, by

and
by — [(b1 g br) || (b25<ig b2)] = g(b2)(q + 2b1) ' (q + 2b2) ™"

When ¢ € [1,7] we have by = b2, g(b22) = 0 and hence (b >, b1) || ag = ba. When ¢ € (1,7)
we have by = bg 1. Since 7 is the unique root of g(ba1) = 0, g(b2,1) has constant sign for

€ (1,7). It is not difficult to check that this sign is positive. Thus by — [(b1>,b1) || a2 =
g(b2)(q + 2b1) 71 (g + 2b2)™1 > 0. So in both cases we have

(bl >y bl) H as < bg. (13)

(e) Since a2 < a; < —¢ < —1 < by < by by (a), Lemma 3.3(a) implies that
W1 H WQ = (min{a1 H bg,bl ” ag},max{al ” a2,bl ” bQ})

We have by || ag > ag and by || ba < be by (11) and (12), respectively. We also have
(a1 || b2) — a1 = ba(a; + 1) > 0. Hence ay || b2 > a1 > ag. It remains to show that

aq || a9 S bg.

Since by € (—¢,0), Lemma 3.2(b) implies that zpq, by is a strictly decreasing function of z
and hence a; = (—1)p<5 by > b1y b1. Since ap < —1, Lemma 3.2(a) implies that z || as is

also a strictly decreasing function of z and hence
aq H as < (bl >y bl) H as < by

by (13). .

11



Proof of Theorem 3.1

Suppose the theorem is false and choose a counterexample (G, w) with as few edges as possible.
We can use the parallel reduction formula Lemma 2.5(a), and the facts that Wy || W, C W)
and Wy || Wy € Wy by Lemmas 3.4(b) and 3.5(e), to deduce that no edge of G is parallel
to an edge in E(G) — E(C). (We do not have Wy || Wy C Wy so we cannot deduce that

|E(C)] #2.)
Claim 3.6 G # K{?.

Proof: Suppose G = Kg). Then Zg(q, wi,w2) = q(¢ + w1 + wa + wiws) so we need
to show that f(wi,ws2) = ¢+ w1 + wa + wiwy > 0 for wy,wy € Way. Recall that by =
~14 (¢ — D)3 = (¢ —1)¥3. Let agy = by, bay. Since —q < by < by 1, Lemma 3.2(b)
implies that ag; < az and hence Wy C (ag1,b21). We will consider the extreme values of
f for wy,wy € [ag1,b21]. Since (s‘zu—fl = 14 woy, f changes monotonically with w; when ws
is fixed. It follows that we need only consider what happens when w; € {a21,b2:}, and
similarly wy € {ag1,b21}. We have f(w,w) = ¢+ (1 +w)> —1 > 0 since ¢ > 1. Thus we

need only consider f(ag 1,b2,1). Since ag 1 = by 1<, b2 1, we have

1

az,1,b2,1) = Zg(ag1,b21) = ———
qf(az,1,b21) claz1,b21) q+ 2ba 1

ZKy(b2,1,b2,1,b21) =0

by the definition of by ;. Since f(wq,ws) is strictly increasing with w; and strictly decreas-
ing with wy when the point (w;,ws) is close to the point (az1,b21) we may deduce that

f(w1,wz) > 0 for all wy,ws in the open interval (az1,b21). °

Claim 3.7 Let F,H be connected subgraphs of G with G = F U H, E(F) N E(H) = 0,
V(F)NV(H) = {u,z}, and C C H. Suppose that v € V(C) and that F is 2-connected if
it has at least two edges. Let F' + h be obtained by adding a new edge h = ux to F' and put
Fu. = (F + h)/h. Suppose that either F,, is 2-connected or v ¢ V(C). Then the effective
weight wp of F'in (G, w) is contained in W7.

