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Introduction

o KdV hierarchy g =g (t,x)

1st | shift 0t = 0xq
2nd | KdV eq. | 9:g = aiq — 64q0.9

nth o =07 g+ p (9,029, -+ ,07"9)
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Known results

@ Decaying initial data (Inverse scattering method)
2003 J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao

H*(R) s > —3/4
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Known results

@ Decaying initial data (Inverse scattering method)
2003 J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao

H*(R) s > —3/4

@ Periodic initial data
2006 T. Kappeler, P. Topalov

H°(T) s > —1
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Almost periodic initial data

© 1994: I. Egorova limit periodic initial data
initial data g should be approximated by periodic functions
exponentially fast.
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Almost periodic initial data

© 1994: I. Egorova limit periodic initial data
initial data g should be approximated by periodic functions
exponentially fast.

Q@ 2013: K. Tsugawa local well-posedness for quasi periodic
initial data

9(x) = Tiezn f (k) e with |||oc- K" (&) F (k)
where 0 >1/2—1/(2N), s > (N —1) /2.

< o0,
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Almost periodic initial data

© 1994: I. Egorova limit periodic initial data
initial data g should be approximated by periodic functions
exponentially fast.

Q@ 2013: K. Tsugawa local well-posedness for quasi periodic
initial data

9(x) = Tiezn f (k) e with |||oc- K" (&) F (k)
where 0 >1/2—1/(2N), s > (N —1) /2.

© 2016: Binder-Damanik-Goldstein-Lukic global
well-posedness for quasi periodic initial data

7(x) = Tiez F (6) e with |£ (k)| < ee ol
where [k - a| > ag|k| ™%, 0 <ag <1, by > N

< o0,

ZZ(ZN)
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Step llike initial data

2011: A. Rybkin For some 6+ > 0 let g be
gerL? <R+,e‘5+‘x|l/2dx) , g€ L? (R_,e_‘s—'x'dx)

and infspL; > —oo. If L, has non-trivial 2fold a.c. spectrum, the
solution to KdV with initial data g is given by
u(t,x) = —20%logdet (I +M;,) fort >0,

where M, , is called Marchenko operator defined by

M f (y) :/0 M(t,y+s+2x)f (s)ds for f € L2(Ry)
with M(t,y) = Y| c2eSFite*n 4 % / SV R (M) dA,

when g € L1 (R, (1 + |x|) dx). {—x2} are the negative eigen-values
of Ly, and Ry (A) is the right reflection coefficient.
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Weyl m-function

@ 1D Schrodinger op. on R: Ly = —83% + g for real valued
g € L. (R) with H(q) is essemtially self-adjoint on L? (R).

loc
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Weyl m-function

@ 1D Schrodinger op. on R: Ly = —83% + g for real valued
g € L. (R) with H(q) is essemtially self-adjoint on L? (R).

loc

e For Vz € C\R, 31f+ = f1 (x,z,q) satisfying
qui =zfy, st fr € L? (Ri), f+ (0)=1
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Weyl m-function

@ 1D Schrodinger op. on R: Ly = —83% + g for real valued
g € L. (R) with H(q) is essemtially self-adjoint on L? (R).

loc

e For Vz € C\R, 31f+ = f1 (x,z,q) satisfying

qui = Zfi, s.t. fi clL? (Ri), fi (0) =1
e Weyl m-functions: m (z) holomorphic on C\R

my (z) = mx (z,q9) = £f1(0,2,9), (m=(z,q9=0)=iVz)
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Weyl m-function

@ 1D Schrodinger op. on R: Ly = —83% + g for real valued
g € L. (R) with H(q) is essemtially self-adjoint on L? (R).

loc

e For Vz € C\R, 31f+ = f1 (x,z,q) satisfying
qui =zfy, st fr € L? (Ry), f+(0)=1
e Weyl m-functions: m (z) holomorphic on C\R
M (z) = s (2,) = £FL(0.2,q), (ms (2,9 =0) = iV3)
@ Define

[ —my(=2%) if Rez>0
m(z) = { m_ (—z%) if Rez<0

m is holomorphic on C\ (RUiR) and Imm(z)/Imz > 0.
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Weyl m-function

