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Abstract

We introduce a new invariant for a binary matroid and use it to
obtain upper bounds on the number of circuits and, more generally,
the number of 2-connected deletion minors containing a fixed element
of the matroid. We conjecture that this invariant can also be used to
bound the modulus of the roots of the matroid’s characteristic poly-
nomial.

Key Words: Binary matroid, 2-connected minor, characteristic polyno-
mial.

1 Introduction

The purpose of this paper is to introduce a new invariant for a binary matroid
M and to use it to obtain upper bounds on the number of circuits and,
more generally, the number of 2-connected deletion minors of M containing
a fixed element. Our matroid invariant extends a graph invariant called
‘maxmaxflow’ previously introduced in [4].

Given a binary matroid M, let B be the set of all bases of the cocycle
space of M and put

A(M) = min {max{ym}} .

BeB | KeB

When M is the cycle matroid of a graph G, A(M) is equal to the maximum
number of edge-disjoint paths between any pair of distinct vertices of G,
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and hence can be computed in polynomial time using maximum flow calcu-
lations, see [4]. Similarly, when M is the cocycle matroid of G, A(M) can
be computed in polynomial time using Horton’s algorithm [3] for finding
a shortest cycle basis for G, i.e. a basis B for the cycle space of G such
that the sum of the lengths of the cycles in B is as small as possible, see
Chickering, Geiger and Heckerman [1] and Galbiati [2]. (It is not difficult to
see that for an arbitrary binary matroid M, A(M) is equal to the maximum
length of a cocycle in a ‘shortest basis’ of the cocycle space of M.) We do
not know if A(M) can be determined in polynomial time for an arbitrary
binary matroid M. However, the related problem of finding a minimum size
cocircuit in M is known to be NP-hard, see [13].

Our interest in A(M) was sparked initially by a result of Sokal [9] that
the modulus of the roots of the chromatic polynomial of a graph G can be
bounded above by a linear function of its maximum degree, A(G). It is an
elementary fact that all of the integer chromatic roots of GG lie in the interval
[0, A(G)], i.e. the chromatic number x(G) is at most A(G) + 1. Sokal [9,
Corollary 6.4] showed that all the chromatic roots (real or complex) lie in
the disc |¢| < 7.963907 A(G). Furthermore, he conjectured, following a
suggestion of Shrock and Tsai [7, 8], that it might be possible to bound all
the chromatic roots in terms of the maxmaxflow A(G), taking A(G) := A(M)
where M is the cycle matroid of G.

It is not difficult to see that we always have A(G) < A(G). This follows
from the fact that the stars centred on all but one of the vertices of G span
the cocycle space of G (and form a basis whenever G is connected). Thus
Sokal’s conjecture would generalise his result that the chromatic roots of a
graph can be bounded by a function of its maximum degree. Some evidence
in support of the conjecture follows from the fact that x(G) < A(G) + 1,
see [4]. Further evidence follows from a recent result of Royle and Sokal [5]
which verifies the conjecture for series parallel graphs.

An important step in Sokal’s proof that the chromatic roots of G can be
bounded by a function of A = A(G) is showing that the number of connected
m-edge subgraphs containing a fixed vertex of G is at most (¢A)™ for some
constant c. Our work here on counting connected deletion minors of a binary
matroid M in terms of A = A(M) is motivated in part by the goal of adapting
the methods of [9] to bound the roots of the characteristic polynomial of M
by a function of A (and hence verify Sokal’s conjecture which corresponds
to the special case when M is graphic). Our main result implies that the
number of m-element circuits of M containing a fixed element e is bounded
above by A™. We also show that the number of 2-connected m-element
deletion minors of M containing e is at most om?*/ 2A™ and conjecture that



this bound can be reduced to (¢A)™ for some constant c.

