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Suppose that we are interested in the price of some security as it evolves
over time. Let the present time be time 0, and iet S{v) denote the price
of the security a time y from the present. We say that the collection of
prices S(y), 0 < y < oo, follows a geometric Brownian motion with
drift parameter u and volatility parameter o if, for all nonegative values
of y and ¢, the random variable

St +y)
S(y)

is independent of all prices up to time y; and if, in addition,

S{t -+ v)

log
VO Sy

is a normal random variable with mean w4/ and variance to 2.

In other words, the series of prices will be a geometric Brownian mo-
tion if the ratio of the price a time ¢ in the future to the present price will,
independent of the past history of prices, have a lognormal probability
distribution with parameters ¢ and ro'?.

It follows that a consequence of assuming a security’s prices follow a
geometric Brownian motion is that, once u and ¢ are determined, it is
only the present price ~ and not the history of past prices — that affects
probabilities of future prices. Furthermore, probabilities concerning the
ratio of the price a time ¢ in the future to the present price will not de-
pend on the present price. {Thus, for instance, the model implies that
the probability a given security doubles in price in the next month is the
same no matter whether its present price is 10 or 25.)

It turns out that, for a given initial price $(0), the expecied value of
the price at time ¢ depends on both of the geometric Brownian motion
parameters. Specifically, if the initial price is sy, then
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ELS®)] = soe! 72,

Thus, under geometric Brownian motion, the expected price grows at
the rate p + /2.

3.2 Geometric Brownian Metion as a Limit
of Simpler Models

Let A denote a small increment of time and suppose that, every A time
units, the price of a security either goes up by the factor u with proba-
bility p or goes down by the factor d with probability I — p, where

mlfx.w_

u= mq,\w, d

nnmw+mém.
2 o)

That is, we are supposing that the price of the security changes only at

times that are integral multiples of A; at these times, it either goes up

by the factor u or down by the factor d.

As we take A smaller and smaller, so that the price changes occur
more and more frequently (though by factors that become closer and
closer to 1), the collection of prices becomes a geometric Brownian mo-
tion. Consequently, geometric Brownian motion can be approximated
by a relatively simple process, one that goes either up or down by fixed
factors at regularly specified times.

Letus now verify that the preceding model becomes geometric Brown-
ian motion as we let A become smaller and smaller. To begin, let ¥;
equal 1 if the price goes up at time iA, and let it be 0 if it goes down.
Now, the number of times that the security’s price goes up in the first
n time increments is Y :_, ¥;, and the number of times it goes down is

i=l
n— 3 7., Y. Hence, S(nA), its price at the end of this time, can be
expressed as

S(nA) = EQ:MW% A i

or _
UNE Y
S(nd) = d"SO)

If we now let n == 1/A, then the preceding equation can be expressed as
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where Equation (3.1) used the definitions of 1 and d. Now, as A goes
to 0, there are more and more terms in the summation MM\ND_ Y:: hence,
by the central imit theorem, this sum becomes more and more normal,
impiying from Equation (3.1) that log(S(2)/ 8 (0)) becomes a normal ran-

dom variable. Moreover, from Equation (3.1) we obtain that
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Furthermore, Equation (3.1} yields that

1/
Var{ log mew = 457A M Var(¥;) (by independence)
P==|
= h@b%@ — )
~ ot (since, for small A, p = 1/2).

Thus we see that, as A becomes smaller and smaller, log(S(r)/5(0))
(and, by the same reasoning, log(S(r + ¥)/S8(v))) becomes a normal
random variable with mean gt and variance fo2. In addition, because
successive price changes are independent and each has the same proba-
bility of being an increase, it follows that S(r + v}/ 5(y) is independent
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of earlier price changes before time y. Hence, as A goes to 0, both con-
ditions of geometric Brownian motion are met, showing that the model
indeed becomes geometric Brownian motion.

3.3 Brownian Moiion

Geometric Brownian motion can be considered to be a variant of a fong-
studied model known as Brownian motion. It is defined as follows.

Definition  The collection of prices S(y), 0 < y < oo, is said to fol-
fow a Brownian motion with drift parameter o and variance parameter
o® if, for all nonegative values of y and 1, the random variable

S+ y)— S{y)

1s independent of all prices up to time y and, in addition, is a normal
random variable with mean wf and variance o2,

Thus, Brownian motion shares with geometric Brownian motion the
property that a future price depends on the present and all past prices
only through the present price; however, in Brownian motion it is the
difference in prices (and not the logarithm of their ratio) that has a nor-
mal distribution.

The Brownian motion process has an distinguished scientific pedi-
gree. It ts named after the English botanist Robert Brown, who first
described (in 1827) the unusual motion exhibited by a small particle
that is totally immersed in a Liquid or gas. The first explanation of this
motion was given by Albert Einstein in 1905. He showed mathemati-
cally that Brownian motion could be explained by assuming that the im-
mersed particle was continually being subjected to bombardment by the
molecules of the surrounding medium. A mathematically concise defi-
nition, as well as an elucidation of some of the mathematical properties
of Brownian motion, was given by the American applied mathematician
Norbert Wiener in a series of papers originating in 1918.

Interestingly, Brownian motion was independently introduced in 1900
by the French mathematician Bachelier, who used it in his doctoral dis-
sertation to model the price movements of stocks and commodities.
However, Brownian motion appears to have two major flaws when used




36 Geometric Brownidil Maotion

to model stock or commodity prices. First, since the price of a stock 18 2
normal rapdom variable, it can theoretically becoms negative. Second,
the assumption that a price difference OVEF anl interval of fixed length has
the same normal distribution no matter what the price at the peginning of
the interval does not sceml totally reasonable. For instance, many peo-
ple might not think that the probability a stock presently selling at $20
would drop to $15 {a loss of 25%) in one month would be the same as
the probability that when the stock is at $10 1t would drop to $5 (a loss
of 50%) in one month.

The geometric Brownian motion model, on the other hand, possesses
neither of these flaws. Since it is now the logarithm of the stock’s price
that is a normal random variable, the model does not allow for negative
stock prices. In addition, since it is the ratios of prices separated by a
fixed length of time that have the same distribution. geometric Brownian
motion makes what many {feel is the more reasonable assumption that it

is the percentage change in price, and pot the absolute change, whose

probabilities do not depend on the present price. However, it should
be noted that — in both of these models — once the model parameters i
and ¢ are determined, the only information that is needed for predict-
ing future prices is the present price; information about past prices 18
irrelevant.

34 Exercises

Fxercise 3.1  Suppose that S(y). ¥ = 0,154 m,ooBms.wo Brownian mo-
tion with drift parameter (4 = 01 and volatility parameter o = 2.1
S(0) = 100, find:

() E[SUOY;
(by P{S(10) > 100}
(c) P{S(10) < 110}

Exercise3.2 Repeat Exercisc 3.1 when the volatility parameter isequal
0 4.

Exercise 3.3 Repeat Exercise 3.2 when the volatility parameter is
equal to .0.
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Exercise 3.4 It can be shown that if X is a normal random variable
with mean m and variance v?, then

mHNXH — m..:uﬂcmxm.
Use this result to verify the formula for E[S()] given in Section 3.1

Exercise 3.5 Usethe result of the preceding exercise to find Var(S(1))
when S{0) = s¢-
Hint: Use the identity

Var(X) = E[X’] — (EIXD.
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4. Interest Rates and
Present Value Analysis

4.1 Interest Rates

If you borrow the amount P (called the principaf), which must be re-
paid after a time 7 along with simple interest at rate 7 per time 7, then
the amount to be repaid at time T 18

P+rP = P(l+r).

That is, you must repay both the principal P and the interest, equal to
the principal times the interest rate. For instance, if you borrow $100 to
be repaid after one year with a simple interest rate of 5% per year {ie,
# = .03), then you will have to repay $105 at the end of the year.

Example 4.1a  Suppose that you borrow the amount P, to be repaid
- after one year along with interest at a rate  per year compounded semi-
annually. What does this mean? How much is owed in a year?

Solution. In order to solve this example, you must realize that having
your interest compounded semiannually means that after half a year you
are to be charged simple interest at the rate of r/2 per half-year, and that
interest is then added on to your principal, which is again charged inter-
est at rate r/2 for the second half-year period. In other words, after six
months you owe

P(i+4r/2).

This is then regarded as the new principal for another six-month loan at
interest rate »/2; hence, at the end of the year you will owe

PA+r/2)(0+r/2) = P+ r/2)". ]

Example 4.1b  If you borrow $1,000 for one year at an interest rate of
8% per year compounded quarterly, how much do you owe at the end of
the year?
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Solution. Aninterest rate of 8% that is compounded quarterly is equiv-
alent to paying simple interest at 2% per quarter-year, with each succes-
sive quarter charging interest not only on the original principal but also
on the interest that has accrued up to that point. Thus, after one quarter
you owe

1,000(1 4+ .02);

after two guarters you owe

1,000(1 + .02)(1 + .02) = 1,000(1 + .02)%;
after three quarters you owe

£,000(1 + .02)*(1 +.02) = 1,000(1 + .02)*;
and after four quarters you owe

1,000(1 + .02)° (1 + .02) = 1,000(1 + .02)* = $1,082.40. O

Exampled.1¢c  Many credit-card companies charge interest at a yearly
rate of 18% compounded monthly. If the amount P is charged at the be-
ginning of a year, how much is owed at the end of the year if no previous
payments have been made?

Solution. Such a compounding is equivalent to paying simple interest
every month at a rate of 18/12 = 1.5% per month, with the accrued in-
terest then added to the principal owed during the next month. Hence,
after one year you will owe

P+ .015)'% = 1.1956P. 0

if the interest rate r is compounded then, as we have seen in Examples
4.1b and 4.1c, the amount of interest actually paid is greater than if we
were paying simple interest at rate r. The reason, of course, is that in
compounding we are being charged interest on the interest that has al-
ready been computed in previous compoundings. In these cases, we call
r the nominal interest rate, and we define the effective interest rate, call
it Foit,y Uu\

amount repaid at the end of a year — P
Feff = .
P
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For instance, if the loan is for one year at a nominal interest rate r that is
to be compounded quarterly, then the effective interest rate for the year

15
reie = (14 r/4)" — 1.

