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Abstract

A two-dimensional direction-length framework is a pair (G, p), where
G = (V ; D, L) is a graph whose edges are labeled as ‘direction’ or
‘length’ edges, and a map p from V to R2. The label of an edge uv
represents a direction or length constraint between p(u) and p(v). The
framework (G, p) is called globally rigid if every other framework (G, q)
in which the direction or length between the endvertices of correspond-
ing edges is the same, is ‘congruent’ to (G, p), i.e. it can be obtained
from (G, p) by a translation and, possibly, a dilation by −1.

We show that labeled versions of the two Henneberg operations (0-
extension and 1-extension) preserve global rigidity of generic direction-
length frameworks. These results, together with appropriate inductive
constructions, can be used to verify global rigidity of special families
of generic direction-length frameworks.

1 Introduction

Consider a point configuration p1, p2, ..., pn in Rd together with a set of con-
straints which fix the direction or the length between some pairs pi, pj . A
basic question is whether the configuration, with the given constraints, is
locally or globally unique, up to ‘congruence’. Results of this type have
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Figure 1: Two equivalent but non-congruent realizations of a mixed graph.
We use solid or dashed lines to indicate edges with length or direction labels,
respectively. The frameworks are not globally rigid.

applications in localization problems of sensor networks, CAD, and molec-
ular conformation [4, 14, 18]. The configuration and the constraints form a
‘direction-length framework’.

A mixed graph G = (V ;D,L) is an undirected graph together with a
labeling (or bipartition) D ∪ L of its edge set. We refer to edges in D as
direction edges and edges in L as length edges. A d-dimensional direction-
length framework, or more simply mixed framework, is a pair (G, p), where
G = (V ;D,L) is a mixed graph and p is a map from V to Rd. When L = ∅,
or D = ∅, we say that (G, p) is a direction framework or length framework,
respectively, or simply that (G, p) is a pure framework. We also say that
(G, p) is a realization of G in Rd. Two frameworks (G, p) and (G, q) are
equivalent if: (i) p(u)− p(v) is a scalar multiple of q(u)− q(v) for all uv ∈ D
with q(u) 6= q(v); (ii) ||p(u) − p(v)|| = ||q(u) − q(v)|| for all uv ∈ L, where
||.|| denotes the Euclidean norm in Rd.

The mixed frameworks (G, p) and (G, q) are congruent if p(u) − p(v)
is a scalar multiple of q(u) − q(v) for all u, v ∈ V with q(u) 6= q(v), and
||p(u)− p(v)|| = ||q(u)− q(v)|| for all u, v ∈ V . A mixed framework (G, p) is
globally rigid if every framework which is equivalent to (G, p) is congruent
to (G, p). See Figure 1.

A mixed framework (G, p) is rigid if there exists an ǫ > 0 such that every
framework (G, q) which is equivalent to (G, p) and satisfies ‖p(v)−q(v)‖ < ǫ
for all v ∈ V , is congruent to (G, p). This is the same as saying that every
continuous motion of the points p(v), v ∈ V , which preserves the distances
between pairs of points joined by length edges and directions between pairs
joined by direction edges, results in a framework which is congruent to (G, p).

(Global) direction rigidity and length rigidity of pure frameworks are
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defined analogously.
It is a hard problem to decide if a given framework is rigid or globally

rigid. Indeed Saxe [13] has shown that the global rigidity problem is NP-
hard even for 1-dimensional length frameworks. The problem becomes more
tractable, however, if we assume that there are no algebraic dependencies
between the coordinates of the points of the framework. A framework (G, p)
is said to be generic if the set containing the coordinates of all its points is
algebraically independent over the rationals. We say that a mixed graph G
is (globally) rigid in Rd if all generic realizations of G in Rd are (globally)
rigid. The underlying mixed graph of the frameworks in Figure 1 is rigid
but not globally rigid in R2.

(Global) length rigidity and direction rigidity of graphs are defined anal-
ogously.

Whiteley [17] showed that a graph is direction rigid in Rd if and only if it
is globally direction rigid in Rd and characterized the graphs which have this
property. In contrast, length rigidity of graphs in Rd is a weaker property
than global length rigidity for all d ≥ 1, and graphs with these properties
have been characterized only for d = 1, 2. The cases when d = 1 are not
difficult. The characterizations of length rigidity and global length rigidity
when d = 2 are given in [11] and [8], respectively.

Henceforth, we assume that d = 2 unless specified otherwise. The char-
acterizations of (global) direction and length rigidity in this case can be
formulated as inductive constructions using the following graph operations.
The operation 0-extension on vertices u,w of a graph G adds a new vertex
v and new edges vu, vw. The operation 1-extension on edge uw and vertex t
of G deletes the edge uw and adds a new vertex v and new edges vu, vw, vt.
See Figures 2, 3. These operations, which are sometimes called vertex ad-
dition and edge splitting, respectively, are known as Henneberg operations
since they were first used in the study of rigidity by Henneberg [7]. Parts
(a) and (b) of the next theorem follow from results of Whiteley [17] and Tay
and Whiteley [16]. Part (c) is from [8].

Theorem 1.1 Let G be a graph. Then
(a) G is (globally) direction rigid if and only if G can be obtained from K2

by 0-extensions, 1-extensions, and edge-additions.
(b) G is length rigid if and only if G can be obtained from K2 by 0-extensions,
1-extensions, and edge-additions.
(c) G is globally length rigid if and only if G = K2, G = K3 or G can be
obtained from K4 by 1-extensions and edge-additions.

Servatius and Whiteley [14] used mixed versions of the 0- and 1-extension
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Figure 3: The 1-extension operation.

operations to characterize rigid mixed graphs. These operations are defined
as follows. A 0-extension on vertices u,w of a mixed graph G, adds a new
vertex v and new edges vu, vw in such a way that if vu, vw are of the same
type (i.e. either they are both length edges or both direction edges) then
u,w must be distinct. A 1-extension on edge uw and vertex t of G, deletes
an edge uw and adds a new vertex v and new edges vu, vw, vt for some
vertex t ∈ V (G), with the provisos that at least one of the new edges has
the same type as the deleted edge and, if t = u, then the two edges from v
to u are of different type. Servatius and Whiteley’s results give rise to the
following inductive construction for rigid mixed graphs.

Theorem 1.2 [14] Let G be a mixed graph. Then G is rigid if and only if G
can be obtained from the mixed graph with two vertices joined by both a length
edge and a direction edge by 0-extensions, 1-extensions, and edge-additions.

Direction or length rigid graphs as well as rigid mixed graphs can also
be characterized by ‘counts’, i.e. the existence of certain sparse subgraphs
(see for example [10]).

The problem of characterizing when a mixed graph G is globally rigid
is still an open problem. To solve this problem using a similar strategy to
that for global length rigidity, we would require results which assert that
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Henneberg operations preserve global rigidity in mixed graphs, as well as
an inductive construction for the conjectured family of globally rigid mixed
graphs which uses these operations. In this paper we present results of
the first type by showing that mixed versions of the Henneberg operations
preserve global rigidity:

Theorem 1.3 Let G and H be mixed graphs with |V (H)| ≥ 2. Suppose that
G can be obtained from H by a 0-extension which adds a vertex v incident
to two direction edges. Then G is globally rigid if and only if H is globally
rigid.

Theorem 1.4 Let G and H be mixed graphs with |V (H)| ≥ 3. Suppose that
G can be obtained from H by a 1-extension on an edge uw. Suppose further
that H is globally rigid and H − uw is rigid. Then G is globally rigid.

