8 Further topics

Themaintopicin this sectionis Asthbader’s Theoem which describeshe sub-
groupsof theclassicagroups.First, therearetwo preliminariesithe O’Nan—Scott
Theoem which doesa similar job for the symmetricandalternatinggroups;and
thestructureof extraspecialp-groups which is anapplicationof someof the ear
lier materialandalsocomesup unexpectedlyin Aschbaches Theorem.

8.1 Extraspecial p-groups

An extraspecialp-groupis a p-group(for someprime p) having the propertythat
its centre,derived group, and Frattini subgroupall coincideand have order p.
Otherwisesaid,it is a non-abeliarp-groupP with anormalsubgroupZ suchthat
|Z| = pandP/Z is elementaryabelian.

For example,of the five groupsof order8, two (the dihedraland quaternion
groups)areextraspecialthe otherthreeareabelian.

Exercise8.1 Provethattheabove conditionsareequialent.

Theorem 8.1 Anextraspecialp-grouphasorder p™, whee mis oddandgreater
than1. For anyprime p andanyoddm > 1, there are up to isomorphisnexactly
two extraspecialp-groupsof order p™.

Proof We translatethe classificatiorof extraspecialp-groupsinto geometrical-
gebra.First, notethatsucha groupis nilpotentof class2, andhencesatisfieshe
following identities:

xy.Z = [x7[y,Z, (2)
(xy)" = XYy, =2, (3)

(Here[x,y] = x 2y xy.)

Exercise8.2 Prove thattheseequationshold in any groupwhich is nilpotentof
class2.

Let P beextraspecialvith centreZ. ThenZ isisomorphicto theadditivegroup
of F = GF(p); weidentify Z with F. Also, P/Z, beingelementanabelian,is iso-
morphicto theadditive groupof avectorspace/ overF; weidentify P/Z with V.
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Of course we have to be preparedo switch betweenadditve and multiplicative
notation.

Thestructureof P is determinedy two functionsB:V xV — F andQ:V —
F, definedasfollows. SinceP/Z is elementaryabelian,the commutatorof ary
two elementf P, or the pth power of arny elemenbf P, lie in Z. Socommutation
and pth power aremapsfrom P x P to F andfrom P to F. Eachis unafectedby
changingts agumentby anelemenif Z, since

[xzy] = [x,Y] = [x,y7 and(x2)P? = x"

for ze Z. Sowe haveinducedmapsP/Z x P/Z — Z andP/Z — Z, which (under
the previousidentifications)areour requiredB andQ.

Exercise8.3 Shav thatthe structureof P canbereconstructedniquelyfrom the
field F, thevectorspace/, andthemapsB andQ above.

Now Equation(2) shavs that B is bilinear Since[x,x] = 1 for all x, it is
alternating Elementof its radicallie in thecentreof P, whichis Z by assumption;
soB is nondgenerateThusB is a symplecticform.

In particular n=rk(V) is even;so|P| = p™ wherem= 1+ nis odd, proving
thefirst partof thetheorem.

Now theanalysissplitsinto two casesaccordingasp = 2 or p is odd.

Casep =2 Now considerthe map Q. Since |Z| = 2, we have [y,X] =
[x,y]~1 = [x,y] for all x,y. Now Equation(3) for n = 2, in additive notation,
assertghat

Q(x+y) = Q(x) + Q(y) +B(x,y),

In otherwords,Q is aquadratidorm which polarisego B.
Sincetherearejusttwo inequivalentquadratidorms,therearejust two possi-
ble groupsof eachorderup to isomorphism.