Thus, in Example 4.1b the effective interest rate is 8.24% whereas in
Example 4.1c it is 19.56%. Since

P{1 + rer) = amount repaid at the end of a year,

ithe payment made in a one-year loan with compound interest is the same
as if the loan calied for simple interest at rate ro per year.

Example 4.1d The Doubling Rule I you put funds into an account
that pays interest at rate r compounded annually, how many vears does
1t take for your funds to double?

Selution. Since your initial deposit of D will be worth D (1 + r)" after
n years, we need to find the value of » such that

(1+r" =2

Now,

g

1]
L+ = AII,H
Pt
&m..:.

where the approximation is fairly precise provided that » is not too smatl.
Therefore,

implying that o2) 693

s F

1

Thus, it will take n years for your funds to double when

i
nR -,
r
For instance, if the interest rate is 1% (r == .01) then it will take approx-

imately 70 years for your funds to double; if r = .02, it will take about
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35 years; if r = .03, it will take about Nww years; if » = .05, it will take
about 14 years; if r = .07, it will take about 10 years; and if r = .10, it
will take about 7 years.

As a check on the preceding approximations, note that (to three—
decimal-place accuracy):

(1.0 = 2.007,

(1.02)7 = 2.000,

(1.03)7 = 1.993,

(1.05)" = 1.980,

(1.07H"Y = 1.967,
(1.10)7 = 1.949. 0l
Suppose now that we borrow the principal P for one year at a nominal
interest rate of r per year, compounded continuously. Now, how much
is owed at the end of the vear? Of course, to answer this we must first
decide on an appropriate definition of “continuous” compounding. To
do so, note that if the loan is compounded at » equal intervals in the year,
then the amount owed at the end of the year is P{1 4+ r/n)". As it is rea-

sonable to suppose that continuous compounding refers to the limit of
this process as n grows larger and larger, the amount owed at time 1 is

P lim(l+r/n)* = Pe’.

i1 — 00

Example 4.1e If a bank offers interest at a nominal rate of 5% com-
pounded continuously, what is the effective interest rate per year?

Solution. The effective interest rate is

e® 12 05127

~
|
0

That is, the effective interest rate is 5.127% per year. 0

It the amount P is borrowed for ¢ years at a nominal interest rate of r
per year compounded continuously, then the amount owed at time ¢ is
Pe’'. This follows because if interest is compounded n times during the
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year, then there would have been nz compoundings by time 7, giving a
debt level of P(1 + r/n)". Consequently, under continuous compound-
ing the debt at time r would be

nt HN 1

. r . F
Plm{1l+4+ ~ =Pl Im([1+ —
n

H—0C N0 n
r
= Pe’'.

{t follows from the preceding that continuous compounded interest at
raie 7 per unit time can be interpreted as being a continuous compound-
ing of a nominal interest rate of r¢ per (unit of time) 7.

4.2 Present Value Analysis

Suppose that one can both borrow and loan money at a nominal rate
# per period that is compounded periodically. Under these conditions,
what 1s the present worth of a payment of v dolars that will be made
at the end of period /7 Since a bank loan of v(1 + r)™ would require a
payoff of v at period i, it follows that the present value of a payoff of v
to be made at time period i is v(1 + ).

The concept of present value enables us to compare different income
streams to see which is preferable.

Example4.2a  Suppose that you are 1o receive payments (in thousands
of dollars) at the end of each of the next five years. Which of the fol-
lowing three payment sequences is preferable?

A. 12, 14,16, 18, 20;
B. 16, 16,15, 15, 15;
C. 20,16, 14, 12, 10.

Solution. If the nominal interest rate is » compounded yearly, then the
present value of the sequence of payments x; § = 1,2, 3,4, 5) is

5
>+ 0

IES]

the sequence having the largest present value is preferred. It thus fol-
lows that the superior sequence of payments depends on the interest rate.
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Table 4.1: Present Values

Payment Sequence

r A B C

59.21 58.60 56.33
2 4570 46.39 45.69
3 36.49 37.89 38.12

If r is small, then the sequence A is best since its sum of payments is
the highest. For a somewhat larger value of r, the sequence B would be
best because - although the total of its payments (77) is less than that of
A {80) — its earlier payments are larger than are those of A. For an even
larger value of r, the sequence C, whose earlier payments are higher
than those of either A or B, would be best. Table 4.1 gives the present
values of these payment streams for three different values of r.

It should be noted that the payment sequences can be compared ac-
cording to their values at any specified time. For instance, to compare
them in terms of their time-5 values, we would determine which se-
quence of payments yields the largest value of

3

DU+ = (14 )] MUQ +7) s

fz=] i=1

Consequently, we obtain the same preference ordering as a function of
interest rate as before. O

Remark. Letthe given interest rate be r, compounded yearly. Any cash

flow stream a = a,, aa, ..., a,, that returns you a; dollars at the end of
yeari (foreachi =1, ..., n) can be replicated by depositing
dy a» ay
PV(a) = —' - + e
) l+7 (4 (1 Fyn

in a bank at time 0 and then making the successive withdrawals a,, as,
-+~ ay. To verify this claim, note that withdrawing a, at the end of year |
would leave you with
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(14 7) I SR S -
;
1+r  (1+7)? 1+

S M.
1+ 1+ r)n-!

on deposit. Thus, after withdrawing a» at the end of year 2 you would
have
[25) a,

=+ -

" ) as y
i+r Q:TWV:IM

Gen T aEnT

(1+7) —a =
Continuing, it follows that withdrawing a; at the end of year i {{ < n)
would leave you with

il + + Ay
(1+7r) (1 +ryn=i

on deposit. Consequently, you would have a,/(1 +r) on deposit after
withdrawing a,,_, and this is just enough to cover your next withdrawal
of a, at the end of the following year.

In a similar manner, the cash flow sequence 4y, 42, .. ., @, can be trans-
formed into the initial capital PV(a) by borrowing this amount from a
bank and then using the cash flow to pay off this debt. Therefore, any
cash flow sequence is equivalent to an initial reception of the present
value of the cash flow sequence, thus showing that one cash flow se-
quence is preferable to another whenever the former has a larger present
value than the latter. O

Example4.2b A company needs a certain type of machine for the next
five years. They presently own such a machine, which is now worth
$6,000 but will lose $2,000 in value in each of the next three years, after
which it will be worthless and unuseable. The (beginning-of-the-year)
value of its yearly operating cost is $9,000, with this amount expected
to increase by $2,000 in each subsequent year that it is used. A new ma-
chine can be purchased at the beginning of any year for a fixed cost of
$22.000. The lifetime of a new machine is six years, and its value de-
creases by $3,000 in each of its first two years of use and then by $4,000
in each following year. The operating cost of a new machine is $6,000
in its first year, with an increase of $1,000 in each subsequent year. If the
interest rate is 10%, when should the company purchase a new machine?
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Solution. The company can purchase a new machine at the beginning
of year I, 2, 3, or 4, with the following six-year cash flows (in units of
$1,000) as a result:

buy at beginning of year 1: 22,7, 8, 9, 10, —4;
« buy at beginning of year 2: 9, 24,7, 8, 9, —8§;
buy at beginning of year 3: 9, 11,26, 7, 8, —12;
buy at beginning of year 4: 9, 11, 13, 28, 7, —16.

To see why this listing is correct, suppose that the company will buy
a new machine at the beginning of year 3. Then its year-1 cost is the
$9,000 operating cost of the old machine; its year-2 cost is the $11,000
operating cost of this machine; its year-3 cost is the $22,000 cost of a
new machine, plus the $6,000 operating cost of this machine, minus the
$2.,000 obtained for the replaced machine; its year-4 cost is the $7,000
operating cost; its year-5 cost is the $8,000 operating cost; and its year-6
cost is —$12, 000, the negative of the value of the 3-year-old machine
that it no fonger needs. The other cash flow sequences are similarly
argued.

With the yearly interest rate r = .10, the present value of the first
cost-flow sequence is

7 8 9 10 4

22 4 e _ 16,083,
Tatay oy oy T a0

The present values of the other cash flows are similarly determined, and
the four present values are

46,083, 43,794, 43.760, 45.627.

Therefore, the company should purchase a new machine two years from
now. O

Example 4.2¢  An individual who plans to retire in 20 years has de-
cided to put an amount A in the bank at the beginning of each of the next
240 months, after which she will withdraw $1,000 at the beginning of
each of the following 360 months. Assuming a nominal yearly interest
rate of of 6% compounded monthily, how large does A need to be?

Selution. Let r = .06/12 = .005 be the monthly interest rate. With

B == ——, the present value of all her deposits is

ey ?
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. o ] — g2
A+ AB+ A+ -+ AB” Hbll.liiglm )

Similarly, if W is the amount withdrawn in the following 360 months,
then the present value of all these withdrawals is

. o - 360
«\M\EMLC 4 S\mxa.—._ R S\RUMV — S\EML: ~ |hwm .

Thus she will be able to fund all withdrawals (and have no money left
in her account) 1f

,b_ l mfo “ %mwﬁ; ] Euoc.
1— B 1 B

With W = 1,000, and g = 1/1.005, this gives
A =360.99.

That is, saving $361 a month for 240 months will enable her to withdraw
$1.000 a month for the succeeding 360 months.

Remark. In this example we have made use of the algebraic identity

1+bh+b2+ +s:tﬂzw£
+b+ ==

We can prove this identity by letting
x=1+b+b b
and then noting that
x—=1=b+b+-- +b"
s b4 b 4+ b
=h(x —b").

Therefore,
(1—b)x =1~-b""",

which yields the identity.
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It can be shown by the same technique, or by letting n 20 to infinity,
that when [£{ < 1 we have

1+b+b*+ = ——, O
+bh+b 4 -

Exampled4.2d A perpetuity entitles its holder to be paid the constant
amount ¢ at the end of each of an infinite sequence of years. That is, it
pays its holder ¢ at the end of year i foreach i = 1, 2, ..., If the inter-
est rate is », compounded yearly, then what is the present value of such
a cash flow sequence?

Solution. Because such a cash flow could be replicated by initially
putting the principle ¢/r in the bank and then withdrawing the interest
earned (leaving the principal intact} at the end of each period, whereas
it could not be replicated by putting any smaller amount in the bank, 1t
would seem that the present value of the infinite flow is ¢/r. This intu-
ition 1s easily checked mathematically by

C C [
PV = + = -
14~ Q+EN+C+JU+
SN PR
T l4r 14+r  (141)7?
R i
ITT:I%
.
= O
¥ .