A result on globally length rigid graphs analogous to Theorem 1.4 is given
in [9], see also [3].

A mixed graph G is redundantly rigid if G − e is rigid for all edges e
of G. The above mentioned characterization of rigid mixed graphs, and in
particular Theorem 1.2, imply that every 1-extension of a redundantly rigid
mixed graph is redundantly rigid. We may combine this with Theorem 1.4
to obtain

Theorem 1.5 Let G and H be mixed graphs. Suppose that H is globally
rigid and redundantly rigid, and that G can be obtained from H by a sequence
of 1-extensions. Then G is globally rigid.

An application of our results

We use Theorems 1.3 and 1.4 in our companion paper [10], together with
new inductive constructions, to characterize globally rigidity for the special
family of graphs G = (V ;D,L) which are redundantly rigid and have |D|+
|L| = 2|V | − 1. Such graphs are called mixed circuits since their edges sets
are circuits in the direction-length rigidity matroid (which will be defined in
the next section). This characterization complements the results on globally
length rigid graphs whose edge set is a circuit in the length rigidity matroid
[2] and may serve as a building block in a more complete characterization of
mixed global rigidity. The two smallest mixed circuits are shown in Figure
4.

To state the characterization we need some more definitions (that we
shall also need in Section 5). A 2-separation of G is a pair of subgraphs
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Figure 4: The two mixed circuits on three vertices. These graphs, denoted
by K+

3
and K−

3
, are the smallest (mixed) circuits of the direction-length

rigidity matroid.

Figure 5: A mixed graph G for which no generic realization is globally rigid.
This follows from the fact that one side of a 2-separation of G contains
length edges only and hence can be reflected in the line through the two
common vertices in the 2-separation.

G1, G2 such that G = G1 ∪G2, |V (G1)∩ V (G2)| = 2 and V (G1)− V (G2) 6=
∅ 6= V (G2)− V (G1). We refer to the pair of common vertices of G1 and G2

as a 2-separator of G. We say that a 2-separation (G1, G2) of G is direction-
balanced if both G1 and G2 contain an edge in D. A 2-separation which is
not direction-balanced is said to be direction-unbalanced. A mixed graph is
direction-balanced if all its 2-separations are direction-balanced. It is easy
to see that if G is globally rigid then G is direction balanced [10, Lemma
1.6], see Figure 5.

We will also need one further operation on mixed graphs. Suppose that
G1 = (V1, E1) and G2 = (V2, E2) are graphs with V1 ∩ V2 = {u, v} and
E1 ∩E2 = {uv}. Then we say that the graph G = (G1 −uv)∪ (G2 −uv) is a
2-sum of G1 and G2, and write G = G1 ⊕2 G2. When Gi = (Vi;Di, Li) is a
mixed graph for each i ∈ {1, 2} and uv has the same type in both G1 and G2,
their 2-sum is the mixed graph (V1∪V2; (D1∪D2)−{uv}, (L1 ∪L2)−{uv}).
The mixed graph in Figure 5 is an example of a 2-sum.

The main result of [10] is an inductive construction: we show that a
mixed graph is a direction balanced mixed circuit if and only if it can be
obtained from K+

3
or K−

3
by a sequence of 1-extensions and 2-sums with

direction-pure K4’s [10, Theorem 5.10]. Note that a 2-sum with a direction-
pure K4 can also be obtained by a 0-extension, which adds two direction
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Figure 6: The inductive construction of a direction balanced (and hence
globally rigid) mixed circuit. The graph is obtained from K+

3
by a 1-

extension (adding vertex v), followed by a 2-sum with a direction-pure K4

(on vertex set {y, z, p, q}) and then another 1-extension which adds w.

edges, followed by a 1-extension. The construction is illustrated by Figure
6.

Combining Theorems 1.3 and 1.4 of this paper with this inductive con-
struction we obtain:

Theorem 1.6 [10, Theorem 6.2] Let G be a mixed circuit. Then G is glob-
ally rigid if and only if G is direction balanced.

We close this section with an outline of the paper. In Section 2 we
will show, for completeness, that infinitesimal rigidity (defined in the next
section) is a sufficient condition for rigidity in mixed frameworks, and that
the two conditions are equivalent for generic mixed frameworks. The above
mentioned characterization of rigid mixed graphs is given in terms of in-
finitesimal rigidity in [14] and we need this equivalence to justify our state-
ment of their result, Theorem 1.2. In Section 3 we introduce quasi-generic
frameworks and derive a result about the field extension Q(p) of a quasi-
generic rigid framework (G, p) which will be key to our main results on
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extensions. For convenience, some proofs from Sections 2 and 3 are deferred
to the Appendix. Section 4 contains the proofs of the main results on 0-
and 1-extensions. We also provide further applications of our methods in
the study of continuous motions of generic mixed frameworks and globally
linked pairs in mixed circuits in Sections 3 and 5, respectively. Section 6
is devoted to some concluding remarks on the problem of characterizing
globally rigid mixed graphs.

2 Infinitesimal rigidity and the rigidity matrix

Servatius and Whiteley [14] developed a rigidity theory for mixed frame-
works analogous to that given for pure frameworks. For (x, y) ∈ R2 let
(x, y)⊥ = (y,−x). Note that we take (0, 0)⊥ = (0, 0). The rigidity matrix of
a mixed framework (G, p) is the matrix R(G, p) of size (|D| + |L|) × 2|V |,
where, for each edge uv ∈ D∪L, in the row corresponding to uv, the entries
in the two columns corresponding to the vertex w are given by: (p(u)−p(v))⊥

if uv ∈ D and w = u; −(p(u)− p(v))⊥ if uv ∈ D and w = v; (p(u)− p(v)) if
uv ∈ L and w = u; −(p(u)− p(v)) if uv ∈ L and w = v; (0, 0) if w 6∈ {u, v}.
The rigidity matrix of (G, p) defines the rigidity matroid of (G, p) on the
ground set D ∪L by linear independence of the rows of the rigidity matrix.
The framework is said to be independent if the rows of R(G, p) are linearly
independent. Since the vectors (1, 0, 1, 0, . . . , 1, 0) and (0, 1, 0, 1, . . . , 0, 1) be-
long to the null space of R(G, p), rank R(G, p) ≤ 2|V |−2, and rank R(G, p)
remains unchanged if we delete the two columns indexed by any vertex of
G. The framework (G, p) is infinitesimally rigid if the rank of R(G, p) is
equal to 2|V | − 2. We will show that infinitesimal rigidity is a sufficient
condition for rigidity in any mixed framework and that the two concepts are
equivalent for generic mixed frameworks.

Theorem 2.1 Suppose that (G, p) is a mixed framework. If (G, p) is in-
finitesimally rigid then (G, p) is rigid. Furthermore, when (G, p) is generic,
(G, p) is infinitesimally rigid if and only if (G, p) is rigid.

Our proof of Theorem 2.1 uses elementary differential geometry and
is given in Appendix A. It is similar to an analogous result for length
frameworks due to Asimow and Roth [1].

Any two generic frameworks (G, p) and (G, q) have the same rigidity
matroid. We call this the (2-dimensional) rigidity matroid R(G) of the
mixed graph G. We denote the rank of R(G) by r(G). The mixed graph
G is independent if r(G) = |D| + |L|. Independent mixed graphs were
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characterized in [14]. This gives a characterization of the rigidity matroid
of a mixed graph. Theorem 2.1 implies that a mixed graph G is rigid if and
only if r(G) = 2|V | − 2.

