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Eigenfunctions everywhere!

The eigenfunctions of the Laplacian are of tremendous importance.

1 The Sphere:
I Spherical Harmonics.
I Applications ranging from quantum chemistry to 3D computer

graphics.

2 Arithmetic Manifolds:
I Automorphic forms, number theory, Langlands program.

3 Quantum Mechanics:
I Random wave model, quantum chaos.

4 Harmonic Analysis: Eigenfunctions can be chosen to form an
orthonormal basis.

Key area of research: Understand better the asymptotics and analytic
properties of these eigenfunctions.
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Heuristic from physics/dynamics: Consider a freely moving particle on
a surface. As its energy increases, it gets “equally distributed” on the
surface.

The Quantum Unique Ergodicity (QUE) Conjecture

Let X be a hyperbolic surface of finite volume and fn traverse a sequence
of eigenfunctions on X with 〈fn, fn〉 = 1 and eigenvalues λn →∞. Then,
for any compact subset C of X ,

lim
n→∞

∫
C
|fn(z)|2dµ(z) =

vol(C )

vol(X )
.

Quantum mechanical interpretation: Eigenfunctions correspond to
particles, eigenvalues correspond to their energies.
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Number Theory enters the picture

Questions on asymptotics of eigenfunctions like above are incredibly
hard in general (tools limited).

However if the space X comes from arithmetic considerations, one
has additional tools coming from number theory.

A protypical example of an arithmetic surface is SL2(Z)\H.
The Laplacian takes the form

∆ = −y2
(
∂2

∂x2
+

∂2

∂y2

)
.
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A picture of X = SL2(Z)\H
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Arithmetic QUE

The celebrated arithmetic QUE proved by Lindenstrauss (2006) and
Soundararajan (2010)

Let fn traverse a sequence of Hecke-Laplace eigenfunctions on
X = SL2(Z)\H with 〈fn, fn〉 = 1 and λn →∞. Then, for any compact
subset C of X ,

lim
n→∞

∫
C
|fn(z)|2 dxdy

y2
=

vol(C )

vol(X )
.

One of the reasons Lindenstrauss won the Fields medal.
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The sup-norm problem

QUE says that in an asymptotic sense eigenfunctions should not have large
peaks. Even simpler way to quantify this: sup-norm.

Seeger-Sogge, 1989

Let X = Γ\H compact, f eigenfunction of Laplacian with 〈f , f 〉 = 1 and
eigenvalue λ. Then

‖f ‖∞ �X λ1/4

Iwaniec and Sarnak, 1995

Let X = SL2(Z)\H be now arithmetic, f eigenfunction of Laplacian with
〈f , f 〉 = 1 and eigenvalue λ. Then,

‖f ‖∞ �X λ5/24+ε.
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The connection to number theory

When X is arithmetic, say X = SL2(Z)\H,

Hecke operators: There exist certain Hecke correspondences on X ,
leading to Hecke operators on the space of functions on X .

Automorphic forms: Their Hecke-Laplace eigenfunctions are
examples of automorphic forms, which can be defined in much greater
generality, and come with L-functions and a rich theory (Langlands
program, automorphic representations, deep conjectures)
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What are Hecke operators?

Let X = SL2(Z)\H, p a prime. We define

(Tp(f ))(z) =
∑

γ∈SL2(Z)\SL2(Z)

p 0
0 1

SL2(Z)

f (γz).

This can be extended to operators Tn for all positive integers n.

In fact, for X = SL2(Z)\H, it is conjectured that eigenfunctions of
the Laplacian are automatically also eigenfunctions of the Hecke
operators.

In any case, it is natural to focus on joint Hecke-Laplace
eigenfunctions, and the additional symmetries allow one to prove
results are otherwise inaccessible (Lindenstrauss, Sarnak, ...)
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The connection to automorphic representations and
L-functions

Let f be a Hecke-Laplace eigenfunction on X = SL2(Z)\H. Let
Tnf = anf for some real number an.

Attached to such a f is an automorphic representation of GL2.