Example 4.2e  Suppose you have just spoken to a bank about borrow-
ing $100,000 to purchase a house, and the loan officer has told you that a
$100,000 loan, to be repaid in monthly installments over 15 years with an
interest rate of .6% per month, could be arranged. If the bank charges a
loan initiation fee of $600, a house inspection fee of $400, and 1 “point,”
what is the effective annual interest rate of the Joan being offered?

Solution. To begin, let us determine the monthly mortgage payment,
call it A, of such a loan. Since $100,000 is to be repaid in 180 monthly
payments at an interest rate of .6% per month, it follows that
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Solution. The rate of return will be the solution to

60 + 60
I+r (1491

100 =

Letting x = 1/(1 + r), the preceding can be written as

60x* 4+ 60x — 100 = 0,
which yields that

L —60 % /602 + 4(60)(100)

120

Since —1 < r implies that x > (0, we obtain the solution

/27,600 — 60

2z 8844,
50 8844

X =

Hence, the rate of return 7 is such that

I

—— 2 | 131
8844

P+r¥
That is, the investment yields a rate of return of approximately 13.1%
per period. O

The rate of return of investments whose string of payments spans more
than two periods will usually have to be numerically determined. Be-
cause of the monotonicity of P(r), a trial-and-error approach is usually
quite efficient.

Remarks. (1) If we interpret the cash flow sequence by supposing that
by, ..., b, represent the successive periodic payments made to a lender
who loans a to a borrower, then the lender’s periodic rate of return »* is
exactly the effective interest rate per period paid by the borrower.

(2) The quantity r* is also sometimes called the internal rate of return.

Consider now a more general investment cash flow sequence ¢g, €1, .. .,
¢,. Here, if ¢; > O then the amount ¢; is received by the investor at the
end of period £, and if ¢; < O then the amount —¢; must be paid by the
investor at the end of period /. If we let
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Py=Y al+n™

=0

be the present value of this cash flow when the interest rate is r per pe-
riod, then in general there will not necessarily be a unique solution of
the equation

Piry=9

m the region r > —1. As a result, the rate-of-return concept is unclear
in the case of more general cash flows than the ones considered here. In
addition, even in cases where we can show that the preceding equation
has a unique solution r*, it may result that P(r) is not a monotone func-
tion of r; consequently, we could not assert that the investment vields a
positive present value return when the interest rate is on one side of r*
and & negative present value return when it is on the other side.

One general situation for which we can prove that there is a unique
solution is when the cash flow sequence starts out negative {resp. pos-
itive), eventually becomes positive (negative), and then remains non-
negative (nonpositive) from that point on. In other words, the sequence
€u, €1, -+, €, has a single sign change. It then follows — upon using
Descartes’ rule of sign, along with the known existence of at least one
solution — that there is a unique solution of the equation P(r) = 0 in the
region r > —1l.

4.4 Continuously Varying Interest Rates

Suppose that interest is continuously compounded but with a rate that is
changing in time. Let the present time be time 0, and let # () denote the
interest rate at time 5. Thus, if you put x in a bank at time s, then the

amount in your account at time s + 4 & x(1 4+ r(s)1)  (h small).

The quantity r (s) is called the spot or the instantaneous interest rate at
time s.

Let D(r) be the amount that you will have on account at time  if you
deposit | at time 0. In order to determine D(¢) in terms of the interest
rates r(s), 0 < 5 < ¢, note that (for # small) we have

Dis + B = D{sY{1 4+ r(s))
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or
Di(s+h)— D(s) = D(s)r(s)h
or
D(s +h) — D(s)
h

= D{s)r(s).

The preceding approximation becomes exact as & becomes smaller and
smaller. Hence, taking the limit as i — 0, it follows that

D'(s) = D{(s)r{s)

or
D'(s)

D{s)

I b\mhu . t
\og@a&ml‘\c rs)ds

log(D{t)) — log(D{O)) = ‘\ r(s)ds.
0

=r(s),

implying that

or

Since D(0) = 1, we obtain from the preceding equation that

D(t)y =exp \ r(s)ds
0

Now let P(¢) denote the present (i.e. time-0) value of the amount 1
that is to be received at timne ¢ (P(z) would be the cost of a bond that
yields a return of 1 at time 7; it would equal &7 if the interest rate were
always equal to r). Because a deposit of 1/D(¢) at time 0 will be worth
1 at time ¢, we see that

1

wo&na

== eXp l,\ ris)ds}. (4.3)
0

Let 7(z) denote the average of the spot interest rates up to time ¢; that is,

r{t)y = W,\c ris)ds.

The function (1), ¢ > 0, is called the vield curve.
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Example 4.4a Find the yield curve and the present value function if

l 5

F{s) = Fi+
&)=t e
Solution. Rewriting r(s) as
()= radb o2 520
FAS) = Fr -, 3 ,
: 45 a

shows that the yield curve is given by

1 ! Fy— Fa
ry) = - Fa + ——= }ds
® H\: B I3 ‘

Fy—Fa
=¥+ !:EWJMOWAH +1).

Consequently, the present value function is

P(t) = exp{—1F (1)}
= exp{--rat) exp{—log((1 +1)" "))
= exp{—rat} (1 + )27, .

4.5 Exercises

Exercise 4.1 What is the effective interest rate when the nominal in-
terest rate of 10% is

(a) compounded semiannually;
(b) compounded quarterly;
(¢) compounded continuously?

Exercise 4.2 Suppose that you deposit your money in a bank that pays
interest at a nominal rate of 10% per year. How long will it take for your
money to double if the interest is compounded continuously?

Exercise 4.3 If you receive 5% interest compounded yearly, approxi-
mately how many years will it take for your money to quadruple? What
if you were earning only 4%?
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Exercise 5.22 A (K|, 11, K2, 12) double call option is one that can be
exercised either at time £, with strike price K or at time t» (f» > 1)
with strike price K2. Argue that you would never exercise at time 1, if
K> Nia.twi_‘_.vwﬁu.

Exercise 5.23  Ina capped call option, the return is capped at a certain
specified value A. That is, if the option has strike price X and expiration
time 7, then the payoff at time ¢ is

min(A, (S() — K)*),

where S(z) is the price of the security at time 7. Show that an equivalent
way of defining such an option is to let

max(K, 5(t) — A)

be the strike price when the call is exercised at time ¢.

Exercise 5.24  Argue that an American capped call option should be
exercised early only when the price of the security is at least K + A.

Exercise 5.25 A function f(x)is said to be concave if, for all x, y and
0<h<l,

FOx+ A =2)y) = Af(x)+ (1= 1) F(3)-

(a) Give a geometrical interpretation of when a function is concave.
(b) Argue that f{x) is concave if and only if g(x) = — f(x) is convex.
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6. The Arbitrage Theorem

6.1 The Arbitrage Theorem

Consider an experiment whose set of possible outcomes is {1, 2, ..., m},
and suppose that n wagers concerning this experiment are available, If
the amount x is bet on wager i, then x7;(j) is received if the outcome
of the experimentis j (j =1, ..., m). In other words, r;(-) is the return
function for a unit bet on wager i. The amount bet on a wager is allowed
to be positive, negative, or zero.

A betting strategy is a vector X = (x, X2, ..., X,,), with the interpre-
tation that x; is bet on wager 1, x» is bet on wager 2, ..., x,, is bet on
wager #n. If the outcome of the experiment is j, then the return from the
betting strategy x is given by

i
return from x = M xr: ().

i=1

The following result, known as the arbitrage theorem, states that either
there exists a probability vector p = (py, p2, ..., pm) on the set of pos-
sible outcomes of the experiment under which the expected return of
each wager is equal to zero, or else there exists a betting strategy that
yields a positive win for each outcome of the experiment.

Theorem 6.1.1 (The Arbitrage Theorem)} Exactly one of the follow-
ing is true: Either
(a) there is a probability vector p == (py, pa, - .., Pm) Jor which

m

S pird =0 foralli=1,..,n,

j=1

or else
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(b} there is a betting strategy X = (x1, X2, ..., X, )} for which

> xiri(j) =0 forall j=1,...m
(=1

Proof. See Section 6.3,

If X is the outcome of the experiment, then the arbitrage theorem states
that either there is a set of probabilities ( py, p2, ..., pw) such that if

P{X=jl=p; forall j=1,...,m

then
Elr{(X)]=0 forall i=1,...,n,

or else there is a betting strategy that leads to a sure win. In other words,

either there is a probability vector on the outcomes of the experiment

that results in all bets being fair, or else there is a beiting scheme that
guarantees a win.

Definition Probabilities on the set of outcomes of the experiment that
result in all bets being fair are called risk-neutral probabilities.

Example 6.1a In some situations, the only type of wagers allowed are
ones that choose one of the outcomes ¢ (¢ = 1, ..., m) and then bet that
i is the outcome of the experiment. The return from such a bet is often
quoted in terms of odds. If the odds against outcome i are o; (often
expressed as “o; to 17), then a one-unit bet will return either o; if ¢ is
the outcome of the experiment or —1 if J is not the outcome. That is,
a one-unit bet on i will either win o; or lose 1. The return function for
such a bet is given by

) 0 if j= w.u
r(j) = A
-1 af j #u
Suppose that the odds o, 04, ..., 0, are quoted. In order for there not to
be & sure win, there must be a probability vector p = (p1, p2, ..., Pu)
such that, foreachi (i = 1,...,m),

0= E.[r{ X)) =0:p: — {1 — p:.
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That is, we must have .

P T

Since the p; must sum to 1, this means that the condition for there not

to be an arbitrage is that

1443

1

i==|

Thatis, if 3% (14 0;)7! # 1, then a sure win is possible. For instance,

suppose there are three possible outcomes and the quoted odds are as
follows.