@ 1D Schrodinger op. on R: Ly = —83% + g for real valued
g € L. (R) with H(q) is essemtially self-adjoint on L? (R).

loc

e For Vz € C\R, 31f+ = f1 (x,z,q) satisfying
qui =zfy, st fr € L? (Ry), f+(0)=1
e Weyl m-functions: m (z) holomorphic on C\R
M (z) = s (2,) = £FL(0.2,q), (ms (2,9 =0) = iV3)
@ Define

[ —my(=2%) if Rez>0
m(z) = { m_ (—z%) if Rez<0

m is holomorphic on C\ (RUiR) and Imm(z)/Imz > 0.
o {m4 (z)} are called reflectionless on A € B (R) if

my (A +i0) = —m_ (A +10) a.e. on A.
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Main theorem

Let Q be the set of all g whose Weyl functions m satisfy

n—1 n—1
my(—z) =vz+ Y az 2L Y bz F+0(z7")
k=1 k=1

as |z| — oo along C, with real ay, by for any n > 1, « > 0, and
infspL; > —co. Set ey (z) = e**

I'= {g; g= ¢’ with real odd polynomial h} :

Theorem
Q C C® (R) holds, and T,,(g) = det (I + N (g)) can be defined
as a smooth function with respect to m, g, and
(K(g)q) (x) = —20%log Ty(gex) defines a flow on Q. In particular
g(x+1t) if gt(z) =e* =ei(z)
K =S
(81)q (x) { satisfies the KdV equation if g; (z) = e*%
1 n vvi "
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@ Assume spL (q) > —oo and let Cy, (CJ) be a smooth curve
surrounding spL (g) such that for x > 1

Co = {z (x), m}xzo with z (x) = —x +ix % € C4.
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@ Assume spL (q) > —oo and let Cy, (CJ) be a smooth curve
surrounding spL (g) such that for x > 1

Co = {z (x), m}xzo with z (x) = —x +ix % € C4.

o Later « is chosen so that g.(z) = (¢ (vz) + ¢ (—vz)) /2,
Q(z) = (g (\/E) +g (—\/Z)) / (2\/2) remain bounded on C,.

Q(z) = - = ge(z) = coshz®? and a = 1/2
f JuUalliolNn VV /15




o Define 7,,(g) = det (I + Ny, (g)) with integral operator Ny, (g)
on L2 (Cy) with kernel

_ 1 & (V) (gm), (A) ) (8
N (24) = 2m'/ca W =2) (A=) m, (V)

where § (z) = g(z)~" and g,(z) = (g (vz) +8 (-v2)) /2.
8o(z) = (8 (Vz) +3 -

—~
|
B
~—
~ —
N
B
~—
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o Define 7,,(g) = det (I + Ny, (g)) with integral operator Ny, (g)
on L2 (Cy) with kernel

8o (A) (gm), (A) + & (V) (gm), (A)
2mi /ey (A =2z) (A=A )m, (A)

where § (z) = g(z) " and g(z) = (g (vz) + g (-vz)) /2.
go(z) = (8 (Vz) +8(=v2)) / (2V2).

® T;(g) does not change by replacing m by 1 in Mg, where
m (z) = m(z) — 6 (z) with &, 8, holomorphic in D D CJ,.
Therefore, natural assumption: For any n > 1

me(z) =1+ Y7 taz ¥+ 0(z7") as |z| — o along C,
me (z) = 22211 biz K +0(z™") as |z] — oo along C,

Ng (z,A) = dA

under which one can show the traceability of Ny, (g) and

Tm(8) # 0.
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Sufficient conditions

Theorem
Q contains the classes of potentials below:

() S (R)

(ii) Ergodic potentials having

/ Ay (A)dA < oo foranyn > 1,
0

which is satisfied when q (x,w) € C;° (R).
(i) Smooth bounded potentials decaying sufficiently fast on one half
axis and being ergodic on another axis.

o’

Remark: If we are interested only in the KdV equation, we have only

to assume the differentiability of initial functions g only up to a fixed
number (< 16).
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Ergodic initial data

Let M be the set of all ergodic probability measures on Q. For
p € M and ¢ € T one can define the induced measure K(g)* .
Since, K(g) commutes with the shift operation, we have

K(g)'u e M.
Define the Floquet exponent w;, by
wy (z) = By (m+ (2,90)) -

Then, the identities the IDS N (A) = Imw, (A) /7 and the
Lyapunov exponent 7y (A) = Rew,, (A) hold.

