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ABSTRACT. Let F € S;(Sp(2g,Z)) be a cuspidal Siegel eigenform of genus g
with normalized Hecke eigenvalues pg(n). Suppose that the associated auto-
morphic representation 7 is locally tempered everywhere. For each ¢ > 0 we
consider the set of primes p for which |pupr(p)| > ¢ and we provide an explicit
upper bound on the density of this set. In the case g = 2, we also provide an
explicit upper bound on the density of the set of primes p for which up(p) > c.

1. INTRODUCTION

For a classical Hecke eigenform f(z), the recently proved (see [3]) Sato-Tate
conjecture asserts that the normalized Hecke eigenvalues 117 (p) are equidistributed
in [—2,2] with respect to the Sato-Tate measure. For a cuspidal Siegel eigenform
F(Z) of genus g > 1, no such equidistribution result is currently available. The
purpose of this short paper is to prove a couple of results about the distribution
of its Hecke eigenvalues using analyticity properties of L-functions associated to F'
that are known at present.

Let F(Z) € Si(Sp(2g,Z)) be a cuspidal Siegel eigenform of genus g, weight k and

Hecke eigenvalues Ag(n), n > 0. Define the normalized Hecke eigenvalues pup(n) =

(g+1) . . .
Ar(n) n'F -t Further, assume that F satisfies the generalized Ramanujan

conjecture, i.e., the associated local representations are all tempered. Then we
have pp(p) € [—29,29] for all primes p.
We prove the following Theorem about the distribution of the quantity |ur(p)|.

Theorem 1.1. Suppose that g 20 (mod 4). Let F € Sx(Sp(29,7Z)) be a cuspidal
Siegel eigenform such that the associated automorphic representation g is locally
tempered everywhere. For each ¢ > 0, let SF'0 denote the set of primes p for which
ler(p)| > ¢. Then we have

(S0 < (2 Lyes
where Opi denotes the upper Dirichlet density.
See the beginning of Section 4 for a remark on the assumption g #Z 0 (mod 4).

Remark 1.2. In the special case g = 2, the generalized Ramanujan conjecture has
been proved by Weissauer [7]. So in this case, we get the unconditional result that
Opir (SF0) < % for all F' not in the Maaf} space.

We prove a second result in the case g = 2, this time about the distribution of
the signed quantity pr(p).
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Theorem 1.3. Let F € Si(Sp(4,Z)) be a cuspidal eigenform that is not in the
Maap space. For eachc > 0, let SE'! denote the set of primes p for which pr(p) > c.
Then we have 4
Opir(SE) < ——.
D ( C )7 C+4
Since the upper Dirichlet density is always at least as large as the lower natural
density dnne, Theorems 1.1 and 1.3 remain valid with 0p;, replaced by dy.. (see
Corollary 4.4).
Note that Theorem 1.1 is non-trivial only in the range (2 — %)% < ¢ <29, Also

note that in the range ¢ > %, Theorem 1.1 automatically implies a stronger version
of Theorem 1.3! So Theorem 1.3 is interesting only in the range 0 < ¢ < %

The proof of Theorem 1.1 uses the fact that the standard (degree 2g + 1) L-
function for F' has no pole at 1 while the proof of Theorem 1.3 uses the fact that
the spinor (degree 29) L-function for F' has no pole at 1 (in the case g = 2). One
would expect much stronger results if similar facts can be proved for the higher
symmetric powers of these L-functions.

Theorems 1.1 and 1.3 are essentially assertions about the smallness of the set of
primes for which the size of the Hecke eigenvalue is large. In particular, they do not
say anything about the proportion (or even infinitude) of primes for which pp(p) is
negative and this seems to be a challenging open question. In this context, we note
that if one considers the Hecke eigenvalues ur(p’) for all positive integers j, then
it is known in the special case g = 2 that ur(p’) takes both positive and negative
values infinitely often, see [4], [6].

2. LOCAL CONSIDERATIONS

Let F'(Z) € Sk(Sp(2g,Z)) be a cuspidal Siegel Hecke eigenform of genus g, weight
kg _g(g+1)

k and eigenvalues Ap(n), n > 0. Recall that up(n) = Ap(n)/n=2""7  denotes
the normalized Hecke eigenvalues.

Let mp be one of the irreducible pieces of the representation of GSp(2g, A) gen-
erated by the adelization of F. For this and other details we refer the reader to [2].
Then 7 is an automorphic representation and is isomorphic to a restricted tensor
product mp = ®,Tpy.