3 Quasi-generic frameworks

A mixed framework (G, p) is quasi-generic if it is a translation of a generic
framework. We will be mostly concerned with quasi-generic frameworks in
which one vertex is positioned at the origin. Such frameworks are charac-
terized by the following elementary lemma.

Lemma 3.1 Let (G, p) be a framework with vertices {v1, v2, ..., vn}, p(v1) =
(0, 0) and p(vi) = (p2i−1, p2i) for 2 ≤ i ≤ n. Then (G, p) is quasi-generic if
and only if {p3, p4, . . . , p2n} is algebraically independent over Q. •

Our goal in this section is to show that if (G, p) is a quasi-generic rigid
framework, (G, q) is equivalent to (G, p), and p(v) = (0, 0) = q(v) for some
vertex v of G, then the field extensions Q(p) and Q(q) have the same alge-
braic closure. This will be a key fact in our proof that extensions preserve
global rigidity.

Let (G, p) be a mixed framework, where G = (V ;D,L). For v1, v2 ∈ V
with p(vi) = (xi, yi) let lp(v1, v2) = (x1 − x2)

2 + (y1 − y2)
2, and sp(v1, v2) =

(y1 − y2)/(x1 − x2) whenever x1 6= x2. Suppose e = v1v2 ∈ D ∪ L. We say
that e is vertical in (G, p) if x1 = x2. The length of e in (G, p) is given by
lp(e) = lp(v1, v2), and the slope of e by sp(e) = sp(v1, v2) whenever e is not
vertical in (G, p).

Let V = {v1, v2, . . . , vn} and D ∪ L = {e1, e2, . . . , em}. We view p as a
point (p(v1), p(v2), . . . , p(vn)) in R2n. Let T be the set of all points p ∈ R2n

such that (G, p) has no vertical direction edges. Then the rigidity map fG :
T → Rm is given by fG(p) = (h(e1), h(e2), . . . , h(em)), where h(ei) = lp(ei) if
ei ∈ L and h(ei) = sp(ei) if ei ∈ D. The rigidity map is related to the rigidity
matrix R(G, p) by the fact that each row in the evaluation of the Jacobian
of the rigidity map at the point p ∈ T , dfG|p, is a non-zero scalar multiple
of the corresponding row of R(G, p), and hence rank dfG|p = rank R(G, p).

The proofs of our first two lemmas use some elementary algebraic geom-
etry and are given in Appendix B. They are analogous to results for length
frameworks given in [9].

Lemma 3.2 Suppose that G = (V ;D,L) is an independent mixed graph
and (G, p) is a quasi-generic realization of G. Then fG(p) is generic.

9



Given a point p ∈ Rn we use Q(p) to denote the field extension of Q

by the coordinates of p. Given fields K,L with K ⊆ L the transcendence
degree of L over K, td[L : K], is the size of the largest subset of L which is
algebraically independent over K, see [5]. We use K̃ to denote the algebraic
closure of K. Note that td[K̃ : K] = 0.

A mixed graph G = (V ;D,L) is minimally rigid if it is both rigid and
independent (and hence satisfies |D| + |L| = 2|V | − 2).

Lemma 3.3 Let G be a minimally rigid mixed graph and (G, p) be a re-
alization of G with no vertical edges and with p = (0, 0, p3, p4, p5, . . . , p2n).
Suppose that fG(p) is generic and let L = Q(p) and K = Q(fG(p)). Then
(p3, p4, p5, . . . , p2n) is generic and K̃ = L̃.

Lemma 3.4 Suppose that (G, p) and (G, q) are equivalent realizations of a
minimally rigid mixed graph G = (V ;D,L) and that (G, p) is quasi-generic.
Then q(u) 6= q(v) for all uv ∈ D.

Proof: By applying suitable translations to (G, p) and (G, q) we may sup-
pose that p = (0, 0, p3, p4, p5, . . . , p2n) and q = (0, 0, q3, q4, q5, . . . , q2n). Let
D0 = {uv ∈ D : q(u) = q(v)} and H = G − D0. By Lemma 3.2, fH(p)
is generic. Since (G, p) and (G, q) are equivalent, (H, q) has no vertical di-
rection edges. Hence fH(q) is well defined and we have fH(q) = fH(p).
Thus

td[Q(fH(q)) : Q] = |(D − D0) ∪ L| = 2n − 2 − |D0|. (1)

Let S = {q(v) : v ∈ V }. We have td[Q(q) : Q] ≤ 2|S|−2 since q(v) = (0, 0)
for at least one vertex v ∈ V . Since each coordinate of fH(q) is a ratio of
two polynomial functions of the coordinates of q, we have Q(fH(q)) ⊆ Q(q).
Thus

td[Q(fH(q)) : Q] ≤ 2|S| − 2. (2)

Suppose that D0 6= ∅. We shall show that, under this assumption,
equations (1) and (2) give a contradiction. Let V0 be the set of vertices of
G incident with edges of D0. Let F = (V0,D0), let F1, F2, . . . , Fc be the
connected components of F , and put Vi = V (Fi) for 1 ≤ i ≤ c. Note that
F has minimum degree at least one so |Vi| ≥ 2 for all 1 ≤ i ≤ c. Since G is
independent and F is a subgraph of G, F is independent. Since F is pure,
we have |E(Fi)| ≤ 2|Vi| − 3 for all 1 ≤ i ≤ c. Thus

|D0| =
c∑

i=1

|E(Fi)| ≤
c∑

i=1

(2|Vi| − 3) = 2
c∑

i=1

|Vi| − 3c. (3)
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The fact that, for each i ∈ {1, 2, . . . , c}, we have q(u) = q(v) for all u, v ∈ Vi,
implies that |S| ≤ n −

∑c
i=1

|Vi| + c. Thus

2|S| − 2 ≤ 2n − 2
c∑

i=1

|Vi| + 2c − 2 ≤ 2n − 2 − |D0| − c. (4)

Substituting into (2), we contradict (1). Thus D0 = ∅. •

Theorem 3.5 Suppose that (G, p) is a rigid quasi-generic mixed framework,
(G, q) is equivalent to (G, p), and p(v) = (0, 0) = q(v) for some v ∈ V . Then
(G, q) is quasi-generic and the algebraic closures of Q(p) and Q(q) are the
same.

Proof: Let H be a minimally rigid spanning subgraph of G. By Lemma
3.2, fH(p) is generic. Lemma 3.4 and the facts that (G, p) is quasi-generic
and is equivalent to (G, q) imply that (G, q) has no vertical edges. Thus
fH(q) is well defined and fH(q) = fH(p) is generic. By Lemma 3.3, (H, q)
is quasi-generic and the algebraic closures of Q(p) and Q(q) are both equal
to the algebraic closure of Q(f(p)). •

We close this section with an illustration of how the above results can
be applied to a generic mixed framework which is ‘almost’ rigid.

Lemma 3.6 Let G = (V ;D,L) be a mixed graph with r(G) = 2|V |−3, and
let (G, p) and (G, q) be equivalent realizations of G. Suppose that (G, p) is
quasi-generic and that the set U = {u ∈ V : q(u) = q(v) for some v ∈
V −u} is not empty. Then U induces a maximal direction rigid subgraph of
G and q(u) = q(v) for all u, v ∈ U .