ZUV = wK(g)*V. \
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o Let m be reflectionless on (Aq,0), infspL; = Ag < 0.
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o Let m be reflectionless on (Aq,0), infspL; = Ag < 0.
@ Let C, C’ be simple closed curves as below
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o Let m be reflectionless on (Aq,0), infspL; = Ag < 0.
@ Let C, C’ be simple closed curves as below

o For g €T let Ny(g) be the operator on L? (C) with kernel

_ 11 & () (gm), (A) + 8 (A) (gm), (A)
271 Jc! (/\’ — z) (/\ - A’) Mo (/\’)

Tm(g) = det (I + Niu(g)) generates the KdV flow. This comes

from Sato’s theory developed by Segal-Wilson. The key in the

proof is to factorize the Tau-function into two parts, one depends
on m4+ and the other vanishes when taking the derivative twice.

Ny (z,A) dA’.
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@ For ergodic potentials the property
n—1 n—1
my(—z) =vz+ Y az 2L Y bz F+0(z7")
k=1 k=1

along C, can be shown by R (z) introduced by Rybkin

and x (z) = % —Imw'(z).

my (z) +m-(z)
my(2) +m-(2)

R(z) =
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@ For ergodic potentials the property
n—1 n—1
my(—z) =vz+ Y az 2L Y bz F+0(z7")
k=1 k=1
along C, can be shown by R (z) introduced by Rybkin

R(z) = and x (z) = 1(z) Imw'(z).

Imz

my (z) +m-(z)
my(2) +m-(2)

o 4x(z) =E (lR(z)l2 (Im,,11+(z) * Imml_(Z))>
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@ For ergodic potentials the property
n—1 n—1
my(—z) =vz+ Y az 2L Y bz F+0(z7")
k=1 k=1
along C, can be shown by R (z) introduced by Rybkin

)+ (@) 7(2)
R(z) = my(z) +m_(z) Imz

1 1
0 4x(z)=E <|R(Z)|2 (Imm+(Z) * Imm_(Z))>
o E(|R(z)]) < v2x (z) Imw(z)

—Imw'(z).

and x (z) =
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@ For ergodic potentials the property
n—1 n—1
my(—z) =vz+ Y az 2L Y bz F+0(z7")
k=1 k=1
along C, can be shown by R (z) introduced by Rybkin

)+ (@) 7(2)
R(z) = my(z) +m_(z) Imz

o 4x(z) =E (lR(z)l2 (Im,,11+(z) * Imml_(Z))>

o E(|R(2)]) < v/2x (z) Imw(z)
-1

—Imw'(z).

and x (z) =

oéy—mgbwm++m4
Cy=argmym_/ (my +m_) =

7T s
G- |a-3 <2IRl.
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Open problems

@ Although one can construct a solution to the KdV equation with
C® almost periodic initial data g, the almost periodicity of
K(g)q is not known. Sodin-Yuditski showed the almost
periodicity if g is reflectionless on the spectrum X and X has a
certain homogeneous property.
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@ Although one can construct a solution to the KdV equation with
C® almost periodic initial data g, the almost periodicity of
K(g)q is not known. Sodin-Yuditski showed the almost
periodicity if g is reflectionless on the spectrum X and X has a
certain homogeneous property.

@ To obtain a solution to the KdV equation starting from very
irregular initial data also remains open.
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Open problems

@ Although one can construct a solution to the KdV equation with
C® almost periodic initial data g, the almost periodicity of
K(g)q is not known. Sodin-Yuditski showed the almost
periodicity if g is reflectionless on the spectrum X and X has a
certain homogeneous property.

@ To obtain a solution to the KdV equation starting from very
irregular initial data also remains open.

@ Remling obtained a theorem on limit behavior of K(e'*)g (x) =
g (x+1t) as t — oo. It is natural to expect a generalization of
his theorem to K(e")g for general odd polynomial k.
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Thank you for your attention !
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