Outcome  Odds

L3 P
I

That is, the odds against outcome 1 are 1 to I; they are 2 to 1 against
outcome 2; and they are 3 to 1 against outcome 3. Since

1t 1 I3

2 tsti= Tt
a sure win is possible. One possibility is to bet —1 on outcome | {so you
either win 1 1f the outcome is not 1 or you lose 1 if the outcome is 1) and
bet —.7 on outcome 2 (so you either win 7 if the outcome is not 2 or
vou lose 1.4 if it is 2), and .5 on outcome 3 (so you either win .5 if the
outcome is not 3 or you lose 1.5 if if is 3). If the experiment results in
outcome 1, you win —1 + .7+ .5 = .2; if it results in outcome 2, you
winl — 14+ .5 = .1; if it results in outcome 3, you win 14+ 7 - 1.5 =
.2. Hence, in all cases you win a positive amount. |

Example 6.1b  Let us reconsider the option pricing example of Sec-
tion 5.1, where the initial price of a stock is 100 and the price after one
period is assumed to be either 200 or 50. At a cost of C per share, we
can purchase at time O the option to buy the stock at time 1 for the price
of 150. For what value of C is no sure win possible?



84 The Arbitrage Theorem

Solution. In the context of this section, the outcome of the experiment
is the value of the stock at time 1; thus, there are two possible outcomes.
There are also two different wagers: to buy {or seli} the stock, and to
buy (or sell) the option. By the arbitrage theorem, there will be no sure
win if there are probabilities (p, 1 — p) on the outcomes that make the
expected present value return equal to zero for both wagers.

The present value return from purchasing one share of the stock is

200¢1 4+ 7y~F — 100  if the price is 200 at time 1,

roturn = 5001+ 7" — 100  if the price is 50 at time 1.

Hence, if p is the probability that the price is 200 at time 1. then

200 50
= — 100 [— -~ 100
Elreturn] = p s 4+ (I — p} T+
150 50
= — 100.
’ 1+ 7 + I—+r
Setting this equal o zero yields that
_b+2r
p=

Therefore, the only probability vector { p, 1 — p) that results in a zero ex-
pected return for the wager of purchasing the stock has p = (1+2r)/3.
In addition, the present value return from purchasing one option is

50(L + " — C if the price is 200 at time 1,

rewrn =y~ if the price is 50 at time 1.

Hence, when p = (1 -+ 2r)/3, the expected return of purchasing one

fion is
option is {42 50

3 14r

- C.

Elreturn] =

It thus follows from the arbitrage theorem that the only value of C for
which there will not be a sure win is

1+2r 30
¢ = trer .
3 1+4r
that 18, when o 50 -+ 1007
T340
which is in accord with the result of Section 5.1. £
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6.2 The Multiperiod Binomial Model

Let us now consider a stock option scenario in which there are n pertods
and where the nominal interest rate is r per period. Let $(0) be the ini-
tial price of the stock, and fori =1, ..., n let $(i) be its price at { time
periods later. Suppose that S(i) s either uS(i — 1) or dS(i - 1), where
d < 147 < u. Thatis, going from one time period to the next, the price
either goes up by the factor # or down by the factor 4. Furthermore, sup-
pose that at time 0 an option may be purchased that enables one to buy
the stock after # periods have passed for the amount K. In addition, the
stock may be purchased and sold anytime within these » time periods.

Let X; equal 1 if the stock’s price goes up by the factor u from period
i — 110 i, and let it equal O if that price goes down by the factor &. That
18,

1 i §G)=uS({-1),

=00 i sty =dsi - 1.

The outcome of the experiment can now be regarded as the value of the
vector (X, Xz, ..., X,,). It follows from the arbitrage theorem that, in
order for there not to be an arbitrage opportunity, there must be proba-
hilities on these outcomes that make all bets fair. That is, there must be
a set of probabilities

Nvﬁkm”.uﬁ_u...uk.;”.ﬂzvu \.ﬂ._ﬁ.”ouwu M”Hu.:“;q

that make all bets fair.

Now consider the following type of bet: First choose a value of i (i =
1,...,n)and a vector (x|, ..., x;..)) of zeros and ones, and then observe
the first / — 1 changes. If X; = x; foreach j =1,...,/ — 1, immedi-
ately buy one unit of stock and then sell it back the next period. I the
stock is purchased, then its cost at time i — 1 is S(i - 1); the time-(i — })
value of the amount obtained when 1t 18 then sold at time 7 is either
(14 1~'uS(@ — 1) if the stock goes up or {1+ 7)~'dS(i — 1) if it goes
down. Therefore, if we let

o= P{X =x,.. .. Xi_1=x_}
denote the probability that the stock is purchased, and let

p=PXi=1Xi=x,,.... Xisi=xi}
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(a) What is the no-arbitrage cost (at time 0) of this option?

(b} Is the cost of part (&) unique? Briefly explain.

(¢) If each price change is equally likely to be an up or a down move-
ment, what is the expected amount that an option holder receives at
the time of expiration?
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7. The Black-Scholes Formula

71 Introduction

In this chapter we derive the celebrated Black-Scholes formula, which
gives — under the assumption that the price of a security evolves ac-
cording to a geometric Brownian motion — the unique no-arbitrage cost
of a call option on this security. Section 7.2 gives the derivation of the
no-arbitrage cost, which is a function of five variables, and Section 7.3
discusses some of the properties of this function. Section 7.4 gives the
strategy that can, in theory, be used to obtain an abitrage when the cost
of the security is not as specified by the formula. Section 7.5, which
is more theoretical than other sections of the fext, presents simplified
derivations of (1) the computational form of the Black—Scholes formula
and (2) the partial derivatives of the no-arbitrage cost with respect to
each of its five parameters.

7.2 The Black—Scholes Formula

Consider a call option having strike price K and expiration time 7. That
is, the option allows one to purchase a single unit of an underlying secu-
rity at time 7 for the price K. Suppose further that the nominal interest
rate is r, compounded continuously, and also that the price of the secu-
rity follows a geometric Brownian motion with drift parameter p and
volatility parameter . Under these assumptions, we will find the unique
cost of the option that does not give rise to an arbitrage.

To begin, let S(y) denote the price of the security at time y. Because
{S(v), 0 = y < 1} follows a geometric Brownian motion with volatil-
ity parameter o and drift parameter ., the n-stage approximation of this
model supposes that, every ¢/n time units, the price changes; its new
value is equal to its old value multiplied either by the factor

1
u =™ with probability {1+ Kk Jin
a



96 The Black—Scholes Formula

or by the factor
. oo 1 H
d = ¢~ °Y"  with probability 3 1— mq):,\: .

Thus, the n-stage approximation model is an n-stage binomial model in
which the price at each time interval ¢/n either goes up by a multiplica-
tive factor u or down by a multiplicative factor d. Therefore, if we let

1 if S@ir/n)y = uS{( — 1yt/n),

Xi =Y o if S(it/n) = dS((i — De/n),

then it follows from the results of Section 6.2 that the only probability
law on Xi, ..., X, that makes all security buying bets fair in the n-stage
approximation model is the one that takes the X to be independent with

p=PX =1

1+4rt/n—4d
u—d
~oin 4 ytfn

l—e¢
mai:\: — g 1/n

Using the first three terms of the Taylor series expansion about § of the
function ¢ shows that

ooV 1 — o\ ftjn + 07t/ 2n,
eV 1 o oofTn + o720,
Therefore,

ot/ — o?tf2n +rtjn
2a+/ifn

1 r/tfn ovjt[n

2z 2o 4

1 F—of2
=11+
2 o4

=
&

t/n

That is, the unique risk-neutral probabilities on the n-stage approxima-
cim madel result from supposing that, in each period, the price either
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goes up by the factor V1M with probability p or goes down by the
factor e~V with probability § — p. But, from Section 3.2, it foliows
that as n1 — oo this risk-neutral probability law converges to geometric
Brownian motion with drift coefficient r — &?/2 and volatility parame-
ter o. Because the n-stage approximation model becomes the geometric
Rrownian motion as n becomes larger, it is reasonable to suppose (and
can be rigorously proven) that this risk-neutral geometric Brownian mo-
tion is the only probability law on the evolution of prices over time that
makes all security buying bets fair. (In other words, we have just argued
that if the underlying price of a security follows a geometric Brownian
motion with volatility parameter o, then the only probability law on the
sequence of prices that results in all security buying bets being fair is
that of a geometric Brownian motion with drift parameter r — o?/2 and
volatility parameter o.) Consequently, by the arbitrage theorem, either
options are priced to be fair bets according to the risk-neutral geometric
Brownian motion probability law or else there will be an arbitrage.
Now, under the risk-neutral geometric Brownian motion, S{(r)/S(0)
is a lognormal random variable with mean parameter (r — o?/2)t and
variance parameter o2t. Hence C, the unique no-arbitrage cost of a call
option to purchase the security at time ¢ for the specified price K, is

C = ¢ E[(S() — K)7]
= e TE[SO)Y — K)T], (7.1)
where W is a normal random variable with mean (r — &%/ 2)t and vari-
ance 6°1.

The right side of Equation (7.1) can be explicitly evaluated (see Sec-
tion 7.4 for the derivation) to give the following expression, known as
the Black-Scholes option pricing formula:

C = SO)(w) — Ke™"®(w — ov/1), (7.2)

where ,
rt +ot)2 — log(K/S(0)

o/t

and where @ (x) is the standard normal distribution function.

o =

Example 7.1a  Suppose that a security is presently selling for a price
of 30, the nominal interest rate is 8% (with the unit of time being one
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year), and the security’s volatility is .20. Find the no-arbitrage costof a
call option that expires in three months and has a strike price of 34.

Solution. The parameters are

t=.25 r=.08 o=20 K=34 S0 =30,

s0 we have
02 4 .005 — log(34/30)
w = 305 / ~= —1.0016.
Therefore,
C = 300(~1.0016) — 34e " B (—1.1016)
= 30(.15827) — 34(.9802)(.13532)
Az 2383,
The appropriate price of the option is thus 24 cents. O

Remarks. 1. Another way to derive the no-arbitrage option cost C is to
consider the unigue no-arbitrage cost of an option in the n-period ap-
proximation model and then fet n go to infinity.

2. Let C{s, ¢, K) be the no-arbitrage cost of an option having strike
price K and exercise time ¢ when the initial price of the security 18 5.
Thatis, C(s, 1, K) is the C of the Black—Scholes formula having S{0) =
5. If the price of the underlying security attime y (0 < y < 1} is $(y) =
sy, then C(sy, 1 — y, K} is the unique no-arbitrage cost of the option at
time y. This is because, at time y, the option will expire after an addi-
tional time t — y with the same exercise price K, and for the nextr — y
units of time the security will follow a geometric Brownian motion with
initial value s,

3. It follows from the put—call option parity formula given in Propo-

“sition 5.2.2 that the no-arbitrage cost of a European put option with
initial price s, strike price K, and exercise time ¢ —call it P(s, 7, K) -
is given by

Ps,t,K)=C(s.1,K)+ Ke™"" — s,

where C(s, 1, K) is the no-arbitrage cost of a call option on the same
stock.
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4. Because the risk-neutral geometric Brownian motion depends only
on o and not on u, it follows that the no-arbitrage cost of the option
depends on the underlying Brownian motion only through its volatility
parameter o and not its drift parameter.