L-functions

We define the L-function attached to f

L(s, f ) =
∑
n>0

an
ns+1/2

.

It turns out that L(s, f ) extends to a holomorphic function on the entire
complex plane and has a functional equation taking s 7→ 1− s.
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The automorphic point of view

How does the automorphic point of view enrich the understanding of
eigenfunctions?

1 It allows us to put these problems into the framework of larger
conjectures (Riemann hypothesis, subconvexity, Langlands
programme).

2 It allows us to generalize and extend these questions naturally into
new directions.

3 It gives us powerful tools to solve these problems.
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Riemann hypothesis and subconvexity
Given any number of Hecke-Laplace eigenfunctions, it is possible to attach
an L-function to their “tensor product”.

Let f be a Hecke-Laplace
eigenfunction on X = SL2(Z)\H with Laplace eigenvalue λ and g some
other fixed Hecke-Laplace eigenfunction.

Grand Riemann hypothesis

All zeroes of L(s, f × f × g) lie on the line Re(s) = 1/2.

Together with the functional equation this implies the weaker

Grand Lindelof hypothesis

For any ε > 0 we have L(1/2, f × f × g)�g ,ε λ
ε.

And much weaker ...

Subconvexity problem

Prove that L(1/2, f × f × g)�g λ
1−δ for some δ > 0.

Unfortunately this is still completely open.
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Subconvexity: L(1/2, f × f × g)�g λ
1−δ.

QUE

Given Hecke-Laplace eigenfunctions fn, g on X = SL2(Z)\H that vanish
at infinity, with λn →∞, we have

lim
n→∞

∫
SL2(Z)\H

|fn(z)|2g(z)
dxdy

y2
= 0.

Watson’s formula

In the above setup, we have(∫
SL2(Z)\H

|fn(z)|2g(z)
dxdy

y2

)2

= C (fn, g)λ−1n L(1/2, fn × fn × g)

where C (fn, g) grows slower than any polynomial in λn.

Conclusion: The subconvexity problem is essentially equivalent to QUE.
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More general automorphic forms on GL2

Automorphic representations of GL2 roughly correspond to either

1 Hecke-Laplace eigenfunctions of eigenvalue λ

2 Holomorphic modular forms of weight k (that are Hecke
eigenfunctions)

with respect to congruence subgroups of SL2(Z).

So this gives us two natural extensions of the QUE and sup-norm problems.

1 Replace the condition of being a Laplace eigenfunction with being a
holomorphic modular form (and λ by k). (The holomorphic analogue)

2 Replace SL2(Z) by a suitable subgroup. (The level aspect)
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The holomorphic modular forms

The Ramanujan ∆-function is defined on the upper-half plane H as follows:

∆(z) = e2πiz
∞∏
n=1

(1− e2πinz)24 =
∞∑
n=1

τ(n)e2πinz .

Famous conjectures of Ramanujan:

τ(mn) = τ(m)τ(n) if (m, n) = 1. Proved by Mordell (1917)

τ(p) ≤ 2p11/2. Proved by Deligne (1974).

∆(z) is a holomorphic modular form of weight 12:

∆

(
az + b

cz + d

)
= (cz + d)12∆(z) for z ∈ H,

[
a b
c d

]
∈ SL2(Z).
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What about QUE for holomorphic modular forms?

QUE for holomorphic forms follow if we knew subconvexity (still open)

Soundararajan proved “weak subconvexity”

Holowinsky, also working on the problem (independently) proved
bounds on “shifted convolution sums”

Neither approach gives the complete answer, but if one approach
fails, it can be shown that the other succeeds!!

Holowinsky + Soundararajan = QUE for holomorphic modular forms
(Annals, 2010)
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The level aspect

Can be also thought of as follows: So far, we have considered a
fixed space X . What happens if we also vary X?

Natural Setup:

Replace SL2(Z) by the subgroup Γ0(N) of matrices whose
bottom left entry is a multiple of N . (The integer N is called the
level.) Now allow N to vary.

