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Question 1 (a) Suppose that ◦ is an associative binary operation on a set A with
identity element e. State what it means for an element a ∈ A to be invertible
with respect to ◦. State the cancellation theorem for ◦. [5]

(b) Let ◦ be the binary operation on Z defined by x ◦ y = x(1 + y) for all x, y ∈ Z.
Is this binary operation associative? Give a proof of your answer. [2]

(c) Let ◦ be the associative binary operation on M2(R) defined by(
a b
c d

)
◦
(
a′ b′

c′ d′

)
=

(
aa′ bb′

cc′ dd′

)
, for all

(
a b
c d

)
,

(
a′ b′

c′ d′

)
∈M2(R).

Find an identity element for ◦. Which elements of M2(R) are invertible with
respect to ◦? [3]

(d) Define a group. Prove using part (a) that each column of the group multi-
plication table for a finite group contains each element of the group exactly
once. [5]

Question 2 (a) State a subring test and use it to prove that S =
{
a+ b

√
2 | a, b ∈ Q

}
is a subring of R. [6]

(b) Is S in part (a) a field? Justify your answer. You may assume that (a +
b
√

2)(a− b
√

2) = a2 − 2b2 is not zero for all a, b ∈ Q except when a, b = 0. [2]

(c) Define what it means for an element of a ring to be a zero divisor. Prove that
S in parts (a),(b) has no zero divisors. [4]

(d) State what it means for a nonempty subset I ⊆ R of a ring R to be an ideal. [2]

(c) Let P(U) denote the ring of subsets of a set U . State without proof the product
and addition in this ring. Show that if V ⊆ U then I = P(V ) is an ideal in
P(U). [4]

Question 3 (a) State Lagrange’s theorem. [3]

(b) List all the elements of the groupG = GL2(Z2). Show thatH =
{
e,

(
0 1
1 0

)}
⊆

G is a subgroup. State how many distinct right cosets of H there are and list
the members of each one. [8]

(c) Use Lagrange’s theorem to prove that if a finite group has order a prime number
then it is a cyclic group. [6]
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Question 4 (a) State what is meant by a Euclidean function on an integral do-
main R. [3]

(b) In any Euclidean domain R, prove that for every ideal I there is an element
x ∈ R such that I = (x). [6]

(c) Let J = {m+ ni | m,n ∈ Z} be the ring of Gaussian integers.

(i) List the units in J . Prove that 1 + i ∈ J is irreducible. [3]

(ii) Let the ring homomorphism θ : J → Z2 be defined by (m+ ni)θ = m+ n
modulo 2 for all m,n ∈ Z. [Do not prove that θ is a homomorphism.] Prove
that kernel(θ) = (1 + i). [4]

Question 5 (a) Let I be an ideal in a commutative ring R. State without proof
the definition of the factor ring R/I. [4]

(b) State the 2nd isomorphism theorem for rings relating certain subrings and
ideals in R to subrings and ideals in R/I. [5]

(c) State what it means for an ideal of a ring to be maximal and state the signifi-
cance of this for R/I. [3]

(d) Show that g(X) = X2 + X + 1 is irreducible in Z5[X] and explain briefly
without proofs how this may be used to construct a field of 25 elements. [6]

Question 6 (a) State in full the 1st isomorphism theorem for groups. [6]

(b) The length l(α) of a permutation is defined as the smallest number of trans-
positions which must be composed to give the permutation. State the length
of each of the 6 elements of S3. [3]

(c) Let θ : S3 → U(Z) be the group homomorphism αθ = (−1)l(α) for all α ∈ S3.
[Do not prove that θ is a homomorphism.] Compute kernel(θ) and image(θ). [4]

(d) Show that S3 has a subgroup N such that S3/N is isomorphic to U(Z). [3]
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