5. The no-arbitrage option cost is unchanged if the security’s price
over time is assumed to follow a geometric Brownian motion with a
fixed volatility o but with a drift that varies over time. Because the
n-stage approximation model for the price history up to time ¢ of the
time-varying drift process is still a binomial up—down model with u =
e and d = e~V it has the same unique risk-neutral probabil-
ity law as when the drift parameter is unchanging, and thus it will give
rise to the same unique no-arbitrage option cost. {The only way that
a changing drift parameter would affect our derivation of the Black-
Scholes formula is by leading to different probabilities for up moves in
the different time periods, but these probabilities have no effect on the
the risk-neutral probabilities.)

7.3 Properties of the Black—Scholes Option Cost

The no-arbitrage option cost C = C(s, £, K, o, r} is a function of five
variables: the security’s initial price s; the expiration time ¢ of the op-
tion; the strike price K; the security’s volatility parameter o’; and the
interest rate r. To see what happens to the cost as a function of each of
these variables, we use Equation (7.1):

C(s,t, K, 0.r) = e "E[(s¢” — K)T1,

where W is a normal random variable with mean (r — 0?/2)¢ and vari-
e
ance ¢°1.

Propertiesof C = C(s,t, K, 0, 1)

1. C is an increasing, convex function of s.

This means that if the other four variables remain the same, then the
no-arbitrage cost of the option is an increasing function of the security’s
initial price as well as a convex function of the security’s initial price.
These results (the first of which is very intuitive) follow from Equation
(7.1). To see why, first note (see Figure 7.1) that, for any positive con-
stant a, the function e "*(sa — K)™ is an increasing, convex function
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Kila

Figure 7.1: The Increasing, Convex Function f(s) = e™"(sa — KO

~——_ )

a

Figure 7.2: The Pecreasing, Convex Function f(K) = e ""(a — K)*

of s. Consequently, because the probability distribution of W does not
depend on s, the quantity e ™"*(se" — K)7T is, for all W, increasing and
convex in s, and thus so is its expected value.

2. Cis a decreasing, convex function of K.

This follows from the fact that e™"(se" — K)* is, for all W, decreas-
ing and convex in K (see Figure 7.2), and thus so is its expectation.
(This is in agreement with the more general arbitrage argument made
in Section 3.2, which did not assume a model for the security’s price
evolution.)
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3. Cis increasing in t.

Although a mathematical argument can be given (see Section 7.4), a
simpler and more intuitive argument is obtained by noting that it is im-
mediate that the option cost would be increasing in 1 if the option were
an American call option (for any additional time to exercise could not
hurt, since one could always elect not to use it). Because the value of
a European call option is the same as that of an American call option
(Proposition 5.2.1), the result follows.

4. Cis increasing in 0.

Because an option holder will greatly benefit from very large prices
at the exercise time, while any additional price decrease below the ex-
ercise price will not cause any additional loss, this result seems at first
sight to be quite intuitive. However, it is more subtle than it appears,
because an increase in o results not only in an increase in the variance
of the logarithm of the final price under the risk-neutral valuation but
also in a decrease in the mean (since E[log(S(1)/S(0))] = (r — a2 ).
Nevertheless, the result is true and will be shown mathematically in Sec-
tion 7.4,

5. Cis increasing in r.

To verify this property, note that we can express W, a normal random
variable with mean (r — o*/2)¢ and variance to2, as

W =1t — 0 t/2 + o/t Z,

where Z is a standard normal random variable with mean 0 and vari-
ance 1. Hence, from Equation (7.1) we have that

C = E[(se™0 1HoVIL _ gomriy®y,

The result now follows because (se™? /2+oViZ _ go=rt y*, and thus its
expected value, is increasing in r. Indeed, it follows from the preced-
ing that, under the no-arbitrage geometric Brownian motion model, the
only effect of an increased interest rate is that it reduces the present value
of the amount to be paid if the option is exercised, thus increasing the
value of the option.

The rate of change in the value of the call option as a function of a change
in the price of the underlying security is described by the quantity delta,
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denoted as A. Formally, if C(s,t, K, o,r) 1s the Black—Scholes cost
valuation of the option, then A is its partial derivative with respect to s;
that is, ;
=—C(s,t,K,0.7).
as

In Section 7.4 we will show that
A = O{w)

where, as given in Equation (7.2),

w =

rt +o%t)2 — log(K/S(0))
o1 .
Delta can be used to construct investment portfolios that hedge against

risk. For instance, suppose that an investor feels that a call option is
underpriced and consequently buys the call. To protect himself against

a decrease in its price, he can simultaneously sell a certain number of -

shares of the security. To determine how many shares he should sell,
note that if the price of the security decreases by the small amount A
then the worth of the option will decrease by the amount kA, implying
that the investor would be covered if he sold A shares of the security.
Therefore, a reasonable hedge might be to sell A shares of the security
for each option purchased. This heuristic argument will be made pre-
cise in the next section, where we present the delta hedging arbitrage
strategy — a strategy that can, in theory, be used to construct an arbitrage
if a call option is not priced according to the Black—Scholes formula.

7.4 The Delta Hedging Arbitrage Strategy

In this section we show how the payoff from an option can be replicated
by a fixed initial payment (divided into an initial purchasing of shares and
an initial bank deposit, where either might be negative) and a continual
readjustment of funds. We first present it for the finite-stage approxima-
tion model and then for the geometric Brownian motion model for the
security’s price evolution.

To begin, consider a security whose initial price is s and suppose that,
after each time period, its price changes either by the multiple u or by
the multiple d. Let us determine the amount of money x that you must
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have at time 0 in order to meet a payment, at time 1, of @ if the price of
the stock is s at time 1 or of b if the price at time 1 is ds. To determine
x, and the investment that enables you to meet the payment, suppose
that you purchase y shares of the stock and then either put the remain-
ing x — ys in the bank if x — ys = O or borrow ys — x from the bank
if x — ys < 0. Then, for the initial cost of x, you will have a return at
time 1 given by

yus + (x — ys)(1+7r) if S(1) = us,

t ttime 1 =
return at time yds + {(x — ys)(1+r) if §(1) =ds,

where S(1) is the price of the security at time Land r is the interest rate
per period. Thus, if we choose x and y such that

vus + (x — ys)(1 +r) =a,

yds 4 (x = ys){(d +r) = b,
then after taking our money out of the bank (or meeting our loan pay-

ment) we will have the desired amount. Subtracting the second equation
from the first gives that

_ a—=b
Y= =y

Substituting the preceding expression for y into the first equation yields

a—b
=~ ]+ x(i+r)=a
o~ d
or
1 #— (147 u—IL—r
= 1 — b
T PR I
1 ~+_<I@_+_w$lﬁl_x
= a
147 u—d u—d
a b
= ]~ :
hw+w+m ETTN‘
where
iT_l.I&
P= w—-d
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7.5 Some Derivations

In Section 7.5.1 we give the derivation of Equation (7.2), the computa-
tional form of the Black—Scholes formula. In Section 7.5.2 we derive
the partial derivative of C(s, t, K, o, r) with respect to each of the quan-
tities s, ¢, K, o, and r.
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Let
Cis,t,K,a,r) = Ele™(S{(t) — K)7]

be the risk-neutral cost of a call option with strike price K and expira-
tion time ¢ when the interest rate is r and the underlying security, whose
mitial price is s, follows a geometric Brownian motion with volatility
parameter o. To dertve the Black—Scholes option pricing formula as
well as the partial derivatives of C, we will use the fact that, under the
risk-neutral probabilities, ${¢) can be expressed as

Sy = sexpl(r — o3/ 2)t + o/t Z}. (7.3)

where Z 18 a standard normal random variable.
Let I be the indicator random vartable for the event that the option
finishes in the money. That is,

[ 1 i S > K,
I'= 0 if S() < K. (7:4)

We will use the following lemmas.

Lemma 7.5.1 Using the representations (7.3) and (7.4},
1 if Z >0t —w,
0  otherwise,

where

P4+ ot/2 — log(K /s)
ot )
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Proof.
S(1) > K <= explr — oYt +o/iZ}) > K/s
log(K/s) — (r — o/ 2)t
== 7> =
ot

= Z > o/t - w. [

Eemma 7.5.2

E[I1= P{S(t) > K} = ®(w — a/1),

where © is the standard normal distribution function.

Proof. 1t follows from its definition that
E[l]= P{S(t) » K}
= P{Z > oy/T ~w}  (from Lemma 7.5.1)
= P{Z <w— o1}
= ®{w — Q)\MV. ]

Lemma 7.5.3
e "E[IS(D)] = s®(w).

Proof. With ¢ = o/t — w, it follows from the representation (7.3) and
Femma 7.5.1 that

1
~ 2
1

H z\miw Qﬁw:wlqm\wvl .\XoxEIQN lqu\m\i\ﬁ&a
i ¢

- )\Mrmm: exp{—(x — ov/1)%/2} dx
o ¢

e~ dx

E[18(1)] n\ sexp{(r — o%/2)t + o/tx}

1 o 3

= ge”’ PRy (by letting y = x — /1)
Do v\l,& y Y gY¥

=s5e"'P{Z > —w)

= se" ' ®{w). O
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Theorem 7.5.1 (The Black—Scholes Pricing Formula)

C(s,t, K, 0,7) = sP(w) ~ Ke " ®(w — /7).