Casepodd Thedifferences causedy thebehaiour of p(p—1)/2 modp:
for p odd, p dividesp(p—1)/2. HenceEquation(3) asserts

Q(x+Y) = Q(x) + Q(Y)-

In otherwords, Q is linear. Any linear function canbe uniquelyrepresentecs
Q(x) = B(x,a) for somevectora € V. Sincethe symplecticgroup hasjust two
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orbitsonV, namely{0} andthe setof all non-zerovectors,thereare againjust
two differentgroups. Note that the choicea = 0 givesa group of exponentp,
while a # 0 givesagroupof exponentp?. =

Corollary 8.2 (a) Theouterautomorphisngroupsoftheextraspecial-groups
of order 21+2" are the orthogonal groupsQe(2r, 2), for € = +1.

(b) Letp beodd. Theouterautomorphisngroupof the extraspecialp-group of
order p*2" andexponentp is thegenerakymplectiogroupGSg(2r, p) con-
sistingof linear mapspreservingthe symplectidorm up to a scalarfactor.
The automorphisngroup of the extraspecial p-group of order pt2" and
exponentp? is the stabiliserof a non-zeo vectorin the generl symplectic

group.

Exercise8.4 (a) Let P, andP, begroupsand@ anisomorphisnbetweerncen-
tral subgroupg; andZ, of P, andP.. Thecentral productP; o P, of P, and
P, with respecto 0 is thefactorgroup

(PLx P /{(z71,28) : ze Z4}.

Prove thatthe centralproductof extraspecialp-groupsis extraspecialand
correspondso takingtheorthogonalirectsumof thecorrespondingector
spacewith forms.

(b) Henceprovethatary extraspecialp-groupof order p*2 is a centralprod-
uctof r extraspeciafroupsof orderp® where

— if p= 2, all or all but oneof thefactorsis dihedral;
— if pisodd,all or all but oneof thefactorshasexponentp.

We concludewith one more pieceof informationaboutextraspecialgroups.
Let p beextraspeciabf orderp!t?. The p element®f thecentrelie in conjugay
classe®f sizel; all otherconjugagy classeshave sizep, sotherearep® +p—1
conjugay classes.Hencethereare the samenumberof irreducible characters.
But P/P’ hasorder p”, sothereare p? charactersf degreel. It is easyto see
thattheremainingp — 1 charactergachhave degreep'; they aredistinguishedy
thevaluesthey take on thecentreof P.

For p = 2, thereis only onenon-linearcharacterwhich s fixedby outerauto-
morphismsf P. Thustherepresentatioof P lifts to the extensionP.Q?(2r, 2).
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For p = 2, supposethat P hasexponentp. The subgroupSp(2r, p) of the
outerautomorphisngroupactstrivially onthecentre sofixesthe p— 1 non-linear
representationgigain theserepresentationkft to P. Sp(2r, p).

In the caseof thelastremark,the representatioof P. Sp(2r, p) canbewritten
over GK(I) (I aprime power) providedthatthis field containsprimitive pth roots
of unity, thatis,| =1 (modp). Forthecorrespondingasewith p= 2, werequire
primitive 4th rootsof unity, thatis,| =1 (mod4).

Thus,if theseconditionshold, thenGL(p",|) containsa subgrougsomorphic
to P.Sp(2r, p) or P.Q%(2r,2) (for p=2).

8.2 The O'Nan-Scott Theorem

The O’Nan-ScotfTheoremfor subgroup®f symmetricandalternatinggroupsis
aslightly simplerprototypefor Aschbaches Theorem
A groupG is calledalmostsimpleif S< G < Aut(S) for somenon-abelian
finite simplegroupsS.
We definefive classesof subgroupsof the symmetricgroup S, asfollows:
O {&xS:k+Il=nkl>1} intransitve

G {SS:kl=nkl>2} imprimitive
G {SQS:K=nkl>2} productaction
G+ {AGL(d,p): p=n} affine

{(TK).(0Out(T) x S) : k> 2} diagonal
In the lastrow of the table, T is a non-abeliansimple group, andthe group
in questionhasits diagonal action the stabiliserof a pointis Aut(T) x § =
(Tq)-(Out(T) x S), wheretheembeddingf Ty in TX is the diagonalone,as

G

ol

Ty={(t,t,...,1) :te T},

andtheactionof T = Ty is by innerautomorphisms.
Now we canstatethe O’'Nan—-ScotfTheorem.

