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Question 1 (a) State the three Sylow theorems, and prove one of them. [12]

(b) Let G be a simple group of order 168.

Show that G has exactly 8 Sylow 7-subgroups, and deduce that G is isomorphic
to a subgroup H of the alternating group A8.

Show that H is 2-transitive but not 3-transitive on {1, 2, 3, 4, 5, 6, 7, 8}. [13]

Question 2 (a) Define the term composition series for finite groups.

Prove that every finite group has a composition series.

State the Jordan–Hölder Theorem for composition series of finite groups. [12]

(b) Let G be the subgroup of A8 generated by the permutations

a = (1, 3)(2, 6)(4, 5)(7, 8)
b = (1, 2, 3, 4, 5, 6, 7)
c = (1, 2, 4)(3, 6, 5)

Show that the subgroup N of G generated by a and b is normal in G.

Find a non-trivial proper normal subgroup of N , and hence write down a
composition series for G.

What is the order of G? [13]

Question 3 (a) State and prove Iwasawa’s Lemma. [10]

(b) Define the groups PSLn(q) [you may assume without proof any properties of
finite fields, provided they are stated correctly].

Prove that PSL2(q) is simple if q ≥ 4.

Where does your proof break down when q = 2 or 3? [15]

Question 4 (a) Define the term automorphism of a finite group. Prove that the
set Aut(G) of automorphisms of G is itself a group.

Define the term inner automorphism, and prove that the inner automorphisms
of G form a group isomorphic to G/Z(G). [8]

(b) Prove that PSL2(9) ∼= A6, but that PGL2(9) 6∼= S6.

Deduce that S6 has a non-inner automorphism. [17]
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