Proof: We first consider the case when G is independent, and hence |D|+
|L| = 2|V | − 3. The proof of Lemma 3.4 applies to G word by word until
the end of (4), except that (1) must be replaced by

td[Q(fH(q)) : Q] = |(D − D0) ∪ L| = 2n − 3 − |D0|, (5)

due to the fact that G now has one less edge. We can use (5), (2), (3),
and (4) to deduce that c = 1 and hence F1 = F = (V0,D0). Furthermore,
equality must hold in (3) and (4), so |D0| = 2|V0| − 3 and |S| = n− |V0|+ 1.
This implies that U = V0 and, by using the fact that G is independent, that
(V0,D0) is direction rigid. This in turn implies that U induces a maximal
direction rigid subgraph of G and q(u) = q(v) for all u, v ∈ U .
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When G is not independent we may apply the above argument to a
maximal independent subgraph H of G to deduce that U induces a max-
imal direction rigid subgraph of H and q(u) = q(v) for all u, v ∈ U . The
fact that r(G) = r(H) now implies that U also induces a maximal direction
rigid subgraph of G. •

Lemma 3.6 has implications for the continuous motion of a generic mixed
framework (G, p) with r(G) = 2|V | − 3. It is possible that such a motion
may arrive at an equivalent framework (G, q) with q(u) = q(v) for distinct
u, v ∈ V . (Consider for example the graph consisting of two vertices joined
by one direction edge.) Lemma 3.6 tells us that if this does occur then all
co-incindent pairs of vertices of (G, q) are mapped onto the same point, and
that the union of all these pairs induces a maximal direction rigid subgraph
of G. A special case of this result when |L| = 1 is stated by Streinu in [15,
Theorem 4].

4 Extensions and globally linked pairs

In this section we prove that mixed versions of the Henneberg operations
preserve global rigidity. We first prove this for the 0-extension operation.

Theorem 4.1 Let G = (V ;D,L) be a mixed graph, v ∈ V , with d(v) = 2
and vu, vw ∈ D, and H = G − v. Then G is globally rigid if and only if H
is globally rigid.

Proof: We first suppose that H is globally rigid. Let (G, p) be a generic
framework and (G, q) be equivalent to (G, p). Since H is globally rigid, we
may assume (by applying a suitable translation and/or dilation by −1) that
p|H = q|H . In particular, p(u) = q(u) and p(w) = q(w). Since vu, vw ∈ D,
this implies that p(v) = q(v). Thus (G, p) and (G, q) are congruent. Hence
G is globally rigid.

We next suppose that G is globally rigid. Let (H, p′) be a generic frame-
work and (H, q′) be equivalent to (H, p′). Choose a point P ∈ R2 such that
p′(V − v) ∪ {P} is generic. Let (G, p) be the generic realization of G with
p(x) = p′(x) for all x ∈ V − v and p(v) = P . Let Q be the point of intersec-
tion of the lines through q′(u) and q′(w) with slopes sp(v, u) and sp(v,w),
respectively. Let (G, q) be the realization of G with q(x) = q′(x) for all
x ∈ V − v and q(v) = Q. Then (G, p) and (G, q) are equivalent. Since G
is globally rigid, (G, p) and (G, q) are congruent. Hence (H, p′) and (H, q′)
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are congruent. •

To prove a similar result concerning 1-extensions we need a few more
definitions. Let (G, p) be a generic mixed framework and u, v ∈ V . The
pair {u, v} is globally distance linked, respectively globally direction linked,
in (G, p) if, in all equivalent frameworks (G, q), we have lp(u, v) = lq(u, v),
respectively sp(u, v) = sq(u, v). It is globally linked in (G, p) if it is both glob-
ally distance linked and globally direction linked. The pair {u, v} is globally
distance linked, respectively globally direction linked or globally linked, in G
if it is globally distance linked, respectively globally direction linked or glob-
ally linked, in all generic frameworks (G, p). These notions were introduced
for length frameworks in [9]. Note that a mixed graph G is globally rigid
if and only if all pairs of vertices of G are globally linked. As an example
consider the mixed graph in Figure 5. The results of the next section will
imply that the vertex pair of the 2-separator of this mixed graph is globally
linked even though the whole graph is not globally rigid.

Consider a 1-extension operation in a mixed graph H which deletes the
edge uw and adds a new vertex v joined to vertices u,w, t. The next lemma
will imply that the pairs of neighbours of v in the extended graph G are
globally (direction and/or distance) linked, depending on the types of edges
incident with v, provided G− v = H − uw is rigid. As an easy corollary, we
shall then deduce that G is globally rigid if H is globally rigid and H − uw
is rigid.

The proof of this lemma is somewhat lengthy, due to the fact that we have
to perform extensive (but elementary) calculations on systems of polynomial
equations and we need to consider three cases, depending on whether the
edges incident with v are all direction edges, all length edges, or are mixed.
Before presenting the details we sketch the main ideas of the proof. In each
of the three cases we consider a quasi-generic realization (G, p) of G and
an equivalent realization (G, q). Let {v1, v2, . . . , vn} be the set of vertices of
G, where v1 = u, v2 = w, v3 = t, and vn = v. We may suppose without
loss of generality that p(v1) = (0, 0), p(vi) = (p2i−1, p2i) for 2 ≤ i ≤ n,
q(v1) = (0, 0), and q(vi) = (q2i−1, q2i) for 2 ≤ i ≤ n. By Lemma 3.1,
{p3, p4, . . . , p2n} is algebraically independent over Q.

Let p′ = p|V −v and q′ = q|V −v. Consider the equivalent frameworks
(G − v, p′) and (G − v, q′). Since {p3, p4, . . . , p2n} is generic, (G − v, p′) is
quasi-generic. Since G − v is rigid, we may apply Theorem 3.5 to G − v to
deduce that K̃ = L̃ where K = Q(p′) and L = Q(q′). Thus q3, q4, q5, q6 ∈ K̃
and q3, q4, q5, q6 are algebraically independent over Q.
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The three edges (constraints) incident with v and the equivalence of
(G, p) and (G, q) give rise to three polynomial equations for the coordinates
of v and its three neighbours in the two realizations of G. From these equa-
tions we may obtain a polynomial f ∈ K̃[z1, z2] for which f(p2n−1, p2n) = 0,
and whose coefficients are polynomial functions of the coordinates of the
neighbours of v. Since {p3, p4, . . . , p2n} is algebraically independent over Q,
{p2n−1, p2n} is algebraically independent over K̃. Thus f ≡ 0, which implies
that each coefficient is zero. This gives rise to further polynomial equations
which can be used to deduce that the pairs of neighbours of v must be linked.
For example, by deducing that p4/p3 = q4/q3 we may conclude that the pair
(u,w) is globally direction linked.

Lemma 4.2 Let G = (V ;D,L) be a mixed graph and v ∈ V (G) with d(v) =
3. Let vu, vw, vt be the edges incident to v and suppose that G − v is rigid.
(a) If {vu, vw, vt} ⊆ D, then {u,w}, {u, t} and {w, t} are globally direction
linked in G.
(b) If {vu, vw, vt} ⊆ L, then {u,w}, {u, t} and {w, t} are globally distance
linked in G.
(c) If {vu, vw, vt}∩D 6= ∅ 6= {vu, vw, vt}∩L, then {u,w}, {u, t} and {w, t}
are globally linked in G.