Proof: We use an inner induction on |E(F)|. If E(F) = {e} then wrp = w, € W; by an
hypothesis of the theorem. Hence we may suppose that |E(F')| > 2 and thus F' is 2-connected.
Let Ly, Ls,...,L; be the uz-bridges in F. Since Wy ||W; C Wi by Lemma 3.4(b), it will
suffice to show that the effective weight wy,, of L; in (G, w) is contained in W; forall 1 <i < ¢.
This is clearly true if |E(L;)| = 1 and hence we may assume that |E(L;)| > 2.

Suppose t = 1. Then L; = F. By hypothesis F' and F' + h are both 2-connected, the fact
that ¢ = 1 implies that F,, is also 2-connected. Lemma 2.2(b) now implies that F', F' + h
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and F,,; are all nearly 3-connected. By Lemma 2.4, we have

_ (@=1)Zp(g, W|F)
o= ZF+h(Qa}‘:V’F7_T) 4 1)
(¢ —1)Zp,.(¢; W|F)

Zpn(q, Wlp—e,—1)

—1. (15)

By the outer induction Zp(q,w|r)/Zp+n(q¢,W|Fr,—1) > 0 and hence wrp > —q by (14).
Similary Zp,, (¢, w|r)/Zp+1(q, W|F,—1) < 0 and hence wp < —1 by (15). Thus wp € Wi.

Hence we may assume that ¢ > 2. This implies that F),, is not 2-connected and hence,
by hypothesis, x ¢ V(C). It also imples that L; has fewer edges than F. Hence, if L; is 2-
connected, then we have wy, € Wi by the inner induction. Thus we may assume that L; is not
2-connected. The hypotheses that all 2-vertex-cuts of G intersect C' and that x & V(C') now
imply that L; has exactly two blocks, By, By, with u € V(By), x € V(Bg) and |V (B2)| = 2.
Then the effective weight wp, € W; by the inner induction, and wp, = —1 since |E(Bs)| =1

and By is not incident with a vertex of C'. Thus

wr,,

k3

= wp, My [—1] e W g [—1] C W;

by Lemma 3.4(c). .

Claim 3.8 Fach vertex of C has degree at least three.

Proof: Suppose C' contains a vertex y of degree two and let e; = yu,es = yv be the edges
incident with y. Then ej,eq € E(C). Let H = G —y and let H + f be obtained from H by
adding a new edge f = uw in the outer face of H. Then the bounding cycle of the outer face of
H+fisC' = C—y+f. It is not difficult to see that H + f is 2-connected and we may now use
Lemma 2.2(a) to deduce that H+ f is nearly 3-connected (we have H+ f = G/e2). By Lemma
2.5(b) we have Zg(q, W) = (¢ + We;, + Wey) ZH45(q, W|H, We, g We, ). Since we,, we, € Wa,
Lemma 3.5(a) implies that ¢ + we, + we, < 0 and Lemma 3.5(c) gives we, >y we, € Wa. We
may now use induction to deduce that (—1)"Zg (g, w) > 0. o

If |[V(C)| = 2 then G — e is 2-connected for each edge e = uwv € E(C). On the other
hand, if |V(C)| > 3, then G is simple and, by Claim 3.8 and Lemma 2.1, we may choose
e =uv € E(C) such that G — e is 2-connected. We may now use Lemma 2.2(a) to deduce
that G — e is nearly 3-connected. If G/e were 2-connected then Lemma 2.2(a) would imply
that G/e is nearly 3-connected, and we could use Lemma 2.3 and induction to deduce that
(—=1)"Zg(g,w) > 0. Hence G/e is not 2-connected.

Let C* be the face of G which contains e and is distinct from C. As noted at the beginning
of the proof, no edge in F(G) — E(C) can be parallel to e. Hence |V (C*)| > 3. Let B be
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the C-bridge of G which contains V(C*) — {u,v}. Since G/e is not 2-connected the set of
attachments of B on C is {u,v}. Let F = B+eand H = G— (V(F) —{u,v}) — E(F). Note
that, if |E(H)| > 2, then {F, H} is a 2-separation of G.