Proof.
C(s, 1, K, 0,7y = e "E[(5(t) — K)7]
=e "E[I(S() — K)]
= e "E[I(S(t)] — Ke "E[]],
and the result follows from Lemmas 7.5.2 and 7.5.3. O

7.5.2 The Partial Derivatives

Let
C=C(s,t,K,0,r) = E[e™(S(¢) — K)] = Ele "'I{S(t) — K)}

be the Black—Scholes call option formula, where I is defined by (7.4).
Let x be one of the five parameters s, ¢, K, o, r. To determine

JoR R ~
Mwnmm.ﬂm I(S() ~ K},

we will make use of the fact that the partial derivative and the expecta-
tion operation can be interchanged. This gives

aC 5

Because al
— =0 if S(t) #K,
ax

we see, on using the chain rule for the derivative of a product, that

2 oS~ K) = 1 S0 ~ Ky if S0 £ K.
ax 0x

Because P{S(t) = K} = 0, we can conclude from the preceding that

ac _ E NWW:QS — K. (7.5)
dx ax
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We will now derive the partial derivatives of C with respect to X, 3,
and r.

Propesition 7.5.1

oC )
Yo —e "D (w — o/1).

Proof. Because S$(r) does not depend on K,
|m..m|:ﬁw3 — K) = —e "
oK .

Using Equation (7.5}, this gives

ac El—1e~]
ok~ e
=—e"E[]]
= —e™""P(w — o),
where the final equality used Lemma 7.5.2. O

As noted previously, 5 is called delta.

s

Proposition 7.5.2
acC &
— = ®{w).
ds (@)

Proof. Using the representation of Equation (7.3}, we see that

m. >m,w .wh..
—e (St~ K) =" — @) lnlvmi:.
% % ,m.

Hence, by Equation (7.5),

aC e ‘
== = S EISO)
as $
= O (w),
where the final equality used Lemma 7.5.3. 0

The partial derivative of C with respect to r s called rho.
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Proposition 7.5.3
5 _ Kte ™ ®{w — o/1).
or
Proof.
a ; _ ) as(r
O 1S @) ~ K] = e () — K) + e o)
or ar
= —te 7(S(t) ~ K)+ e "tS() (from (7.39)

= Kre ",

Therefore, by Equation (7.5) and Lemma 7.5.2,

aC

= = = Kte "Efl] = Kte " P(w — o/1). ]
"

in order to determine the other partial derivatives, we need an additional
lemma, whose proof is similar to that of Lemma 7.5.3.

Lemma 7.5.4 With S(t) as given by Equation (7.3},

eE[IS() Z] = s(P(@) + /1D (w)).

Proof. With ¢ = ¢4/t — w, it follows from Lemma 7.5.1 that

E[IZS(D)]
1
Vin

e dx

= \? xsexp{(r — Qw\wvm + otx}

1 ) o 2
= sexpl(r —o™/2)t xexpi{—(x? — 20+/1x)/2} dx
T p{( / i\n p{ /2}
S se’! 8kmx3|0ﬂ|q)\m%\£&
)\Nuﬂ 5
e wm \ @+Q)\uvmi.\qs€ (by letting ¥y = x — o/1)
o0 1 oo N
= s’ e dy + onT—= \ PRy g
ﬁ o V2 Y V27w Y
r L - 7
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The partial derivative of C with respect to o is called vega.

Proposition 7.5.4

mlq.i)\e (w).
der

Proof. Equation (7.3) yields that

J

pysild (S ~ K)l = &S (0)(~10 + V1 Z).

Hence, by Equation (7.3},

W|M = Ele™"IS(t)(—10 + V/12)]
= —toe "E[IS()] + te E[IS(1) Z]
= —tosP (W) + sVH{ D (w) + o/t ()
= s/10(w),
where the next-to-last equality used Lemmas 7.5.3 and 7.5.4. t

The negative of the partial derivative of C withrespectto is called theta.

Proposition 7.5.5
wm ww\he () + Kre™"®(w — o/7).
Proof.
WT\:QS —K)]|=¢" mwmc —re”"'S(0) + Kre™"
= m:mS@, - .qli + %\Nv

—re”"'S(t) + Kre"!

Qz Q
“ [\_.rw. N IE.
e CA|N +JIN2\;N + Kre



8. Additional Results on Options

8.1 Introduction

In this chapter we look at some extensions of the basic call option model.
In Section 8.2 we consider European call options on dividend-paying
securities under three different scenarios for how the dividend is paid.
In Section 8.2.1 we suppose that the dividend for each share owned is
paid continuously in time at a rate equal to a fixed fraction of the price
of the security. In Sections 82.2 and 8.2.3 we suppose that the divi-
dend is to be paid at a specified time, with the amount paid equal to a
fixed fraction of the price of the security {Section 8.2.2) or to a fixed
amount (Section 8.2.3). In Section 8.3 we show how 1o determine the
no-arbitrage price of an American put option. In Section 8.4 we intro-
duce a model that allows for the possibilities of jumps in the price of a
security. This model supposes that the security’s price changes accord-
ing to a geometric Brownian motion, with the exception that at random
times the price is assumed to change by a random multiplicative fac-
tor. In Section 8.4.1 we derive an exact formula for the no-arbitrage
cost of a call option when the multiplicative jumps have a lognormal
probability distribution. In Section 8.4.2 we suppose that the multi-
plicative jumps have an arbitrary probability distribution; we show that
the no-arbitrage cost is always at least as large as the Black-Scholes
formula when there are no jumps, and we then present an approxima-
tion for the no-arbitrage cost. In Section 8.5 we describe a variety of
different techniques for estimating the volatility parameter. Section 8.6
consists of comments regarding the results obtained in this and the pre-
vious chapter.

8.2 Call Options on Dividend-Paying Securities

In this section we determine the no-arbitrage price for a European call
option on a stock that pays a dividend. We consider three cases that cor-
respond to different types of dividend payments.
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8.2.1 The Dividend for Each Share of the Security Is
Paid Continuously in Time at a Rate Equal to a
Fixed Fraction [ of the Price of the Security

For instance, if the stock’s price is presently S, then in the next dt time
units the dividend payment per share of stock owned will be approxi-
mately fS dt when dt is small.

To begin, we need a model for the evolution of the price of the se-
curity over time. One way to obtain a reasonable model is to suppose
that all dividends are reinvested in the purchase of additional shares of
the stock. Thus, we would be continuously adding additional shares at
the rate f times the number of shares we presently own. Consequently,
our number of shares is growing by a continuously compounded rate f.
Therefore, if we purchased a single share at time 0, then at time 7 we
would have e/ shares with a total market value of

M) = e”S(t).

It seems reasonable to suppose that M (¢) follows a geometric Brownian
motion with volatility given by, say, o. The risk-neutral probabilities on
M (z) are those of a geometric Brownian motion with volatility ¢ and
drift r — 0’2/ 2. Consequently, for there not to be an arbitrage, all options
must be priced to be fair bets under the assumption that eYS(y) (v =
() follows such a risk-neutral geometric Brownian motion.

Consider a European option to purchase the security at time ¢ for the
price K. Under the risk-neutral probabilities on M(t), we have

S e T M)
S0y M)

— N.JQNS\

where W is a normal random variable with mean (+ — o%/2)t and vari-
ance to*. Thus, under the risk-neutral probabilities,

S(t) = S(Oye /e,
Therefore, by the arbitrage theorem, we see that if S(0) = s then the
no-arbitrage cost of (K, 1) option = e E[(5(t) — K)¥]
= ¢ E(se” e — K)*)
= C(se™ " 1, K, 6,1),
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where C(s,t, K, o, r) 1s the Black—Scholes formula. In other words,
the no-arbitrage cost of the European (K, 1) call option, when the initial
price is 5, is exactly what its cost would be if there were no dividends
but the inital price were se™ /"

8.2.2 For Each Share Owned, a Single Payment of fS{t4)
Is Made at Time 1y

It is usual to suppose that, at the moment the dividend is paid, the price
of a share instantaneously decreases by the amount of the dividend. (If
one assumes that the price never drops by at least the amount of the divi-
dend. then buying immediately before and selling immediately after the
payment of the dividend would result in an arbitrage; hence, there must
be some possibility of a drop in price of at least the amount of the div-
idend, and the usual assumption — which is roughly in agreement with
actual data ~ is that the price decreases by exactly the dividend paid.) Be-
cause of this downward price jump at the moment at which the dividend
is paid, it is clear that we cannot model the price of the security as a geo-
metric Brownian motion (which has no discontinuities). However, if we
again suppose that the dividend payment at time ¢4 1s used to purchase
additional shares, then we can model the market value of our shares bya
geometric Brownian motion. Because the price of a share immediately
after the dividend is paid is S(7,) — fS(ts) = (1= F)S8(ty), the dividend
FS8(t,) from a single share can be used to purchase f/(1-— f) additional
shares. Hence, starting with a single share at time 0, the market value
of our portfolio at time y, call it M{y), is

Sy ity <1y,

M{y) = wlmlwaQ if y =1,

Let us take as our model that M {y) (¥ = 0) follows a geometric Brown-
ian motion with volatility parameter o. The risk-neutral probabilities for
this process are that of a geometric Brownian motion with volatility pa-
rameter o and drift parameter r — o%/2. Fory < tq, M(y} = S{(»);
thus, when 7 < 4, the unique no-arbitrage cost of a (K, 1) option on the
security is just the usual Black—Scholes cost. Fort = t,, note that

1> Iy
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Thus, under the risk-neutral probabilities,

LSO _ MO _
I~ fFso) Mo ¢ T

where W is a normal random variable with mean (r — o%/2)t and vari-
ance 1. Thus, again under the risk-neutral probabilities,

Sty = (1= SO, 1>14.

When t > tg4, it follows by the arbitrage theorem that the unique no-
arbitrage cost of a European (K, 1) call option, when the initial price of
the security is s, is exactly what its cost would be if there were no divi-
dends but the inital price of the security were s(1 — f). Thatis, forz >
t,, the

no-arbitrage cost of (K, 1) option = ¢ "E[(S(r) — K ) a8
=eE[(s(t — fre” — K)T]
= C{s(} — ),1, K, 0,1},

where C{s. t, K, o, r) is the Black—Scholes formula.

8.2.3 For Each Share Owned, a Fixed Amount D Is
to Be Paid at Time t,

As in the previous cases, we must first determine an appropriate model
for S(y) (y > 0), the price evolution of the security. To begin, note
that the known dividend payment D to be made to shareholders at the
known time ¢, necessitates that the price of the security at time y < I
must be at least De~ "~ This is true because, if S(y) < De=" ¥
for some y < {4, then an arbitrage can be effected by borrowing S(y)
at time y and using this amount to purchase the security; the security is
held through time 7, and the loan is paid off immediately after the divi-
dend is received. Consequently, we cannot model S(y) (0 <y <1,4) as
a geometric Brownian motion.