Proof: Note that v must have three distinct neighbours in cases (a) and (b),
but may only have two distinct neighbours in case (c). Relabelling if neces-
sary, we may suppose that u 6= w 6= t in all cases. Let V = {v1, v2, . . . , vn},
where v1 = u, v2 = w, v3 = t if u 6= t, and vn = v. Let (G, p) be a quasi-
generic realization of G and (G, q) be an equivalent realization. We may
suppose without loss of generality that p(v1) = (0, 0), p(vi) = (p2i−1, p2i) for
2 ≤ i ≤ n, q(v1) = (0, 0), and q(vi) = (q2i−1, q2i) for 2 ≤ i ≤ n. By Lemma
3.1, {p3, p4, . . . , p2n} is algebraically independent over Q.

Let p′ = p|V −v and q′ = q|V −v. Consider the equivalent frameworks
(G − v, p′) and (G − v, q′). Since {p3, p4, . . . , p2n} is generic, (G − v, p′) is
quasi-generic. Since G − v is rigid, we may apply Theorem 3.5 to G − v to
deduce that K̃ = L̃ where K = Q(p′) and L = Q(q′). Thus q3, q4, q5, q6 ∈ K̃
and q3, q4, q5, q6 are algebraically independent over Q.

Proof of (a) Since (G, q) is equivalent to (G, p), we have the following
equations:

q2n/q2n−1 = p2n/p2n−1 (6)

(q2n − q4)/(q2n−1 − q3) = (p2n − p4)/(p2n−1 − p3) (7)

(q2n − q6)/(q2n−1 − q5) = (p2n − p6)/(p2n−1 − p5). (8)
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We may rewrite each of the above equations as:

q2np2n−1 = p2nq2n−1 (9)

q2n(p2n−1 − p3) − q2n−1(p2n − p4) = q4(p2n−1 − p3) − q3(p2n − p4)(10)

q2n(p2n−1 − p5) − q2n−1(p2n − p6) = q6(p2n−1 − p5) − q5(p2n − p6)(11)

Using equations (9) and (10) we obtain

q2n−1p4 − q2np3 = q3(p4 − p2n) − q4(p3 − p2n−1). (12)

Similarly, using equations (9) and (11), we obtain

q2n−1p6 − q2np5 = q5(p6 − p2n) − q6(p5 − p2n−1). (13)

We may solve (12) and (13) for q2n−1 and q2n and then substitute into (9)
to obtain

a2,0p
2
2n−1 + a0,2p

2
2n + a1,1p2n−1p2n + a1,0p2n−1 + a0,1p2n + a0,0 = 0,

where ai,j ∈ K̃. This means, that there is a polynomial

f = a2,0z
2
1 + a0,2z

2
2 + a1,1z1z2 + a1,0z1 + a0,1z2 + a0,0 ∈ K̃[z1, z2]

such that f(p2n−1, p2n) = 0. Since {p3, p4, . . . , p2n} is algebraically inde-
pendent over Q, {p2n−1, p2n} is algebraically independent over K̃. Thus
f ≡ 0. We have, a2,0 = q4p6 − q6p4, a0,2 = q3p5 − q5p3 and a1,1 =
q6p3−q4p5+q5p4−q3p6. Putting a2,0 = 0 we obtain p6 = q6p4/q4. Similarly,
a0,2 = 0 implies that p5 = q5p3/q3. We may substitute these values for p5, p6

into the equation a1,1 = 0 to obtain p4/p3 = q4/q3. Thus the pair (u,w) is
globally direction linked. Symmetry now implies that (u,w) and (w, t) are
also globally direction linked.

Proof of (b) Since (G, q) is equivalent to (G, p), we have the following
equations:

q2
2n−1 + q2

2n = p2
2n−1 + p2

2n (14)

(q2n−1 − q3)
2 + (q2n − q4)

2 = (p2n−1 − p3)
2 + (p2n − p4)

2 (15)

(q2n−1 − q5)
2 + (q2n − q6)

2 = (p2n−1 − p5)
2 + (p2n − p6)

2. (16)

Using equations (14) and (15) we obtain

q3(2q2n−1 − q3) + q4(2q2n − q4) = p3(2p2n−1 − p3) + p4(2p2n − p4). (17)
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Similarly, using equations (14) and (16), we obtain

q5(2q2n−1 − q5) + q6(2q2n − q6) = p5(2p2n−1 − p5) + p6(2p2n − p6). (18)

We may solve (17) and (18) for q2n−1 and q2n and then substitute into (14)
to obtain

a2,0p
2
2n−1 + a0,2p

2
2n + a1,1p2n−1p2n + a1,0p2n−1 + a0,1p2n + a0,0 = 0,

where ai,j ∈ K̃. We may deduce, as in (a), that ai,j = 0 for all 0 ≤ i+ j ≤ 2.
In particular,

a2,0 = (p3q6 − p5q4)
2 + (p3q5 − p5q3)

2 − (q3q6 − q5q4)
2 = 0

a0,2 = (p4q6 − p6q4)
2 + (p4q5 − p6q3)

2 − (q3q6 − q5q4)
2 = 0

a1,1 = p3(p4q
2
6 + p4q

2
5 − p6q3q5 − p6q4q6) +

p5p6q
2
3 + p5p6q

2
4 − p4p5q4q5 − p4p5q3q5 = 0.

We may solve the a1,1-equation for p3 and substitute into the a2,0-equation
to obtain (q3q6 − q5q4)

2b2,0 = 0, where

b2,0 = p2
5[(p4q6−p6q4)

2 +(p4q5−p6q3)
2]− [q6(p4q6−p6q4)+q5(p4q5−p6q3)]

2.

Since q3, q4, q5, q6 are algebraically independent over Q, we have (q3q6 −
q5q4)

2 6= 0 and hence b2,0 = 0. If we now use the a0,2-equation to replace
p2
5(p4q6 − p6q4)

2 + (p4q5 − p6q3)
2, q2

6(p4q6 − p6q4)
2, and q2

5(p4q5 − p6q3)
2 by

p2
5(q3q6 − q5q4)

2, q2
6[(q3q6 − q5q4)

2 − (p4q5 − p6q3)
2], and q2

5 [(q3q6 − q5q4)
2 −

(p4q6 − p6q4)
2], respectively, in the b2,0-equation, we obtain

(q3q6 − q5q4)
2(p2

5 + p2
6 − q2

5 − q2
6) = 0.

Since (q3q6 − q5q4)
2 6= 0, this gives (p2

5 + p2
6) − (q2

5 + q2
6) = 0. Thus the pair

(u, t) is globally distance linked. Symmetry now implies that (u,w) and
(w, t) are also globally distance linked.

Proof of (c) We need to consider two cases, depending on whether v is
incident to two direction edges or two length edges.

Case 1: vu ∈ L and vw, vt ∈ D.
We first consider the subcase when u 6= t. Since (G, q) is equivalent to (G, p),
we have the following equations:

q2
2n−1 + q2

2n = p2
2n−1 + p2

2n (19)

(q2n − q4)/(q2n−1 − q3) = (p2n − p4)/(p2n−1 − p3) (20)

(q2n − q6)/(q2n−1 − q5) = (p2n − p6)/(p2n−1 − p5). (21)
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Using equation (20) we obtain

q2n−1(p4 − p2n) − q2n(p3 − p2n−1) = q3(p4 − p2n) − q4(p3 − p2n−1). (22)

Similarly, using equation (21), we obtain

q2n−1(p6 − p2n) − q2n(p5 − p2n−1) = q5(p6 − p2n) − q6(p5 − p2n−1). (23)

We may solve (22) and (23) for q2n−1 and q2n and then substitute into (19)
to obtain

∑
0≤i+j≤4

ai,jp
i
2n−1p

j
2n = 0, where ai,j ∈ K̃ for all 0 ≤ i + j ≤ 6.