There are two L-functions commonly attached to wr. The first of these is the
spinor L-function denoted by Lepin(7r,s). This has degree 29 and is defined via
an Euler product

(21) Lspin(ﬂ-Fy 8) = H Lspin(ﬂ-F,pa 8)

p<oo

where the local factors Lgpin(7rp, s) are given by

g
(2.2) Lepin(Trp,s) = H H (1 = a0,piy p - - Qi pp %) 7

kE=01<i;<...<ir<g

Here the complex numbers ag p, @1,p, - .., Gg,p are the Satake parameters of the
local unramified representation 7, associated to F' at the place p. Because F' has
no character, we have the relation

(2.3) aapalyp coagp =1
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Note that all our Satake parameters and L-functions are Langlands normalized,
with the functional equation for the L-function taking s to 1 — s .
One also has the standard L-function Lgq(7p, s) defined by the Euler product

(2.4) Lsta(7r, s) = H Lsta(TFp, 5)

p<oo

where the local factors are given by

g —1
(2.5) Laa(mrp,s) = ((1 —p~?) H(l —a;pp °)(1 — ai;p_s))

i=1

We say that the associated local representation 7, is tempered if |a;,| =1 for
0 <i < g. Wesay that 7p is locally tempered everywhere if mg, is tempered for all
primes p. In that case, the series in (2.1) and (2.4) evidently converge absolutely
for Re(s) > 1.

By Weissauer’s proof [7] of the generalized Ramanujan conjecture for holomor-
phic Siegel cusp forms of genus 2, we know that if F € Si(Sp(4,Z)) is not a
Saito-Kurokawa lift then 7p is locally tempered everywhere.

The relation between the normalized Hecke eigenvalues pup(p) and the Satake
parameters is given [1] as follows:

g
(2.6) wr(p) = Z Z a0 pGiy p - - - Gig p

k=01<i;1<...<ix<g

Using (2.3) we see that up(p) is real.
We will need the following two lemmas in the proofs of our main Theorems.

Lemma 2.1. Suppose mg,, is tempered. For Re(s) > 1 and r > 0, define the co-

efficients mp(p") and pr(p") via Lspin(Trp,s) =D _,50 me®) gnd Lsa(mrp,s) =

r p
> >0 p’;(ﬂ L. Then mp(p") and pp(p") are real numbers and satisfy the inequalities
r+29—1 4 r+2g9—1
T < L T < .
el < ("5 o) - o< (T

Proof. The fact that mp(p”) and pp(p") are real numbers follows directly from (2.3)
and the assumption that the quantities a;, lie on the unit circle. Furthermore, it
is evident from the definition of the local L-factors (see (2.2), (2.5)) that mp(p") is

a sum of (T;fi;l) terms with absolute value 1 and pg(p") — pr(p"~!) is a sum of
(T;r;f Il) terms with absolute value 1: this supplies the desired inequalities. ([l

Remark 2.2. A comparison of (2.2) and (2.6) shows that ur(p) = mr(p).

Lemma 2.3. Suppose wp,, is tempered and |pp(p)| > ¢ for some ¢ > 0. Then

g
1+ Z(a”’ + a;;) > gcg —2g9+ 1.
i=1

Proof. Put U; = (aip + a;;) and U =9_, U;.
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by the AM-GM inequality.

which is equivalent to

i=1
g
ZH(2+Ui)
i=1
U
< (=+2)
(5 +2
U
i+29202
(g )
U>ges —2g

3. TWO PRIME DENSITY LEMMAS

1

Spir(S) := limsu ﬂ.
pir(8) = lmewp =3 o)

This is equivalent to

- >oes
0pir(S) := limsup Apl
s—1+ ZpEP e

The lower Dirichlet density of S is denoted by dp;,(S) and is defined by

1 Z 1

Ipip(S) := liminf ﬂ = liminf =<5 P°

s—1t — IOg(S — 1) s—1t EpeP pflg

Similarly, we define the upper and lower natural densities by

= . #{p:p<xz,peS
ONat(S) := limsup #gjli< . ie P%’

O

Remark 2.4. The inequality in the above Lemma is clearly the best possible for
¢ < 29 and arbitrary complex numbers a; , on the unit circle satistying (2.3).

In this section we supply a couple of lemmas on the density of a set of primes.
The results are probably classical, but we were unable to find a good reference and
so include a proof for completeness.

First, some defintions. Let P = {2,3,...} denote the set of primes.

For a subset S of P, the upper Dirichlet density of S is denoted by dpj.(S) and
is defined by
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wnd #p:p< S}
- p:psxpcE

Onat (S) := liminf .

oS = B p <z p e P)

It is easy to see that 3
opir(S) =1 —dp(P = 5),
ONat(S) = 1 = Oyt (P = ).
Lemma 3.1. Let S CP. Then
Onat(8) < 9pip(S) < 0pie(S) < dxat ()
Proof. Let S(z) be the number of primes p € S such that p < x and 7(z) the

number of primes less than or equal to x. Let dS(t) denote the counting measure
for S. By partial summation, we have for s > 1,

> = :/ft‘SdS(t)

S
pES,p<z p

_ S() /"‘ S(t)
=——+s dt

xrs ts+1

:s/ms(t)dt—i—O(l)

ts+1

where the implied constant can be taken to be equal to 1 (and is thus uniform in x
and s).
By hypothesis, for any € > 0 there exists g = z(€) > 1 such that for all x > z
we have
S(x) < (Onat(S) + €)m(x).
Since s [ ts(ﬁ dt = O(1) where the implied constant is uniform for s in (1,2), we
have

1 - (e

> L <Gras)+9 [ T+ oq)
P o

peS

By reversing the partial summation argument from above, we have

/100 ;(ﬂdt: Zis+0(1).

peP p

This gives
ZPGS 1715
ZPEP p%
as s — 1. Thus dpi(S) < dnat(S) + €. Letting € — 0 we conclude that
gDir(S) < gNat(S)~
Replacing S by P — S in the above immediately gives
Onat (9) < Opi ().