Study asymptotics of Hecke-Laplace eigenfunctions φN on
X0(N) = Γ0(N)\H.

From the point of view of automorphic representations, varying
N is on exactly the same footing as varying λ. Corresponds
respectively to the non-archimedean and archimedean primes.
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Some pictures of X0(N) = Γ0(N)\H

N=1,

genus=0, cusps=1.

N=3,
genus=0,
cusps=2.

N=4,
genus=0,
cusps=3.

N=6,
genus=0,
cusps=6.

Abhishek Saha (Queen Mary University of London) Automorphic forms March 14, 2018 18 / 25



Some pictures of X0(N) = Γ0(N)\H

N=1,

genus=0, cusps=1.

N=3,
genus=0,
cusps=2.

N=4,
genus=0,
cusps=3.

N=6,
genus=0,
cusps=6.

Abhishek Saha (Queen Mary University of London) Automorphic forms March 14, 2018 18 / 25



A picture of X0(11) = Γ0(11)\H (credit: Verrill)

N=11, genus =1, cusps =2.
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Level aspect QUE

Pitale-Nelson-Saha, published in JAMS in 2014

Let p be a fixed prime, and let fn (n→∞) traverse a sequence of
L2-normalized Hecke-Laplace eigenfunctions on Xpn whose eigenvalues
stay bounded. Let rn : X1 → Xpn be the natural map. Then, for any
compact subset C of X1,

lim
n→∞

∫
r−1
n (C)

|φn(z)|2 dxdy
y2

=
vol(C )

vol(X1)
.

Actually proved holomorphic analogue.
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Some further motivations for the level aspect

Level aspect can be thought of as “large surfaces”

Can think of letting certain geometric parameters (volume, injectivity
radius, etc) go to infinity.

Remarkable connections with “large graphs”.

Subconvexity in the level aspect: For f weight k on Γ0(N), we have
L(1/2, f × f × g)�g (Nk)1−δ for some δ > 0. Recently proved for
N = a prime, by Munshi-Nelson in a remarkable work.
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What about the sup-norm problem in level aspect?

‖f ‖∞ � Due to Year Restriction

λ1/4+ε “Trivial bound”

λ5/24+ε Iwaniec-Sarnak 1995 N = 1

CλN
1
2
− 25

914
+ε Blomer-Holowinsky 2010 squarefree N

CλN
1
2
− 1

22
+ε Templier 2010 squarefree N

CλN
1
3
+ε Harcos-Templier 2012− 2013 squarefree N

λ5/24+εN
1
3
+ε Templier 2015 squarefree N

λ5/24+εN
1
3
+ε Saha 2017 any N

Very recent work (Hu-Nelson-Saha): Optimum bound of N1/8 for
minimal eigenfunctions.
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1 Methodology of my sup-norm papers:
I Different from previous works.
I New techniques from p-adic representation theory.

2 Tools from automorphic representations are essential in the case of
powerful levels.

3 Natural next question: Higher dimensional spaces (Higher rank
automorphic forms).

4 Hecke-Laplace eigenfunctions or modular forms correspond to
automorphic forms on GL2/Q.

5 Can do more general number fields (Nelson,
Blomer-Harcos-Milicevic-Maga, Assing)

6 What about higher rank groups?
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The higher rank case

Replace GL2 by other reductive algebraic groups (e.g., GLn,
SO(m, n), GSp2n) and ask same questions!

QUE for Hecke-Maass forms on certain compact quotients of PGLn

known by Silberman-Venkatesh (most other cases open).

An explosion of recent papers for the sup-norm problem in the
eigenvalue aspect (Sp4, GLn, semisimple groups,...)

Rudnick-Sarnak: Theta lifts φ on SO(3, 1) have ‖φ‖ � λ1/4.
(Violation of random wave model!)

Varying level completely open for sup-norm/QUE in every higher
rank case.

Very few results in subconvexity known for genuine higher rank
cases.

Circle of implications linking QUE, subconvexity, period formulas for
L-functions, and the sup-norm problem, not fully understood.
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Thank you!
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