2 Definitions and preliminary results

We refer the reader to [6] for the basic definitions in matroid theory. Given
a matroid M, we use Ej; to denote the ground set of M, Cys the set of
circuits of M, Kp; the set of cocircuits of M, and r); the rank function of
M, suppressing the subscript M whenever it is obvious which matroid we
are referring to. We denote the rank of M by r(M).

For S C F, the matroid obtained from M by deleting S is the matroid
M\S with Eypng = E\S and Cypng = {C € C: C C Ey\S}. The matroid
obtained by contracting S is the matroid M /S with Ey;/g = E\S and Cpy/s
equal to the set of minimal non-empty members of {C\S: C' € C}. Note
that if e is a loop or a coloop of M then M\e = M/e. We call a matroid N
a deletion minor of M if N = M\S for some S C E, a contraction minor
of M if N = M/T for some T' C E, and a minor of M if N = (M\S)/T
for some disjoint subsets S,T C E. (Thus, if M is the circuit matroid of
a graph G and N = M\S, then N is the circuit matroid of the subgraph
H =G — S of G. Similarly, if N = M/S, then N is the circuit matroid of
the contraction H = G/S of G.)

The matroid M is 2-connected if E| > 2 and every pair of elements
of M are contained in a common circuit. (Thus, if M is the circuit or
cocircuit matroid of a graph G containing at least three vertices, then M is
2-connected if and only if G is 2-connected and loopless.) We will need the
following lemma of Tutte [12] (see also [6, Theorem 4.3.1]).

Lemma 2.1 Suppose M is a 2-connected matroid with at least three ele-
ments and e € E. Then at least one of the matroids M\e and M/e is
2-connected.

Binary matroids

A matroid M is binary if there exists a vector space V over GF(2) and a
map f: E — V such that, for each S C E, r(S) is equal to the dimension of
the subspace of V' spanned by f(S). All matroids considered henceforth are
binary. (Recall, in particular, that all graphic and cographic matroids are
binary.) Given a binary matroid M, we consider the set 2 of all subsets of
E as a vector space over GF(2), where vector addition is given by symmetric
difference (which we denote by @). The cycle space and cocycle space of M
are the subspaces of 2F spanned by C and K, respectively. The dimension



of the cycle space is |E| — r(F) and the dimension of the cocycle space is
r(E). We refer to the elements of the cycle and cocycle spaces as cycles
and cocycles of M. We will need the following three elementary lemmas for
binary matroids.

Lemma 2.2 [6, Proposition 9.2.2] Let M be a binary matroid and S C E.
Then S is a cycle (respectively cocycle) of M if and only if |S NT| is even
for all cocycles (respectively cycles) T of M.

Lemma 2.3 Let M be a binary matroid and e be an element of M which is
not a loop. Let B be a basis for the cocycle space of M and choose K1 € B
withe € Ky. Let X ={K € B: e€ K} andY = B\X. Then

(a) By = {K & K;: K € X\{K1}}UY is a basis for the cocycle space of
Mle.

(b) If e is not a coloop of M, then By = {K — {e}: K € X}UY is a basis
for the cocycle space of M\e.

Proof: (a) Each element of Bj is a cocycle of M which does not con-
tain e, and hence is a cocyle of M/e. Since e is not a loop of M we have
r(M/e) = r(M)—1. Hence the dimension of the cocycle space of M/e is one
less than the dimension of the cocycle space of M and it suffices to show that
By is linearly independent. Suppose [P e x/ (K @ K1) @ [@geys K] =0,
for some X' € X — {K1} and Y’ C Y. Then either [Py y K] = 0 or
[Brexuy K] ® K1 = (. Both alternatives contradict the linear indepen-
dence of B.

(b) Each element of Bj is a cocycle of M\e. Since e is not a coloop of M
we have r(M\e) = r(M). Hence the cocycle spaces of M and M\e have
the same dimension and it suffices to show that Bs is linearly independent.
Suppose [P ey (K —{e})]®[D ey K] =0, for some X' C X andY' C Y
with X' UY’ # (. Then @y y K C {e}. This is impossible: the left
hand side of the above set inclusion cannot be empty since B is linearly
independent, and cannot equal {e} since it belongs to the cocycle space of
M, and {e} is not a cocycle of M (because it is not a coloop). o

Lemma 2.4 Let M be a binary matroid and e be an element of M. Let
B ={Ky,Ks,...,Kpy} be a basis for the cocycle space of M\e.

