
Solution to Exercise 7.1 We have to show that, in each case,

xgh = (xg)h and x1 = x.

[The first condition guarantees that the action is a homomorphism. The
second implies that the map x 7→ xg is a permutation, so that the image of
the homomorphism is contained in the symmetric group.]

(a) We have

xgh = x(gh) = (xg)h = (xg)h,

x1 = x1 = x.

(b) We have

xgh = (gh)−1x = (h−1g−1)x = h−1(g−1x) = h−1(xg) = (xg)h,

x1 = 1−1x = x.

(c) We have

xgh = (gh)−1xgh = h−1g−1xgh = h−1(xg)h = (xg)h,

x1 = 1−1x1 = x.

In cases (a) and (b), the action is transitive: there is just one orbit. For,
given any x, y ∈ G, we have x(x−1y) = y and (yx−1)x = y.

In case (c), the orbits are the conjugacy classes, and so the number of
orbits is just the number of conjugacy classes of G.

Solution to Exercise 7.2 Two actions of G on sets X, Y are isomorphic
if and only if there is a bijection between the G-orbits in the two sets so that
corresponding orbits are isomorphic.

So the number of actions (up to isomorphism) is equal to the number of
ways of writing n as a sum of positive integers from the multiset A (so that,
for example, if A contains m occurrences of the number k, then a specification
for the sizes of orbits which requires us to use the number k say s times will

have

(
s + m− 1

s

)
ways of picking them.

This is exactly the same as the number of ways of paying a bill of n
pence where A is the multiset of denominations of coins available, and we
are allowed to have more than one type of coin with the same value.
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Now Exercise 4.4 (the solution is on the web page) gives the generating
function required.

Exercise 4.4 also permits us to conclude that g(n) ∼ cnr−1, where r is the
number of transitive actions up to isomorphism.

For example, the Klein group V4
∼= C2 × C2 has one transitive action

on sets of size 1, three on sets of size 2, and one on sets of size 4 (up to
isomorphism); so

∑

n≥0

g(n)xn =
1

(1− x)(1− x2)3(1− x4)
,

and g(n) ∼ cn4 for some constant c.

Solution to Exercise 7.3 We use the figure-counting series 1 + x + y,
where x, y, 1 correspond to faces coloured red, blue and white respectively.

The cycle index is

1

24
(s6

1 + 3s2
1s

2
2 + 6s2

1s4 + 6s3
2 + 8s2

3),

so the required polynomial is

1

24
((1 + x + y)6 + 3(1 + x + y)2(1 + x2 + y2)2 + 6(1 + x + y)2(1 + x4 + y4)

+ 6(1 + x2 + y2)3 + 8(1 + x3 + y3)2),

which you can work out with diligence.

Solution to Exercise 7.5 The first part asks for an orbit count for the
cyclic group of order 10. This group contains the identity, one element of
order 2 (with five 2-cycles), four elements of order 5 (with two 5-cycles), and
four of order 10 (each with a single 10-cycle). So its cycle index is

1

10
(s10

1 + s5
2 + 4s2

5 + 4s10).

The figure-counting sequence is simply 2. (If we wanted to count the number
of necklaces with each possible number of black beads, use 1 + x instead.)
So the number of orbits is

1

10
(210 + 25 + 4 · 22 + 4 · 21) = 108.
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If we allow turning over the necklace, we use instead of the cyclic group
the dihedral group. The ten new elements all have order 2, but symmetries of
a 10-gon about an axis through opposite vertices have two fixed points and
four 2-cycles (there are five such elements), while symmetries about an axis
through the mid-points of opposite edges have five 2-cycles (there are five of
these also). So the cycle index of the dihedral group is

1

20
(s10

1 + 6s5
2 + 5s2

1s
4
2 + 4s2

5 + 4s10),

and the number of orbits is

1

20
(210 + 6 · 25 + 5 · 26 + 4 · 22 + 4 · 21) = 78.
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