= (Onat(S) +€) + o(1)

O

Lemma 3.2. Let S C P. Let C > 0, E > D > 0 be constants and let f be a
real-valued function on P such that the following conditions hold:

(a) —C < f(p) < E for allp € P,
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(b) f(p) > D forallpeS.

Define the complex analytic function L(s) :=3_ éf) on the region Re(s) > 1, and

assume that we have limsup,_,,+ L(s) < 0o as s approaches 1 from the right on the
real line. Then,

c

Opir(S) <
b (S)—C+D

Proof. We have
1

< ZEP—ST
1 — 3 (S) = lim inf Z=PEP=S "
Dir(5) Pt —log(s—1)

It follows that

- Z P-S 3
5. 1T pEP -5 p*°
(3.1) dpir(S) — 1= hsmsllip “ogls—1)

Choose € > 0,5 > 0. Then we can find 1 < s’ < 1+ § such that

1
ZpES ps

m > 6Dir(S) — €
o Zpep—s % =
p
PR S Shn(S) — 1 — e
—log(s’' — 1) > 9pir(S) ¢
So we get
D c
L(s) s o7
— 7 > Z pi Z N
—log(s’ — 1) e log (s’ — P —log(s’ — 1)
> D(6pir(S) — €) + C(0pic(S) — 1 —¢)
Now let § — 0. Then because limsup,_,;+ L(s) < oo we have limsup,,_,+ ﬁi)_l) <
0. Thus a 3
D(0pir(S) —€) + C(dpir(S) —1—€) <0
for all € > 0, which implies that
~ C
0pir(S) < .
oil$) < 55
(|

4. PROOFS OF THE MAIN RESULTS

Let F be as in Section 2. Suppose wp is locally tempered everywhere. Then
Lgpin(mr, ) and Lgq (7, s) converge absolutely for Re(s) > 1 and are non-vanishing
in that region. Also, we have the following facts.

Theorem 4.1 (Mizumoto [5]). Suppose g # 0 (mod 4). Then Lgqy(np,s) can be
continued to a meromorphic function on the entire complex plane that has no pole
at s =1.

Remark 4.2. Actually the condition g Z 0 (mod 4) can be replaced by the weaker
condition that F' is not in the subspace generated by certain theta series.

Theorem 4.3 (Andrianov [1]). Suppose g = 2 and F is not a Saito-Kurokawa
lift. Then Lgspin(mr,s) can be continued to a meromorphic function on the entire
complex plane that has no pole at s = 1.
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It is now a simple matter to conclude the proofs of our main Theorems.

Proof of Theorem 1.1. Cousider the function log Leq(7r, s) on the region Re(s) >
1. Using the temperedness of 7, the Euler product (2.4), and Lemma 2.1, we have

log Lsta(r, s) = Z (pF(p) +O(p_2))

peP ps
pEP p

where pp(p) =1+ Y7 (a;p + ai—,;)'

Put R(s) =3 ,cp P;ﬁm, so that we have

(4.1) log Lya(mr, s) = R(s) + O(1).

Since Lgta (7, s) has no pole at 1, it follows from (4.1) that limsup,_,;+ R(s) < oo.

Moreover, by Lemma 2.3, pr(p) > gcg —2g+1 for all p € S0, From Lemma 2.1 we
have that —2g+1 < pp(p) < 2g+1 for all p. Thus by an application of Lemma 3.2
with § = S0 C =29 —1, D = gc*9 —2g+1 and E = 2g + 1, we have

Spin(SF0) < (2— 1)o7 5.
O

Proof of Theorem 1.3. Consider the function log Lspin (7, $) on the region Re(s) >
1. Using Remark 2.2, we have by an argument similar to that above,

10g Lopin (7, 8) = “Fip) +0(1)
peP p

Put T(s) = ZPEP ’“;8’). Then, because Lgpin(7p, s) has no pole at 1, it follows
that limsup,_,1+ T(s) < co. From Lemma 2.1 we have that —4 < pp(p) < 4 for all
p. So, by an application of Lemma 3.2 with S = S, C =4, D = cand FE = 4,

we have

- 4
Opir(S571) < —.
pir(Se ) < 7 v
O
Corollary 4.4. Theorems 1.1 and 1.3 remain valid with épir replaced by ONat-
Proof. This follows from Lemma 3.1. (]
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