(a) If € is a coloop of M, then By = B U {{e}} is a basis for the cocycle
space of M.

(b)If e is not a coloop of M, then there exists a basis By = {K, K}, ..., K] }
Jor the cocycle space of M such that K; C K| C K;U{e} foralli, 1 <i<m.



Proof: (a) Since e is a coloop of M, {e} is a cocycle of M, and r(M) =
r(M\e) + 1. Hence the dimension of the cocycle space of M is m + 1. It
follows from the definition of M\e that either K; or K; U {e} is a cocycle
of M for all 4, 1 < i < m. However, if K; U{e} is a cocycle of M, then
(K; U{e}) @ {e} = K; is also a cocycle of M. Hence K is a cocycle of M
for all 4, 1 <4 < m. The linear independence of By follows from the linear
independence of B and the fact that e ¢ K; for all 7, 1 <1i < m.

(b) Since e is a not a coloop of M, r(M) = r(M\e), and hence the dimension
of the cocycle space of M is m. It follows from the definition of M\e that
either K; or K; U {e} is a cocycle of M for all ¢, 1 < i < m. Let K] be the
cocycle of M with K; C K] C K; U {e} and put By = {K},K},..., K], }.
The linear independence of Bs follows from the linear independence of B
and the fact that {e} is not a cocycle of M. o

Corollary 2.5 Let M be a binary matroid, S C E and B = {K1, Ko, ..., Ky}
be a basis for the cocycle space of M\S. Then there exists a basis B’ =
{K{,K),...,K]} for the cocycle space of M such that K; C K] C K; U S
foralli,1<i<m, and K C S foralli, m+1<i<n.

Proof: This follows from Lemma 2.4 by induction on |S|. .

Weighted binary matroids

A weighted binary matroid is a pair (M, w) where M is a binary matroid and
w = {we}eck is a set of nonnegative real weights assigned to the elements
of M. Let B be the set of all bases of the cocycle space of M and put

AL = iy {%{Zw}} -

eeK

Thus the invariant A(M) defined in Section 1 can be obtained from A(M, w)
by taking all weights equal to one. We consider the weighted version A(M, w)
for two reasons: the first is that our proofs for the weighted and unweighted
versions are identical; the second is that we believe A(M, w) can be used to
bound not only the roots of the univariate characteristic polynomial of M
(by taking w. = 1 for all e € E), but also the bivariate Tutte polynomial
of M (by taking w. = w for all e € E), and the multivariate Potts model
partition function (by taking arbitrary edge weights), see [11].



Given a weighted binary matroid (M,w) and e € E, Lemma 2.3 imme-
diately gives the following upper bounds for A(M\e,w) and A(M/e,w) in
terms of A(M,w). (Here and henceforth we abuse notation by using w for
both the weight function M and its restriction to a minor of M.)

Lemma 2.6 Let (M, w) be a weighted binary matroid and e be an element
of M that is neither a loop nor a coloop. Then A(M/e,w) < 2A(M,w) and
A(M\e,w) < A(M,w).