Since G is 2-connected, F' and F'/e are both 2-connected. Lemma 2.2(b) now implies that F
is nearly 3-connected. Since e belongs to the outer face of F, we can apply Lemma 2.2(a)
to F' to deduce that F'/e is also nearly 3-connected. Let wp be the effective weight of F' in
(G, w).

Claim 3.9 wp € Ws.

Proof: We first suppose that F' — e is 2-connected. Since F'/e is 2-connected we may apply
Claim 3.7 to F' — e to deduce that wgp_. € W7. Hence

Wp =W || we € W1 ||[Wa C Wy
by Lemma 3.5(e).

Thus we may assume that ' — e is not 2-connected. Let By and By be the blocks of F' — e
which contain v and v respectively. By Claim 3.7, we have wp, ,wp, € Wi. If F—e = B;UB>
this gives

wr = (wp, Mg WR,) || we € (W1, W1) || Wy C Wy

by Lemma 3.5(d). Thus we may suppose that F' — e # By U By. The fact that G is nearly
3-connected now implies that F' — e has exactly three blocks By, Bo, B3 and that |E(B3)| = 1.

Then wp, = —1 and hence
Wr—e = (Wp, Mg wp,) XMy wp, € (Wi, [—1]) >, Wi C Wy, Wi
by Lemma 3.4(c). Thus
wp = Wr—e ||we € (Wi, Wh) || Wy C Wo

by Lemma 3.5(d). o

Let (F + h,w|p,—1) be obtained from (F,w|r) by adding a new edge h = uv to F' with
weight —1, and (H + ep, w|mg,wr) be obtained from (H,w|y) by adding an edge er = uv
with weight wr. By Lemma 2.4,

Z q,W|r,—1
Zo(g,w) = 2 )

By Lemma 2.5(a), Zpin(q, W|r,—1) = Zp(q, W|p—c, —1). Substituting into (16) we obtain

ZHyer (¢, W|H, wF). (16)

ZF(q) W|F*€7 _]-)
alq—1)

Zag(q,w) = ZHter(q,W|H, WF).
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F; i
Figure 2: The graphs F;, H; for ¢ > 2 and the graph Gy;.

Since ¢ > 1 and |V (F)|+ |V(H)| = n + 2, we may apply induction to (F,q, w|r_.,—1) and
(H +ep,q,w|g,wr) to deduce that (—1)"Zg(q, w) > 0. o

Theorem 1.1 follows immediately from Theorem 3.1.

4 A recursive construction

We use K, (vi,v2,...,v,) to denote a complete graph with vertices vy, va,..., v,. We will
construct an infinite family of nearly 3-connected plane graphs with chromatic roots tending
to v. We use the diamond operation which replaces an edge uv of a graph G by a 4-cycle
uzvzou where 21,29 € V(G). As a first step we construct a sequence of 2-rooted plane
graphs Fi(x,y), Fa(z,y),... with root vertices x,y such that every 2-vertex cut of Fj(x,y)
contains z, and such that the effective weights of the F;(x,y) tend to b; from below. We let
Fy = Ko(x,y). For ¢ > 2, we construct F; from F;_; by performing the diamond operation
on each edge incident to z, see Figure 2. Let w; be the effective weight of F; when all edge

weights are equal to —1.

Lemma 4.1 Suppose q € (1,1.25]. Then:
(a) =1 < w; < by foralli>1;
(b) w; > w;—1 for alli > 2;

(c) limy, 00 wy, = by.
Proof: (a) We have w; = —1 < by. Furthermore, for any i > 2,

wi = [wim1 54 (<] | fwi1 0 (1) (17)

Since for any w € R, we have w || w = (w + 1)> — 1 > —1, this immediately implies that
w; > —1. Furthermore, since wy € W; we may use (17), Lemma 3.4(b),(c) and induction to
deduce that w; € (Wi, [—1]) || (Wi, [—1]) € Wi. Hence w; < by.
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(b) Let f(w) = [wdg (~1)] || [wdg (~1)]. Then
fw) —w = —ww® +w2g—1)+ ¢ - 1)(¢ — 1+ w)>

Since b; is the smallest real root of w? +w(2g — 1) +¢*> — 1 = 0 we have f(w) —w > 0 for all

w < b;. We can now use (a) to deduce that w; — w;—1 = f(w;—1) — w;—1 > 0.