To model the price evolution up to time ty, it is best to separate the
price of the security into two parts of which one is riskless and results
from the fixed payment at time r,. That is, let

S (y)y =Sy =D,y <1y,
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and write . )
MC_V — Uml??: + ,m:.,C&u ¥y < by

It is reasonable to model S*(v), ¥ < 14, as a geometric Brownian mo-
tion, with its volatility parameter denoted by ¢. Because the riskless
part of the price is increasing at rate 7, it is intuitive that risk-neutral
probabilities would result when the drift parameter of S*(y), v < 4,18
r — o%/2. To check that this assumption on the drift would result in all
bets being fair, note that under it the expected present value return from
purchasing the security at time 0 and then selling at time 7 < #y is

eTMEIS()] = e De” T 4 e TTE[SH(1)]
= De™" 4+ S*(0)
= S(0).

Suppose now that we want to find the no-arbitrage cost of a European

call option with strike price K and expiration time ¢ < f, when the ini-

tial price of the security is 5. If K < De~"14~0  then the option will
definitely be exercised (because $(¢) = De "=y Consequently, pur-
chasing the option in this case is equivalent to purchasing the security.
By the law of one price, the cost of the option plus the present value of
the strike price must therefore equal the cost of the security. That is, if
t <tgand K < De "¢~ then the

no-arbitrage cost of option = s — Ke™"".

Suppose now that the option expires at time 7 < 7, and its strike price
K satisfies K > De ™ Y~" Because S*(y) is geometric Brownian mo-
tion, we can use the risk-neutral representation

S*@) = §*0)ye" = (s — De™)eY,

where W is a normal random variable with mean (r — o>/2)¢ and vari-
ance to2. The arbitrage theorem yields that the

no-arbitrage cost of option = ¢ "E[(S(t) — K)*}
= ¢ E[(S*(t) + De 7T — K)T ]
= e "E[((s — De” ") e"
— (K — De™ )T

o L e e m e A A
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In other words, if the dividend is to be paid after the expiration date of the
option, then the no-arbitrage cost of the option is given by the Black—
Scholes formula for a call option on a security whose initial price is
s — De "¢ and whose strike price is K — De ™=,

Now consider a European call option with strike price K that expires
attime ! > 4. Suppose the initial price of the security is 5. Because the
price of the security will immediately drop by the dividend amount D
at time 7, we have that

Sy = 5%, >ty

Hence, assuming that the volatility of the geometric Brownian motion
process S™(v) remains unchanged after time f,, we see that the risk-
neutral cost of a (K, r) call option is

¢ ENSW) — K)F] = e VENS™(0) - K)T)
= e "E[(SH0) Y — K))
= e E[(s — De" )" — K)*].

Because the right side of the preceding equation is the Black—Scholes
cost of a call option with strike price K and expiration time ¢, when the
initial price of the security is s — De™"'¢ we obtain that the

risk-neutral cost of option = C(s — De™ ¢, K, 7, 7).

In other words, if the dividend is to be paid during the life of the option,
then the no-arbitrage cost of the option is given by the Black—Scholes
formula — except that the initial price of the security is reduced by the
present value of the dividend.

8.3 Pricing American Put Options

There is no difficulty in determining the risk-neutral prices of European
put options. The put-call option parity formula gives that

P(s,t,K,0.r)=C(s5.t,K,0,r)+ Ke " — s,

where P(s, 1, K, o, r) is the risk-neutral price of a European put hav-
ing strike price K at exercise time t, given that the price at time 0 is

. . T P T S PR

P T e . JE
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V5(0) = 3.565,
Vs(1) = 2.641,
Vs(2) = 1.584,
Vs(3) = 0.375,
Vi) =0 (=45).

Since 9u2d? = 9, Equation (8.1) gives
Va(2) = max(l, BpVs(3) + B(1—~ p)Vs(2)) = L,

which shows that it is optimal to exercise the option at time & when the
price is 9. From Remark 1(b) 1t follows that the option should also be
exercised at this time at any lower price, s0

Vi) = 10 — 9ud’® = 2.130

and ‘
Vi (0) = 10 — 94" = 3.119.

As 9u’d = 10.293, Equation (8.1) gives
Va(3) = BpVs(@) + (1 — p)V5(3) = 0.18L.

Similarly,
Va(4) = BpVs(3) + Bl — p)Vs(4) = 0.

Continuing, we obtain
V3(0) = max(2.641, fpVa(l) + (1 — p)Va(0)) = 2.641,
V(1) = max(1.584, BpVa(2) + (1 — pyVad)) = 1.584,
V3(2) = max(0.375, BpVs(3) + B(1 — pIVa(2)) = 0.584,
Vs(3) = BpVa(d) + f(1 — p)Va(3) = 0.089.

Similarly,
V4(0) = max(2.130, fpV3(1) + (L — p)V3(0)) = 2.130,
V(1) = max(l, fpVa(2) + B(1 — p)V3(1)) = 1075,
Va(2) = ppV3(3) + B(1 — pIV3(2) = 0.333,
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and

Vi(0) = max(1.584, BpV2(1) + B(1 — p)V2(0)) = 1.592,
V(1) = max(0.375, BpV2(2) + B(1 — p)Va(D) = 0.698,

which gives the result
Vo(0) = max(1, gp¥i(D) + B(1 — p)Vi(0)) = LI37.

That 15, the risk-neutral price of the put option is approximately 1.137.
(The exact answer, to three decimal places, 1s 1.126, indicating a very re-
spectable approximation given the small value of n that was used.) o]

84 Adding Jumps to Geometric Brownian Motion

One of the drawbacks of using geometric Brownian motion as a model
for a security’s price over time is that it does not allow for the possi-
bility of a discontinuous price jumnp in either the up or down direction.
(Under geometric Brownian motion, the probability of having a jump
would, in theory, equal 0.) Because such jumps do occur in practice, it is
advantageous to consider a model for price evolution that superimposes
random jumps on a geometric Brownian motion. We now consider such
a model.

Let us begin by considering the times at which the jumps occur. We
will suppose, for some positive constant A, that in any time interval of
length /& there will be a jump with probability approximately equal to
AR when h is very small. Moreover, we will assume that this probabil-
ity 18 unchanged by any information about earlier jumps. If we let N(z)
denote the number of jumps that occur by time ¢ then, under the preced-
ing assumptions, N(f), 1 = 0, s called a Poisson process, and it can be
shown that

Qrﬂv:

n!

P{N(t) =n}=e" . on=0,1,.

Let us also suppose that, when the ith jump occurs, the price of the
security 1s multiplied by the amount J;, where J,, Jo, ... are indepen-
dent random vartables having a common specified probability distribu-
tion. Further, this sequence is assumed to be independent of the times
at which the jumps occur.
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To complete our description of the price evolution, let S(7) denote the
price of the security at time 7, and suppose that

A

S(t) = S0 Z Ji. 120,

[

where $*(#). 1 = 0, is a geometric Brownian motion, say with volatil-
ity parameter o and drift parameter ¢, that is independent of the J; and
of the times at which the jumps occur, and where ﬂw\:_v Ji is defined to
equal 1 when N(7) = 0.

To find the risk-neutral probabilities for the price evolution, let

Ny

1) = Es.

j=]
It will be shown in Section 8.7 that
mﬁkﬁﬂvw — h\éw:;m:,m..,_....“,\_. ﬁmw.wv

where E[J] = E{J;]is the expected value of a multiplicative jump. Be-
cause S*(7), £ = 0, is a geometric Brownian motion with parameters g
and o, we have

E[S*(1)] = S*(0) e o
Therefore,
E1S(0] = E|S™(1)J(1)]
= E[S" (O] E[J(D] {by independence)

e §H(y TR B

Consequently, security-buying bets will be fair bets (i.e., E[S(H)] =
S{e™) provided that

o2 =l — E[JD) =r.

In other words, risk-neutral probabilities for the security’s price evolu-
tion will result when g, the drift parameter of the geometric Brownian
motion S*(¢), r = 0, is given by

oG240 — AE[T].
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By the arbitrage theorem, if all options are priced to be fair bets with
respect to the preceding risk-neutral probabilities, then no arbitrage is
possible. For instance, the no-arbitrage cost of a European call option
having strike price K and expiration time ¢ is given by

no-arbitrage cost = E[e™(S() — K)']
= e RIS (D) — K)T]
= e ME[(J()se” — K)T], (8.3)

where s = $*(0) is the initial price of the security and W is a normal
random variable with mean (r — 6%/2 + A - AE[J])? and variance o

In Section 8.4.1 we explicitly evaluate Equation (8.3) when the J;
are lognormal random variables, and in Section 8.4.2 we dernive an
approximation in the case of a general jump distribution. As always,
C(s,t, K, o, r) will be the Black—Scholes formula.

8.4.1 When the Jump Distribution Is Lognormal

If the jumps J; have a Jognormal distribution with mean parameter ity
and variance parameter o, then

E[J] = exp{uo +05/2}.
If we let
X; = log(J), i=1,

then the X; are independent normal random variables with mean o and
variance 0. Also,

N(t) NI N

J{) ﬁ:h ﬁ:mx.. = exp MNM

=l i=l i=1
Consequently, using Equation (8.3), we see that the no-arbitrage cost of

a European call option having strike price K and expiration time £ is

Ny +
no-arbitrage cost = e "El|sexpiW + M X+ —K . (84
=l
where s is the initial price of the security. Now suppose that there were a
total of n jumps by time ¢. That is, suppose it were known that N(z) = n.
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Then W + S X; would be a normal random variable with mean and

variance given by
Mt}
W+ XN =n|=(- o2+ & — AELJ Dt + npo,
i=l
Nit)
Var S?TMNM, EN({) =mn Ham.m;:qW.

i=}
Therefore, if we let
cin) =0+ :wa
and let

2 g 2
isvﬂwlq 224 A »m:w+i+q (n)/2

n
—=r+Ar—AE[J]+ ,mcg +0i/2)
— A AE[J]+ m log(E[J1), (8.5)
ﬁrm:w:o:oémqé:mszeHF%&:\‘T M_znem X, is a normal ran-

dom variable with variance ta(n) and mean (r(n) — o”(n)/2)z. But
this implies that, when N(f) = n,

N +
e E N [sexpiW + Y Xt —K ) [ N@) =n
i=l

= C(s,t, K, o(n), r(n)).