3 Main results

Given a weighted binary matroid (M, w) and T' C E we define the weight of
T to be wp = HeeT we. We first obtain bounds on the sum of the weights
of the m-~element circuits of M which contain a fixed set of elements. For
S CE let

Cn(S)={Ce€C : |Cl]=mand SCC}

and put e, (S) = Ycee,, (s) We-
Theorem 3.1 Let (M,w) be a weighted binary matroid and S C E with

|S| = s > 1. Let B be a basis for the cocycle space of M\S and put Q =
maxyepB {ZeeK we}. Then

ZQ_m+Scm(S) < wg.

m>1

Proor. We will show that
k
> Qe (S) < wg (1)
m=1

for all K > 1. If £ < s then ¢,,(S) = 0 for all 1 < m < k and (1) holds
trivially. Hence we may suppose that k > s. We proceed by induction on
k—s. If k = s then ¢, (S) =0 for all 1 <m <k, ¢x(5) < wg and again (1)
holds. Hence suppose that k > s. Let B’ be a basis for the cocycle space of
M obtained from B as in Corollary 2.5. Then

Z we < Q for all K € B'. (2)
ec K-S

Suppose |S N K| is even for all K € B’. Then SN K| is even for all
cocycles K of M and hence S is a cycle of M by Lemma 2.2. Thus ¢,,(S) =0



if either m # s or S is not a circuit of M, and ¢s(S) = wg if S is a circuit
of M. Thus (1) holds.

Hence we may assume that |S N K| is odd for some K € B’. Let K =
{e1,e2,...,ep}. Then |C N K| is even for all C' € C,,,(S) by Lemma 2.2.
Since |S N K| is odd, it follows that C N K ¢ S. We shall classify the
circuits C' € Cp,(S) according to p(C) = min{i : e; € (CNK) — S}. Let
C' = {C € Cn(S) : p(C) = i}. Note that C° C C»,(S U {e;}) for all
1 < ¢ < n. Using induction we deduce that:

n

k k
D, (S) = )oY Y g
m=1 m=1

=1 Ce(C?

k
< Y o N en(Suded)
m=1 e, cK—S
k
= Q! Z ZQ_mHHcm(SU{ei})
e, €EK—S m=1
< ot Z w(SU{e})
e, K-S
= QO lwg Z We,;
e, EK—S
< ws
by (2). °

Theorem 3.1 has the following immediate corollary.

Corollary 3.2 Let (M,w) be a weighted binary matroid and S C E with
|S| =s>1. Let A(M\S,w) =A. Then ¢y, (S) <wgA™* for allm > 1.

The special cases when |S| = 1 in Theorem 3.1 and Corollary 3.2 are
closely related to results for graphic matroids given in [4, Proposition 5.3,
Corollary 5.4]. An example in the same paper [4, Examples 5.4] shows that
the exponential growth rate ¢,,(e) ~ A™~! cannot be improved even for the
special case of graphic matroids.

Given a weighted binary matroid (M,w) and N a minor of M the

weight of N is wy = HeEEN we. We next obtain a bound on the sum



of the weights of the 2-connected m-element deletion minors of M which
contain a particular element. For e € FE, let D,,(e, M) denote the set of
all 2-connected m-element deletion minors of M which contain e, and put

din(e, M) =3 Nep,(e.m) WN-
Theorem 3.3 Let (M, w) be a weighted binary matroid and e € E. Then

m—2
(e, M) < Jwe AM,w)™ ' ] (1+27)
i=0

for all m > 2.

Proof: We use induction on m. If e is a loop or coloop of M, then
dm(e, M) = 0 for all m > 2. Hence we may suppose that e is not a loop
or coloop of M. Let B be a basis for the cocycle space of M such that
> e wy < A(M,w) for all K € B. Choose K € B with e € K and let
K ={e,eq,...,e}.

Suppose m = 2 and let F' = {f € E: {e, f} € C}. Then dy(e,M) =
We Y, fep wy. Since Fis a subset of each cocycle of M which contains e, we
have > rcpwy < 3 pepe wy < A(M, w). Thus the theorem holds for m = 2
and we may assume that m > 3.

For each 2-connected deletion minor N of M with e € Epy, we have
|Enx N K| > 2 (since, if C' is a circuit of N containing e, then C is a circuit
of M and hence |[K N C| # 1 by Lemma 2.2). We classify the deletion
minors N € D(e, M) according to p(N) :=min{i: e; € En, 1 <i <t}. Let
D! = {N € Dy,(e, M): p(N) = i}. Using Lemma 2.1, we may deduce that if
N € D!, then either N\e; € Dy,—1(e, M\e;) or N/e; € Dp,—1(e, M) or both.