Theorem 8.3 LetG bea subgoupof S, or A,, notequalto S, or A,. Theneither

(a) Giscontainedn asubgoupbelongingto oneoftheclasses},i=1,...,5;
or

(b) Gis primitive andalmostsimple
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Notethattheactionof G in case(b) is notspecified.

We sketcha proof of thetheorem.If G is intransitive, thenit is containedn
a maximalintransitve subgroupwhich belongsto ;. If G is transitive but im-
primitive, thenit is containedn a maximalimprimitive subgroupwhich belongs
to (>. Sowe maysupposeahatG is primitive.

LetN bethesocleof G, theproductof its minimalnormalsubgroupsit is well
known andeasyto prove thata primitive grouphasat mosttwo minimal normal
subgroupsif therearetwo, thenthey areabelian.SoN is aproductof isomorphic
simplegroups.

Now thestepsrequiredto completethe proof areasfollows:

e If N is abelian thenit is elementaryabelianof order pd for someprime p,
andN is regular, son= pY. ThenG < AGL(d, p) = p%: GL(d, p), soG is
containedn agroupin (3.

e If N is non-abeliarbut not simple,thenit canbe shovn thatG is contained
in agroupin G3U Gs.

e Of coursejf N is simple,thenG is almostsimple.

In orderto understandhe maximal subgroupf S, and A, thereare two
thingsto do now. The theoremshaws that the maximal subgroupsare eitherin
the classeg1—Cs or almostsimple. First, we mustresole the questionof which
of thesegroupscontainsanother;this hasbeendoneby Liebeck, Prager and
Saxl. Second,we mustunderstanchow almostsimple groupsact as primitive
permutationgroups;equialently, we mustunderstandheir maximal subgroups
(sincea primitive actionof agroupis isomorphicto the actionon theright cosets
of amaximalsubgroup).

According to the Classificationof Finite Simple Groups,mostof the finite
simplegroupsareclassicalgroups. So this leadsus naturally to the questionof
proving a similar resultfor classicalgroups.

8.3 Aschbachers Theorem

Aschbaches Theoremis the requiredresult. After a preliminary definition, we
givetheeightclasse®f subgroupsandthenstatethetheorem.

A subgroupH of GL(n,F) is saidto be irreducibleif no subspacef F" is
invariantunderH. We saythatH is absolutelyirr educibleif, regardingelements
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of H asn x n matricesover F, thegroupthey generates anirreduciblesubgroup
of GL(n,K) for ary algebraicextensionfield K of F.
For example thegroup

cosB —sinB) |
SO2R) = {(sine cosd ) 8¢ R}
isirreduciblebut notabsolutelyirreduciblesince,if wewrite it relative to thebasis
(e1+iep, €1 —iey), thegroupwould be

(o %)}

Now we describethe Aschbacherclasses.The examplesof groupsin these
classesvill referparticularlyto thegeneralineargroups but thedefinitionsapply
to all theclassicalgroups.We letV bethe naturalmodulefor the classicalgroup
G.

(1 consistf reduciblegroups thosewhich stabilisea subspac&V of V. In
GL(V), thestabiliserof W consistf matriceswhich, in block form (the basisof

W comingfirst), have shape
A O
X B/’

whereA € GL(k,F), B GL(l,F) (with k+1 = n), andX anarbitraryl x k matrix;
its structureis FX : (GL(k,F) x GL(I,F)).

Notethat,in aclassicaroupwith asesquilineaform B, if thesubspac#V is
fixed,thensois WNW-=,. Sowe mayassumehateitherW "W+ = {0} (sothat
W is non-dgyeneratepr W < W+ (sothatW is flat).