Again we have ai,j = 0 for all 0 ≤ i + j ≤ 4. In particular,

a4,0 = (p6 − p4)
2 − (q6 − q4)

2 = 0

a3,1 = 2((p5 − p3)(p6 − p4) − (q5 − q3)(q6 − q4)) = 0

a3,0 = 2[(p6 − p4)(p4p5 − p6p3) + (q6 − q4)(p4q3 − p6q5) +

(q6 − q4)
2(p5 + p3)] = 0

a0,3 = 2[(p5 − p3)(p3p6 − p5p4) + (q5 − q3)(p3q4 − p5q6) +

(q5 − q3)
2(p6 + p4)] = 0.

The a4,0-equation tells us that q6 − q4 = α(p6 − p4) for some α ∈ {1,−1}.
Substituting into the a3,1- and a3,0-equations, we obtain q5−q3 = α(p5−p3),
and (p6 − p4)(p6[p5 − αq5] − p4[p3 − αq3]) = 0. Since p6 6= p4, we may use
both equations to deduce that p3 = αq3 and p5 = αq5. A similar argument
using the a4,0-, a3,1- and a0,3-equations gives p4 = αq4 and p6 = αq6. Hence
either pi = qi for all 3 ≤ i ≤ 6 or pi = −qi for all 3 ≤ i ≤ 6. Thus {u,w},
{u, t} and {w, t} are globally linked in G.

The subcase when u = t can be handled similarly. We replace each
of p5, p6, q5, q6 by zero in the above analysis. The resulting a4,0- and a3,1-
equations then imply that (p3, p4) = ±(q3, q4) and hence (u,w) is globally
linked in G.

Case 2: vu ∈ D and vw, vt ∈ L.
We first consider the subcase when u 6= t. Since (G, q) is equivalent to (G, p),
we have the following equations:

q2n/q2n−1 = p2n/p2n−1 (24)

(q2n−1 − q3)
2 + (q2n − q4)

2 = (p2n−1 − p3)
2 + (p2n − p4)

2 (25)

(q2n−1 − q5)
2 + (q2n − q6)

2 = (p2n−1 − p5)
2 + (p2n − p6)

2. (26)
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Using equations (25) and (26) we obtain

(2q2n−1 − q3 − q5)(q5 − q3) + (2q2n − q4 − q6)(q6 − q4) =

(2p2n−1 − p3 − p5)(p5 − p3) + (2p2n − p4 − p6)(p6 − p4). (27)

We may solve (24) and (27) for q2n−1 and q2n and then substitute into (25)
to obtain

∑
0≤i+j≤4

ai,jp
i
2n−1p

j
2n = 0, where aij ∈ K̃ for all 0 ≤ i + j ≤ 4.

Again we have ai,j = 0 for all 0 ≤ i + j ≤ 4. In particular,

a4,0 = (q5 − q3)
2 − (p5 − p3)

2 = 0

a0,4 = (q6 − q4)
2 − (p6 − p4)

2 = 0

a3,1 = 2(−p5p6 − p3p4 + p3p6 + p4p5 + q5q6 − q3q6 − q5q4 + q3q4) = 0

a3,0 = (p5 − p3)(p
2
5 − p2

3 + p2
6 − p2

4 + q2
4 − q2

6) − (p5 + p3)(q5 − q3)
2 = 0

a0,3 = (p6 − p4)(p
2
6 − p2

4 + p2
5 − p2

3 + q2
3 − q2

5) − (p6 + p4)(q6 − q4)
2 = 0

The a4,0-equation tells us that (q5 − q3)
2 = (p5 − p3)

2. We may use this
to replace (q5 − q3)

2 by (p5 − p3)
2 in the last term of the a3,0 equation to

obtain (p5−p3)(p
2
6−p2

4+q2
4−q2

6) = 0. Since {p3, p4, . . . , p2n} is algebraically
independent over Q, (p5−p3) 6= 0. Thus p2

6−p2
4 = q2

6 −q2
4. We may combine

this with the a4,0-equation to deduce that p2
4 = q2

4 and p2
6 = q2

6 . A similar
analysis using the a0,4- and a0,3-equations yeilds p2

3 = q2
3 and p2

5 = q2
5. Thus

pi = αiqi for some αi ∈ {1,−1} and all 3 ≤ i ≤ 6. Substituting into the
a3,1-equation we obtain

(1 − α5α6)q5q6 + (1 − α3α4)q3q4 + (α3α6 − 1)q3q6 + (α4α5 − 1)q4q5 = 0.

Since {q3, q4, q5, q6} is algebraically independent over Q, all coefficients must
be zero. This implies that all the αi are equal and hence either pi = qi for
all 3 ≤ i ≤ 6 or pi = −qi for all 3 ≤ i ≤ 6. Thus {u,w}, {u, t} and {w, t}
are globally linked in G.

The subcase when u = t can be handled similarly. We replace each of
p5, p6, q5, q6 by zero in the above analysis. The resulting a4,0-, a0,4- and a3,1-
equations then imply that (p3, p4) = ±(q3, q4) and hence (u,w) is globally
linked in G. •

Theorem 4.3 Let G be a 1-extension of a mixed graph H, so H = G −
v + uw for some vertex v of G where u,w are neighbours of v. Suppose that
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H −uw is rigid and that x, y are vertices of H. If (x, y) is globally linked in
H then (x, y) is globally linked in G.

Proof: Suppose (G, p) is a generic mixed framework and that (G, q) is
equivalent to (G, p). Let p′ = p|V −v and q′ = q|V −v. Since G− v = H − uw
is rigid, Lemma 4.2 implies that {u,w} is globally direction linked in G if
G is a direction 1-extension of H, that {u,w} is globally distance linked in
G if G is a distance 1-extension of H, and that {u,w} is globally linked in
G if G is a mixed 1-extension of H. Thus (H, p′) and (H, q′) are equivalent.
Since {x, y} is globally linked in H, we have

lp(x, y) = lp′(x, y) = lq′(x, y) = lq(x, y)

and
sp(x, y) = sp′(x, y) = sq′(x, y) = sq(x, y).

Thus {x, y} is globally linked in G. •

We can now deduce our second result on mixed versions of the Henneberg
operations.

Theorem 4.4 Let H be a globally rigid mixed graph with |V (H)| ≥ 3 and
G be obtained from H by a 1-extension, which deletes an edge uw and adds
a vertex v joined to vertices u,w, t. Suppose that H − uw is rigid. Then G
is globally rigid.

Proof: Theorem 4.3 and the fact that H is globally rigid imply that all pairs
{x, y} ⊆ V − v are globally linked in G. Suppose (G, p) is a generic frame-
work and that (G, q) is equivalent to (G, p). Let p′ = p|V −v and q′ = q|V −v.
Since all pairs {x, y} ⊆ V − v are globally linked in G, we may assume
(by applying a suitable translation and/or rotation by 180◦ to (G, p)) that
p′ = q′. Since (G, p) is generic and dG(v) = 3, this implies that we must also
have p(v) = q(v). Thus (G, p) and (G, q) are congruent. •

Note that Theorems 1.3 and 1.4 are slightly reformulated versions of
Theorems 4.1 and 4.4, respectively.

5 Globally linked pairs in mixed circuits

The notion of global linkedness, which was introduced and used in the pre-
vious section to prove our main results on 1-extensions, may also be useful
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in applications (for example in the localization problem of sensor networks)
and leads to the general question of how to identify globally linked pairs in
mixed graphs.