(c) We have shown that {w;} is a strictly increasing sequence which is bounded above by b;.
This implies that {w;} must converge to a limit a which evidently must satisfy a < b; and

f(a) = a. Hence a = by. .

Let F denote the family of nearly 3-connected plane graphs. For G € F we use Zg(q, w, —1)
to denote the multivariate Tutte polynomial for G with all edge weights on the outer face

equal to w and all other edge weights equal to —1.

Let F(z,y) be a 2-rooted 2-connected plane graph with root vertices x,y lying on the outer
face of F', and with the property that all 2-vertex cuts of F' contain z. Let wg denote the
effective weight of F' when all edges have weight —1. We use F' to define a modified diamond
operation on F. Given G € F with outer face C, the F'-diamond operation replaces an edge
uv on C by a graph D = Dy U Dy U D3 U Dy where V(D) NV(G) = {u,v}, D1 = Ka(u, 21),
Dy = Ky(v,21), D3 = F(v,22), Dy = F(u, 22), and 21 lies on the outer face of the new graph.
Let Or(G) denote the graph obtained by applying the F-diamond operation to every edge
of C. The fact that all 2-vertex cuts of F' contain x implies that O (G) € F. We may use
Lemma 2.4 to express Zy () (¢, w, —1) in terms of Zg(g, o(w), —1) where o(w) = (w>d; w) ||
(wp g wp). We first replace both copies of F in each copy of D in {p(G) by edges of weight

wr, and then replace each resulting Cy by an edge of weight ¢(w). Lemma 2.4 then gives

2m
Zonoa.,-1) = (a-+ 20" + 200 (22 D) W g 0wy, 1) 9

where F' + h is obtained from F' by adding a new edge h = zy, and m = |E(C)].

Theorem 4.2 For each q € (v,1.25], there exits a nearly 3-connected plane graph G such
that Pg(q1) =0 for some q1 € (v,q|.
Proof: Choose ¢ € (v,1.25] and let

h(w,b) = (b* — 2b — q)w? + (2b* — 2bq — ¢*)w + b%q.

We have 2b; + ¢ = —q+ 1 — /5 —4q < 0 for all ¢ € (1,1.25). The definition of W and the
fact that ¢ > v now imply that h(w,b;) = g(w) > 0 for all w € R. Thus (267 — 2b1q — ¢°)* —
4b2(b? — 2b; — q) < 0. By continuity, there exits by € (—1,b1) such that h(w,b) > 0 for all
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w € R and all b € (by,b1). Since {w;} is a strictly increasing sequence which converges to by

by Lemma 4.1, we may choose a positive integer N = N(q) such that wy € (bg, b1).

Recall that wy is the effective weight of the 2-rooted graph Fy (x,y). We use the Fyy-diamond
operation to give a recursive construction for our required graph G. Put Gy = Kjs(t, u,v)

and, for i > 2, let G; = Oy (Gi—1). We will show that Pg,(q1) = 0 for some 7 > 1 and some
a1 € (7, 4]-

Let Hi(u,v) = Ka(u,v) and, for i > 2, let H;(u,v) be the 2-rooted subgraph of G; obtained
from H;_1(u,v) by applying the Fx-diamond operation to all edges of H;_(u,v) which lie
on the outer face of G;_1. For i > 2 we have H; = AUBUC U D where A = H;_1(u, z1),
B=H; 1(v,z1), C = Fy(v,22) and D = Fy(u, 22), and z; lies on the outer face of G;, see
Figure 2. Let r; be the effective weight of the 2-rooted subgraph H; when all edges have
weight —1. We will show that ry; > —q/2 for some M > 1.