Multiplying both sides of the preceding equation by U gives

NI +
eE\[sexpiW + Y Xit —K | | N@) =n

i=1

= =005 1 K, o(r), r{n).

Equation (8.4) shows that the preceding expression is the desired ex-
pected value if we are given that there are n jumps by time 7, Conse-
quently, it is reasonable (and can be shown to be correct) that the uncon-
ditional expected value should be a weighted average of these quantities,
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with the weight given to the quantity indexed by n equal to the proba-
bility that N(r) = n. That s,

no-arbitrage cost

=, (",
=3 e B vt 1 K o), ()

FLl
n==0

— Mmt.\lt_AMW.NC:

=0

B Mml: :Qém?:v: C(s, 1, K, o(n), r{n)).

n==()

M‘vrwu..m

C(s,t, K, oln), r(n)) (from (8.5))

Summing up, we have proved the following.

Theorem 8.4.1  If the jumps have a lognormal distribution with mean
parameter jLo and variance parameter o, then the no-arbitrage cost of
a European call option having strike price K and expiration fime t is as

follows:
AELID
no-arbitrage cost = M.U e” :EOA? t, K, o(n), r(n)),
n=0)
where ) , 5
o (n) = o* 4+ nay/t,
r(n) = r+ Ml — ELJ]) + m_om%re,
and

E[J] = exp{po +05/2).

Remark. Although Theorem 8.4.1 involves an infinite series, in most
applications  — the rate at which jumps occur — will be quite small and
thus the sum will converge rapidly.

8.4.2 When the Jump Distribution Is General

We start with Equation (8.3), which states that the no-arbitrage cost of
a European call option having strike price K and expiration time ¢ 1s as
follows:
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no-arbitrage cost = ¢ "E[(J(t)se” — K},

where s is the price of the secuyity at time 0 and W is a normal random
vartable with mean {(r — 0 %/2 + X — AE[J])t and variance to”. If we let

W'=W—ar{l— E[J]

and s

ELJ(O)

5 = ,wmww:,mib.:_v —

then we can write
no-arbitrage cost = E[e™"(s, Jnye" — Ky*t.

Because W* is a normal random variable with mean (r — ¢*/2)t and
variance {0, it follows that

no-arbitrage cost = E{C(s, J(1),t, K, &, r}]. (8.6)

Because C(s, 1, K, 6, 7) is a convex function of s, it foilows from a
result known as Jensen’s inequality (see Section 9.2) that

E[C(s,J), 1, K, 0,71 = C(E[s,J)), 1, K.0,r)=C(5,t,K,0,1),

thus showing that the no-arbitrage cost in the jump model is not less than
it is in the same model excluding jumps. (Actually, it will be strictly
larger in the jump model provided that P{J; = 1} # 1)

An approximation for the no-arbitrage cost can be obtained by regard-
ing C(x) = C(x,t, K, 0, r) solely as a function of x (by keeping the
other variables fixed), expanding it in a Taylor series about some value
xg, and then ignoring all terms beyond the third to obtain

C(x) 7 C(xp) + C'(x0)(x ~ x0) + C"(xo)(x — x0)*/2.
‘Therefore, for any nonnegative random variable X, we have
C(X) & Clxg) + C'(x0)(X — x0) + C"(xo)(X — x0)*/2.

Letting xq = E[X] and taking expectations of both sides of the preced-
ing yields that

E[C(X)] = C(E[X]) + C"(E[X]) Var(X)/2.
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X =800, EX]=3s
gives that
E[C(s;J(2))] & C(5) + C"(s)s} Var (J(£))/ 2.
It can now be shown (see Section 8.7) that
Var(J(1)) = ml.::L.\.tN: o m\ww;r;ﬁﬁ_ﬁ (8.7)

where J has the probability distribution of the J;. Therefore, using the
formula derived in Section 7.5 for C”(s) (which is called gamma in
that section) leads to the approximation given in the following theorem,
which sums up the results of this subsection.

Theorem 8.4.2  Assuming a general distribution for the size of a jump,
the
no-arbitrage option cost = E[C{s, J(), 1, K. o, ¥}]

= C(s, 1, K, 0,0).
Moreover,
no-arbitrage option cost

]
—_—
2502wt

= C(s.1, K, 0, 7) + 2 (eHI-2EVIREL D gy o2
250/ 2y

L
—rf 2

A ﬁ_ﬁh, t, hwm\q o, ﬁv +.mﬁwﬁm\\,..l_.ih_.\.=3 _ m,1mn,f;_,l.m.:mﬁ

v

where

s, = se U= ELD
and )

ri 4o /2 —log(K/s)

o1

w =

8.5 Estimating the Volatility Parameter

Whereas four of the five parameters needed to evaluate the Black-
Scholes formuja—namely, s, 1, K, andr —are known quantities, the value
of o has to be estimated. One approach is to use historical data. Sec-
tion 8.5.1 gives the standard approach for estimating a population vari-



136 Additional Results on Oplions

of & based on closing prices of the security over successive days; Sec-
tion 8.5.3 gives an improved estimator based on both daily closing and
opening prices; and Section 8.5.4 gives a more sophisticated estimator
that uses daily high and low prices as well as daily opening and closing
prices.

8.5.1 Estimating a Population Mean and Variance

Suppose that X, ..., X, are independent random variables rmism a
common wﬂovmvm:@ distribution with mean p and variance Qo. The
average of these data values,

Mm M_lm

n

is the usual estimator of the mean. Because
of = Var(X;) = E[(X; = o)’}
it would appear that o could be estimated by

MT;_AX . _E;uv:

1

However, this estimator cannot be directly utilized when the mean (o
is unknown. To use it, we must first replace the unknown peg by its esti-
mator X . If we then replace n by n — 1, we obtain the sample variance

$?, defined by
MUNI._A.N.

w1k

5% =
The sample variance is the standard estimator of the variance of. Itis
an unbiased estimator of ¢}, meaning that
2
E[S7]=oy.

(It is because we wanted the estimator to be unbiased that we changed
its denominator from »n to n — 1.) The effectiveness of §? as an estima-
tor of the variance can be measured by its mean square error (MSE),
defined as

MSE = E[($* — o})7]
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When the X; come from a normal distribution, it can be shown that

4
2o

Var($%) = (8.8)

n—1

8.5.2 The Standard Estimator of Volatility

Suppose that we want to estimate o using ¢ time units of historical data,
which we will suppose run from time O to time ¢. That is, suppose that
the present time is ¢ and that we have the historical price data S(y),
0 < y < 1. Fix a positive integer n, let £ = t/n, and define the random
variables

g[S
N_|MOGAMAOV y
L (sep
Nmiyouﬁirm_@v ,
ﬁnsmﬂ@ ,
S{28)
(st
Ko =108\ 5 — b

Under the assumption that the price evolution follows a mwoﬁmﬁo
Brownian motion with parameters y and o, it follows that X, ..., X, are
independent normal random variables with mean £, and variance fo’.

From Section 8.5.1, it follows that we can use MT_ (X; — XY/ (n—1
to estimate £o2. Therefore, we can estimate o by

LS - K
£ n—1 ’

o2

Moreover, it follows from Equation (8.8) that

1 2(¢c®)? 2%
mt n—1 le.

<&AQJ (8.9

It follows from Equation (8.9) that we can use price data history over
any time interval to obtain an arbitrarily precise estimator of o?. Thatis,
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in an unbiased estimator of o* having an arbitrarily small variance. The
difficulty with this approach, however, is that it strongly depends on
the assumption that the logarithms of price ratios S(i£)/S((i - 1}£) are
independent with a common distribution, even when the time fag ¢ is
arbitrarily small. Indeed, even assuming that a security’s price history
resembles a seometric Brownian motion process, it is unlikely to look
like one under a microscope. That is, while successive daily closing
prices might appear to be consistent with a geometric Brownian mo-
tion, it is unlikely that this would be true for hourly {or more frequent)
prices. For this reason we recommend that the preceding procedure be
used with £ equal to one day. Because the unit of time is one year and
there are approximately 252 trading days in a year, £ == 1/252.

To use this method to estimate o, consider a successive daily closing
prices C,, ..., C,, where C; is the closing price on trading day i. Let
Cy be the closing price of the security immediately before these n days,
and set

C
Ciy

X; = log = log(C;y — log(C;_ ).

The sample variance of these data values,

o T =X
n-—1 '
can be taken as the estimator of ¢%/252; §+/252 can be used to esii-
maie o.

Remark. If u and o are the drift and volatility parameters of the geo-
metric Brownian motion, then

A.um e ﬁ,_. a
Ell e var{ log .
B\ 252" =\ V252

Because g will typically have a value close to O whereas o is typi-
catly greater than .2, it follows that the mean of X; = tog(Ci/Ciy) is
negligible with respect to its standard deviation. Therefore, we could
approximate g by 0 and, with very small loss of efficiency, use

M Wﬁ | Mm.hw
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as the estimator of ¢%/252. It is important to note that this estimator
can be used even when the geometric Brownian motion has a time-
varying drift parameter. {Recall that the Black—Scholes formula yields
the unique no-arbitrage cost even in the case of a time-varying drift
parameter.)

853 Using Opening and Closing Data

Let C; denote the (closing) price of a security at the end of trading
day i. Under the assumption that the security’s price follows a geomet-
ric Brownian motion, log(C;/C;_) is a normal random variable whose
mean is approximately 0 and whose variance is 0%/252. Letting O; be
the opening price of the security at the beginning of trading day i, we
can write
C; C; O
log = log{ — -
Ci 0; Ci
C 0O,

= log o + log e

Assumning that C;/O; and O;/C;.., are independent — that is, assuming
that the ratio price change during a trading day is independent of the
ratio price change that occurred while the market was closed — it follows
that

Var(log(C;/C;_1)) = Var(log(C;/ 0;)) + Var(log(0;/C;-1))
— Var(CF — OF) +Var(0F — CL)),  (8.10)
where

Qw = log(C}), Ow = log(0;).

Because C — 07 and O — C_, both have a mean of approximately 0,

i—1

we can estimate 62/252 = Var(log(C:/Ci-1)) by

Sia(C 0 Y O0F -~ CL)?

n n

This yields the estimator & of the volatility parameter o'

H

, > HCE = 072 + (07 ~ ). (8.11)
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