(> consistsof irreduciblebut imprimitive subgroupsthosewhich presere
adirectsumdecomposition

V=VioVe®- OV,

whererk(V;) = m andn = mt; elementsof the group permutethesesubspaces
amongthemseles. The stabiliserof thedecompositiorin GL(n,F) is GL(m,F)?

S.
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(3 consistsof superfieldgroups Thatis, a groupin this classis a classi-
cal groupactingon GF(q")™, whererm = n, andit is embeddedn GL(n,q) by
restrictingscalarson the vector spacefrom GF(q") to GF(g). Elementsof the
Galoisgroupof GF(q") over GF(q) arealsolinear Soin GL(n,q), a subgroupof
this form hasshapeGL(m,d") : C;. For maximality, we maytaker to beprime.

In the caseof the classicalgroup, we mustsometimesmodify the form (by
takingits tracefrom GF(q") to GF(q)); this maychangehetype of theform.

Cs consistsof groupswhich presere a tensorproductstructureV = F™ ®
F"2, with nyn, = n. The appropriatesubgroupof GL(n,F) is the centralprod-
uct GL(ng,F) o GL(np,F). We canvisualisethis examplemosteasily by taking
V to be the vector spaceof all n; x np matrices,and letting the pair (A,B) €
GL(ng,F) x GL(n2,F) actby therule

(A,B): X — A"1XB.

Thekernelof theactionis the appropriatesubgroupwvhich hasto befactoredout
to form thecentralproduct.

Gs consistof subfieldgroups thatis, subgroupobtainedby restrictingthe
matrix entriesto asubfieldGF(qo) of GF(q), whereq = ¢, (andwe maytaker to
beprime).

(s consistsof groupswith extraspecialnormalsubgroups.We saw in the
sectionon extraspeciabroupsthatthe groupP. Sp(2r, p) or (if p=2) P.Q%(2r,2)
canbeembeddedn GL(p",l) if p (or 4) divides| — 1. Thesetogethemwith the
scalargn GK(1), form thegroupsin this class.

(7 consistof groupspreservingensordecompositionsf theform
V=Vi@Ve®- - -QW,
with rk(Vi) = mandn = mf. Thesearesomavhatdifficult to visualise!
(s consistsof classicalsubgroups.Thus,ary classicalgroupactingon F"
canoccurhereasa subgroupof GL(n,F) providedthatit is not obviously non-
maximal(e.g. we exclude Q¢(2r, q) for g even, sincethesegroupsarecontained

in Sp(2r,q). However, thesegroupswould occur as class (s subgroupof the
symplecticgroup.
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Now somenotationfor Aschbaches Theorem. We let X(q) denotea clas-
sical groupover GF(q), andV = GF(q)" its naturalmodule. Also, Q(q) is the
normal subgroupof X(qg) suchthat Q(g) modulo scalarsis simple; and A(q)
is the normaliserof X(q) in the group of all invertible semilineartransforma-
tions of GF(q)". A barover the nameof a groupdenoteghat we have factored
out scalars. Note that A(q) is the automorphismgroup of Q(q) exceptin the
casesX(q) = GL(n,q) (wherethereis an outerautomorphisninducedby dual-
ity), X(q) = O (8,q) (wherethereis anouterautomorphisninducedby triality),
andX(qg) = Sp(4,q) with g even(wherethereis anouterautomorphisninduced
by the exceptionalduality of the polarspace).

Theorem 8.4 Wth theabovenotation,let Q(q) < G < A(q), andsupposehatH
is a subgoupof G notcontainingQ(q). Theneither

(a) H iscontainedn a subgoupin oneof theclasses,..., Cg; or

(b) H is absolutelyirr educibleand almostsimplemoduloscalars.

KleidmanandLiebeck, TheSubgoupStructue of theFinite ClassicalGroups
London MathematicalSociety Lecture Note Series129 CambridgeUniversity
Press1990,givesfurtherdetails,includinganinvestigatiorof which of thegroups
in the Aschbacheclassesareactuallymaximal.
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