The results of Section 4, together with some results from [10], can be
used to characterize the globally linked pairs and the ‘globally rigid clusters’
in mixed circuits. We shall need the following three lemmas. A mixed graph
G is a pure circuit if the edge set of G is pure and forms a circuit in the
direction-length rigidity matroid of G.

Lemma 5.1 [10, Lemma 3.7] Let G be a mixed graph.
(a) Suppose G is the 2-sum of two mixed graphs G1 and G2. If G1 is a
mixed circuit and G2 is a pure circuit, then G is a mixed circuit.
(b) Suppose G is a mixed circuit and (H1,H2) is a 2-separation of G, where
V (H1) ∩ V (H2) = {u, v} and H2 is pure. Let Gi be obtained from Hi by
adding a new edge uv of the same type as the edges of H2. Then G1 is a
mixed circuit, G2 is a pure circuit and G = G1 ⊕2 G2.

Lemma 5.2 Let G1 be a mixed circuit and G2 be a 3-connected pure length
circuit. Let G = G1 ⊕2 G2, where the 2-sum is obtained along the length
edge xy ∈ E(G1) ∩ E(G2). Then {x, y} is globally distance linked in G.

Proof: We will use induction on |V (G2)|. If G2 = K4, with V (G2) =
{v, t, x, y}, then G − v = G1 − xy + t + {tx, ty}. Since G1 is redundantly
rigid, G1 − xy, and hence also G − v, are rigid. By Lemma 4.2(b), {x, y} is
globally distance linked in G. Thus we may suppose that |V (G2)| ≥ 5.

By [2, Theorem 5.9] there exists a vertex v ∈ V (G2) − {x, y}, with
N(v) = {u,w, t}, such that Gv

2 = G2 − v + uw is a 3-connected pure length
circuit. Let H = G1 ⊕2 Gv

2 be the 2-sum along the edge xy. By induc-
tion, {x, y} is globally distance-linked in H. Since H is a mixed circuit by
Lemma 5.1(a), H − uw is rigid. Lemma 4.2(b) now implies that {u,w} is
globally distance linked in G. Since {x, y} is globally distance-linked in H
and H − uw ⊆ G, it follows that {x, y} is globally distance-linked in G. •

Lemma 5.3 Let G be a mixed circuit and {u, v} be a direction unbalanced
2-separator of G. Then {u, v} is globally distance linked in G.

Proof: We will use induction on |V (G)|. Since G has a direction unbalanced
2-separator, it follows from Lemma 5.1(b) that we can express G as G =
G1 ⊕2 G2, where G1 is a mixed circuit and G2 is a pure length circuit. Sup-
pose that the 2-sum is obtained along the length edge xy ∈ E(G1)∩E(G2).
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Then xy is not a length edge of G. By choosing {x, y} so that G2 is mini-
mal, we may also ensure that G2 is 3-connected. By Lemma 5.2, {x, y} is
globally distance linked in G. Thus we may suppose that {u, v} 6= {x, y}.
Since G2 is 3-connected, {u, v} is a 2-separator of G1. By induction, {u, v}
is globally distance linked in G1. Since {x, y} is globally distance linked in
G and (G1 − xy) ⊆ G, it follows that {u, v} is also globally distance linked
in G. •

The core of a 2-connected mixed graph G = (V ;D,E), C(G), is defined
to be the maximal subset of V in which no pair of vertices is separated by
a direction unbalanced 2-separation of G. It can be seen that the core of
G is unique and can be obtained by the following recursive procedure. If G
is direction balanced then put C(G) = V . Otherwise choose a 2-separation
(H1,H2) with V (H1) ∩ V (H2) = {a, b} and H2 length pure. Let G1 be
obtained from H1 by adding a new length edge ab and put C(G) = C(G1).
For example, the core of the mixed graph in Figure 5 is the set of vertices
on the mixed side of its unique 2-separation. A globally rigid cluster of G
is a maximal subset of V in which all pairs of vertices are globally linked in
G. Globally linked pairs and globally rigid clusters in a mixed circuit are
determined by its core:

Theorem 5.4 Let G = (V ;D,L) be a mixed circuit and let C be its core.
Then
(a) a pair {u, v} ⊆ V is globally linked in G if and only if {u, v} ⊆ C,
(b) C is the only globally rigid cluster of G.

Proof: Since (b) follows immediately from (a) we need only prove (a).
We first suppose that {u, v} 6⊆ C. Then there exists a direction unbal-

anced 2-separation (H1,H2) of G with V (H1) ∩ V (H2) = {a, b}, H2 length
pure, and {u, v} 6⊆ V (H1). Let (G, p) be a generic realization of G and (G, q)
be the equivalent realization obtained from (G, p) by reflecting (H2, p|H2

) in
the line through p(a) and p(b). Then lp(u, v) 6= lq(u, v) or sp(u, v) 6= sq(u, v)
(or both), so {u, v} is not globally linked in G.

We next suppose that {u, v} ⊆ C. If G is direction balanced then G is
globally rigid by Theorem 1.6, so we may assume that G has a direction un-
balanced 2-separation (H1,H2) with V (H1)∩V (H2) = {a, b} and H2 length
pure. Since {u, v} ⊆ C we have {u, v} ⊆ V (H1). Let G1 be obtained from
H1 by adding a new length edge ab. By Lemma 5.1(b), G1 is a mixed circuit.
Furthermore, G1 has the same core as G. By induction {u, v} is globally
linked in G1. Since {a, b} is globally distance linked in G by Lemma 5.3 and
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G1 − ab ⊆ G, {u, v} is globally linked in G. •

Note that, in the analogous result to Theorem 5.4(b) for length frame-
works given in [9], a graph G = (V,E) may contain several globally rigid
clusters and the union of these clusters is equal to V .

By using similar techniques to [9] it is also possible to characterize
‘uniquely localizable vertices’ in a mixed circuit, with respect to a given
set P ⊆ V of ‘pinned’ vertices. We can also determine the number of non-
congruent generic realizations of an arbitrary mixed circuit.

6 Concluding remarks

We have shown that, under certain conditions, mixed versions of the Hen-
neberg operations preserve global mixed rigidity. We use these results in
[10], together with new inductive constructions, to give a characterization
for globally rigid mixed circuits, see Theorem 1.6. The characterization of
globally length rigid graphs was first given in [2] for the special case when
the edge set of the graph is a circuit in the length rigidity matroid. The
complete characterization was then obtained in [8] by extending the result
to ‘M -connected graphs’, i.e. to graphs with a connected length rigidity ma-
troid. It is conceivable that a similar approach could be used to show that
an M -connected mixed graph is globally rigid if and only if it is direction
balanced. Such a result would not give a complete characterization, how-
ever, because M -connectivity is not a necessary condition for global rigidity
in mixed graphs. This can be seen by considering, for example, any mini-
mally rigid mixed graph with exactly one length edge. Characterizing global
rigidity in mixed graphs which are not M -connected appears to be a more
difficult open problem.
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A Proof of Theorem 2.1

We will need some basic concepts and results from differential topology.
Let U be an open subset of Rm and f : U → Rn be a smooth map. For
X ⊂ Rn let f−1(X) = {u ∈ U : f(u) ∈ X}. Let k be the maximum rank
of the Jacobian df |u over all u ∈ U . A point u ∈ U is a regular point of
f if rank df |u = k, and f(u) is a regular value of f if f−1(f(u)) contains
only regular points. If f(u) is a regular value of f , then f−1(f(u)) is an
(m − k)-dimensional manifold (see [12, Lemma 1, page 11]).