Thus
t

dm(ev M) < Z We; [dmfl(a M\ez) + dmfl(‘?? M/el)] :
i=1
The theorem now follows by applying Lemma 2.6 and induction, using the
fact that >, o we, < A(M,w). .

Theorem 3.3 implies that dy, (e, M) < 2*/2A(M,w)™. We conjecture
that a stronger result is true.

Conjecture 3.4 There exists a universal constant ¢ such that if (M, w) is
a weighted binary matroid and e € E, then dy,(e, M) < (cA(M,w))™.

This conjecture is true for graphic matroids, with ¢ = 2/In2, by [4,
Corollary 8.5], but even the unweighted cographic case is still open.



Conjecture 3.5 There exists a universal constant ¢ such that if G = (V, E)
is a graph, e € E and B is a basis for the cycle space of G with |C| < Q for
all C € B, then the number of m-edge 2-connected contractions of G is at
most (c)™.

The reader may wonder why a similar argument to that given in the
proof of Theorem 3.1 cannot be used to verify Conjecture 3.4 or 3.5. The
problem is that we cannot use a parity argument to deduce that there exists
a K € B’ with the property that Ex N K € S for all 2-connected deletion
minors N of M with S C Ey.

Acknowledgments

I would like to thank Alan Sokal for valuable conversations.

References

[1] Chickering, D.M, Geiger, D. and Heckerman D. (1995) On finding a
cycle basis with a shortest maximal cycle, Inform. Process. Lett. 54,
55-58.

[2] Galbiati, G. (2003) On finding cycle basis and fundamental cycle bases
with a shortest maximal cycle, Inform. Process. Lett. 88, 155-159.

[3] Horton, J.D. (1987) A polynomial algorithm to find the shortest cycle
basis of a graph. SIAM J. Comput. 2, 358-366.

[4] Jackson, B. and Sokal, A.D. Maxmaxflow and Counting Subgraphs,
FElectronic J. Combinatorics, 17 (2010), # R99.

[5] Royle, G.F. and Sokal, A.D. Linear bound in terms of maxmaxflow for
the chromatic roots of series-parallel graphs, in preparation.

[6] Oxley, J.G. (1992) Matroid Theory. Oxford University Press, New York.

[7] Shrock, R. and Tsai, S.-H. (1998) Ground state degeneracy of Potts
antiferromagnets: Cases with noncompact W boundaries having mul-
tiple points at 1/q = 0. J. Phys. A 31, 9641-9665, cond-mat/9810057
at xxx.lanl.gov.



8]

[12]

[13]

Shrock, R. and Tsai, S.-H. (1999) Ground state degeneracy of Potts
antiferromagnets: Homeomorphic classes with noncompact W bound-
aries. Physica A 265, 186223, cond-mat /9811410 at xxx.lanl.gov.

Sokal, A.D. (2001) Bounds on the complex zeros of (di)chromatic poly-
nomials and Potts-model partition functions. Combin. Probab. Comput.
10, 41-77, cond-mat /9904146 at xxx.lanl.gov.

Sokal, A.D. (2004) Chromatic roots are dense in the whole complex
plane. Combin. Probab. Comput. 13, 221-261.

Sokal, A.D. (2005) The multivariate Tutte polynomial (alias Potts
model) for graphs and matroids, to appear in Surveys in Combi-
natorics, 2005 (Cambridge University Press, Cambridge-New York),
math.CO/0503607 at arXiv.org.

Tutte, W.T. (1965) Lectures on Matroids. J. Res. Nat. Bur. Standards
Sect. B 69B, 1-47.

Vardy, A. (1997) The intractability of computing the minimum distance
of a code. IEEE Trans. Inform. Theory 43, 1757-1766.

10