Suppose to the contrary that r; < —q/2 for all i > 1. We have r; = —1 and, since the

effective weight of Fiy(z,y) is wy, 741 = [ri>g ri] || [wn > wy] for all 4 > 1. Hence
Tig1 — 15 = [ridg ] || [wn g wn] — 1 = h(ri, wn) (g + 2r) (g + 2wn)"t > 0

since wy € (bo,b1). Thus {r;} is a strictly increasing sequence which is bounded above
by —q/2. This implies that {r;} must converge to a limit § which evidently must satisfy
h(B,wx) = 0. This is impossible since h(w,wy) > 0 for all w € R. Hence we may choose a

positive integer M such that rp; > —q/2.

Consider the graph Gjs. We have Gyy = RUSUT where V(R)NV(S) = {t}, V(S)NV(T) =
{u}, V(T')NV(R) = {v}, and each of R, S,T is a 2-rooted subgraph isomorphic to Hys(x,y),
see Figure 2. We may use (18) and the fact that G; has an even number of edges on its outer
face for all 7 > 2 to deduce that

Pq,,(q) = Zg,, (¢, —1) = (nonnegative prefactor)Zr,(q, ).

We have Zr,(q,70r) = q(r3; + 3r3, + 3qrar + ¢*) > 0 since 7y > —q/2 and g € (1,2). Thus
Pg,,(q) > 0. On the other hand Pg,,(7) < 0 by Theorem 1.1. Continuity now implies that
Pg,(q1) = 0 for some g1 € (v, 4. .

5 Open Problems

It seems difficult to adapt the inductive proof technique used in this paper for the family
of 3-connected graphs. There are, however, other families of ‘nearly 3-connected graphs’ for

which a similar approach may work.
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Conjecture 5.1 Let G be a 2-connected plane graph on n vertices and let C' be the bounding
cycle of the outer face of G. Suppose that, for all 2-separations {G1,G2} of G, we have
V(G1) NV (Ga) CV(C). Then (—1)"Pg(q) > 0 for all g € (1,0] where 6 ~ 1.225... is a root
of vt — 4a3 + 42 — 4z + 4 = 0.

Conjecture 5.2 Let G be a 2-connected plane graph on n vertices and let C' be the bounding
cycle of the outer face of G. Suppose that, for all 2-separations {G1,G2} of G, we have
E(C)NE(Gy1) # 0 # E(C)NE(G2). Then (—1)"Pg(q) > 0 for all g € (1, p] where p ~ 1.430...
is a root of 3x10—192° +542% — 11427430320 83125+ 17042* — 2540234240022 — 13442 +512 =
0.

Conjecture 5.3 Let G be a 2-connected graph on n vertices and x be a vertex of G. Suppose
that, for all 2-separations {G1, G2} of G, we have x € V(G1)NV(Gz). Then (—1)"Pg(q) > 0
for all g € (1,1.25].

The zero-free intervals given in Conjectures 5.1, 5.2 and 5.3 would be best possible. The family
of graphs obtained recursively from K3 by applying the diamond operation to each edge on
the outer face satisfies the hypotheses of Conjecture 5.1 and has a chromatic root converging
to 0 from above. The family of graphs obtained recursively from K3 by replacing each edge
uv on the outer face by the 2-rooted subgraph F' where V(F) = {u,v,x1,x2,x3, 24} and
E(F) = {uxy,x129, T2x3, T30, T4U, T4x2, T4v} satisfies the hypotheses of Conjecture 5.2 and
has a chromatic root converging to p from above. The family of graphs obtained recursively
from Kjs(x,y,z) by applying the diamond operation to each edge incident to = satisfies the

hypotheses of Conjecture 5.3 and has a chromatic root converging to 1.25 from above.
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