We will use the rigidity matrix R(G, p) and the rigidity map fG associ-
ated to a mixed graph G = (V ;D,L) as defined in Sections 2 and 3. We will
also use the observations made in these sections that rank R(G, p) remains
unchanged if we delete the two columns indexed by any vertex of G, and
that rank dfG|p = rank R(G, p).

Lemma A.1 Let G = (V ;D,L) be a mixed graph and (G, p) be a realiza-
tion of G such that its rigidity matrix R(G, p) has maximum rank over all
realizations of G. Then (G, p) is rigid if and only if (G, p) is infinitesimally
rigid.

Proof: Let V = {v1, v2, . . . , vn}. If p(vi) = p(vj) for some direction edge
e = vivj then e would have no effect on the rigidity or global rigidity of
(G, p) so could be deleted. Hence we may suppose that this does not occur.
We may now choose our coordinate system such that (G, p) has no vertical
direction edges and has p(v1) = (0, 0). Let T be the set of all points q ∈ R2n

such that (G, q) has no vertical direction edges and has q(v1) = (0, 0). For
each q = (0, 0, q3, q4, . . . , q2n) ∈ T let q̂ = (q3, q4, . . . , q2n) and put T̂ = {q̂ :
q ∈ T}. Then T̂ is an open subset of R2n−2. Define f : T̂ → R|D|+|L| by
f(q̂) = fG(q) and let k = rank df |p̂. We have rank dfG|q = rank R(G, q) =
df |q̂ for all q ∈ T since rank R(G, q) remains unchanged if we delete the
two columns indexed by v1. Hence p̂ is a regular value of f . By continuity,
there exists an open neighbourhood W ⊂ T̂ of p̂ such that rank df |ŵ = k
for all w ∈ W . Let g = f |W . Then f(p̂) is a regular value of g. Hence
M = g−1(g(p̂)) = f−1(f(p̂)) ∩ W is a (2n − 2 − k)-dimensional manifold.

Suppose (G, p) is not infinitesimally rigid. Then k = rank R(G, p) <
2n − 2 and hence M has dimension at least one. Thus we may choose a
sequence of points p̂i ∈ M−{p̂}, converging to p̂. Since p̂i ∈ M , f(p̂i) = f(p)
and hence (G, pi) is equivalent to (G, p). Since pi(v) = (0, 0) = p(v) and
p̂i 6= p̂, (G, pi) is not a translation of (G, p). Furthermore, when p̂i is close
enough to p̂, (G, pi) is not a dilation of (G, p) by −1. Hence (G, pi) is not
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congruent to (G, p) whenever pi is close enough to p. Thus (G, p) is not
rigid.

On the other hand, if (G, p) is infinitesimally rigid then M is a 0-
dimensional manifold and hence is a collection of discrete points in R2n−2.
Hence there exists an ǫ > 0 such that f(q̂) 6= f(p̂) whenever q ∈ T̂ and
‖p̂ − q̂‖ < ǫ. This implies that (G, p) is rigid. •

Lemma A.1 immediately implies Theorem 2.1 since rank R(G, p) is max-
imized in both the cases when (G, p) is infinitesimally rigid and when it is
generic.

B Proofs of Lemmas 3.2 and 3.3

A point x ∈ Rn is generic if its coordinates form an algebraically independent
set over Q.

Lemma B.1 Let fi and gi be non-zero polynomials with integer coefficients
in the indeterminates x1, x2, . . . , xn, and ri = fi/gi for 1 ≤ i ≤ m. Let Ti =
{x ∈ Rn : gi(x) 6= 0} for 1 ≤ i ≤ m and put T =

⋂m
i=1

Ti. Let f : T → Rm

by f(x) = (r1(x), r2(x), . . . , rm(x)). Suppose that maxx∈Rn{rank df |x} = m.
If p is a generic point in Rn, then p ∈ T and f(p) is a generic point in Rm.

Proof: Since p is generic, we have p ∈ T and rank df |p = m. Rela-
belling if necessary, we may suppose that the first m columns of df |p are
linearly independent. Let p = (p1, p2, . . . , pn). Define f ′ : Rm → Rm by
f ′(x1, x2, . . . , xm) = f(x1, x2, . . . , xm, pm+1, . . . , pn). Let p′ = (p1, p2, . . . , pm).
Then f ′(p′) = f(p) and rank df ′|p′ = m.

Let f ′(p′) = (β1, β2, . . . , βm). Suppose that h(β1, β2, . . . , βm) = 0 for
some polynomial h with integer coefficients. Then h(r1(p), r2(p), . . . , rm(p)) =
0. Since p is generic, we must have h(f ′(x)) = 0 for all x ∈ Rm. By the
inverse function theorem f ′ maps a sufficiently small open neighbourhood
U of p′ diffeomorphically onto f ′(U). Thus h(y) = h(f ′(x)) = 0 for all
y ∈ f ′(U). Since h is a polynomial map and f ′(U) is an open subset of Rm,
we have h = 0. Hence f ′(p′) = f(p) is generic. •

Lemma B.2 Let fi and gi be non-zero polynomials with integer coefficients
in the indeterminates x1, x2, . . . , xn and ri = fi/gi for 1 ≤ i ≤ n. Let
Ti = {x ∈ Rn : gi(x) 6= 0} for 1 ≤ i ≤ n and put T =

⋂n
i=1

Ti. Let
f : T → Rn by f(x) = (r1(x), r2(x), . . . , rn(x)). Suppose that f(p) is a
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generic point in Rn for some p ∈ T . Let L = Q(p) and K = Q(f(p)). Then
K̃ = L̃.

Proof: Since ri(x) is a ratio of two polynomials with integer coefficients,
we have ri(p) ∈ L for all 1 ≤ i ≤ n. Thus K ⊆ L. Since f(p) is generic,
by Lemma B.1 we have td[K : Q] = n. Since K ⊆ L and L = Q(p) we
have td[L : Q] = n. Thus K̃ ⊆ L̃ and td[K̃ : Q] = n = td[L̃ : Q]. Sup-
pose K̃ 6= L̃, and choose γ ∈ L̃ − K̃. Then γ is not algebraic over K so
S = {γ, f1(p), f2(p), . . . , fn(p)} is algebraically independent over Q. This
contradicts the facts that S ⊆ L̃ and td[L̃ : Q] = n. •

Proof of Lemma 3.2: Choose a generic framework (G, q) conguent to
(G, p). Since G is independent, rank dfG|q = |D| + |L|. Hence Lemma B.1
implies that fG(q) is generic. The lemma now follows since fG(p) = fG(q).
•

Proof of Lemma 3.3: Let the vertices of G be v1, v2, . . . , vn. Let T be the
set of all points q ∈ R2n such that (G, q) has no vertical direction edges and
q(v1) = (0, 0). For each q = (0, 0, q3, q4, . . . , q2n) ∈ T let q̂ = (q3, q4, . . . , q2n)
and put T̂ = {q̂ : q ∈ T}. Define f : T̂ → R2n−2 by

f(q3, q4, . . . , q2n) = fG(0, 0, q3, q4, . . . , q2n).

Let p̂ = (p3, p4, . . . , p2n). Then f(p̂) = fG(p) is generic by hypothesis. We
have L = Q(p̂) and K = Q(f(p̂)). By Lemma B.2, K̃ = L̃. Furthermore,
2n − 2 = td[K̃, Q] = td[L̃, Q]. Thus p̂ is a generic point in R2n−2. •
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