
8 Further topics

Themaintopic in this sectionis Aschbacher’sTheorem, whichdescribesthesub-
groupsof theclassicalgroups.First,therearetwo preliminaries:theO’Nan–Scott
Theorem, which doesa similar job for thesymmetricandalternatinggroups;and
thestructureof extraspecialp-groups, which is anapplicationof someof theear-
lier materialandalsocomesup unexpectedlyin Aschbacher’s Theorem.

8.1 Extraspecial p-groups

An extraspecialp-group is a p-group(for someprime p) having thepropertythat
its centre,derived group, and Frattini subgroupall coincideand have order p.
Otherwisesaid,it is a non-abelianp-groupP with anormalsubgroupZ suchthat�
Z
���

p andP� Z is elementaryabelian.
For example,of the five groupsof order8, two (thedihedralandquaternion

groups)areextraspecial;theotherthreeareabelian.

Exercise8.1 Prove thattheaboveconditionsareequivalent.

Theorem 8.1 Anextraspecialp-grouphasorder pm, where mis oddandgreater
than1. For anyprime p andanyoddm � 1, there are up to isomorphismexactly
two extraspecialp-groupsof order pm.

Proof We translatetheclassificationof extraspecialp-groupsinto geometrical-
gebra.First, notethatsucha groupis nilpotentof class2, andhencesatisfiesthe
following identities: �

xy� z� � �
x � z� � y� z��� (2)	

xy
 n �
xnyn � y� x� n � n � 1�� 2 � (3)

(Here
�
x � y� � x � 1y � 1xy.)

Exercise8.2 Prove that theseequationshold in any groupwhich is nilpotentof
class2.

Let P beextraspecialwith centreZ. ThenZ is isomorphicto theadditivegroup
of F

�
GF

	
p
 ; we identify Z with F. Also, P� Z, beingelementaryabelian,is iso-

morphicto theadditivegroupof avectorspaceV overF; weidentify P� Z with V.
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Of course,we have to bepreparedto switchbetweenadditive andmultiplicative
notation.

Thestructureof P is determinedby two functionsB : V � V � F andQ : V �
F, definedasfollows. SinceP� Z is elementaryabelian,the commutatorof any
two elementsof P, or thepth powerof any elementof P, lie in Z. Socommutation
andpth power aremapsfrom P � P to F andfrom P to F . Eachis unaffectedby
changingits argumentby anelementof Z, since�

xz� y� ���
x � y� ���

x � yz� and
	
xz
 p � xp

for z � Z. Sowehave inducedmapsP� Z � P� Z � Z andP� Z � Z, which(under
thepreviousidentifications)areour requiredB andQ.

Exercise8.3 Show thatthestructureof P canbereconstructeduniquelyfrom the
field F, thevectorspaceV, andthemapsB andQ above.

Now Equation(2) shows that B is bilinear. Since
�
x � x� � 1 for all x, it is

alternating.Elementsof its radicallie in thecentreof P, whichis Z byassumption;
soB is nondegenerate.ThusB is asymplecticform.

In particular, n
�

rk
	
V 
 is even;so

�
P
���

pm wherem
�

1 � n is odd,proving
thefirst partof thetheorem.

Now theanalysissplitsinto two cases,accordingasp
�

2 or p is odd.

Case p
�

2 Now considerthe map Q. Since
�
Z
���

2, we have
�
y� x� ��

x � y� � 1 ���
x � y� for all x � y. Now Equation(3) for n

�
2, in additive notation,

assertsthat
Q
	
x � y
 � Q

	
x
�� Q

	
y
�� B

	
x � y
��

In otherwords,Q is aquadraticform which polarisesto B.
Sincetherearejust two inequivalentquadraticforms,therearejust two possi-

blegroupsof eachorderup to isomorphism.

Casep odd Thedifferenceis causedby thebehaviour of p
	
p � 1
�� 2 modp:

for p odd,p dividesp
	
p � 1
�� 2. HenceEquation(3) asserts

Q
	
x � y
 � Q

	
x
�� Q

	
y
 �

In otherwords,Q is linear. Any linear function canbe uniquelyrepresentedas
Q
	
x
 � B

	
x � a
 for somevectora � V. Sincethe symplecticgrouphasjust two
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orbits on V, namely � 0 � andthe setof all non-zerovectors,thereareagainjust
two differentgroups. Note that the choicea

�
0 givesa groupof exponentp,

while a �� 0 givesagroupof exponentp2.

Corollary 8.2 (a) Theouterautomorphismgroupsof theextraspecial2-groups
of order 21� 2r are theorthogonalgroupsΩε 	 2r � 2
 , for ε

�! 
1.

(b) Let p beodd.Theouterautomorphismgroupof theextraspecialp-groupof
order p1� 2r andexponentp is thegeneralsymplecticgroupGSp

	
2r � p
 con-

sistingof linear mapspreservingthesymplecticform up to a scalar factor.
Theautomorphismgroup of the extraspecialp-group of order p1� 2r and
exponentp2 is thestabiliserof a non-zero vectorin thegeneral symplectic
group.

Exercise8.4 (a) Let P1 andP2 begroupsandθ anisomorphismbetweencen-
tral subgroupsZ1 andZ2 of P1 andP2. Thecentral productP1 " P2 of P1 and
P2 with respectto θ is thefactorgroup	

P1 � P2 
���� 	 z� 1 � zθ 
 : z � Z1 � �
Prove that thecentralproductof extraspecialp-groupsis extraspecial,and
correspondsto takingtheorthogonaldirectsumof thecorrespondingvector
spaceswith forms.

(b) Henceprove thatany extraspecialp-groupof orderp1� 2r is a centralprod-
uctof r extraspecialgroupsof orderp3 where

– if p
�

2, all or all but oneof thefactorsis dihedral;

– if p is odd,all or all but oneof thefactorshasexponentp.

We concludewith onemorepieceof informationaboutextraspecialgroups.
Let p beextraspecialof orderp1� 2r . Thep elementsof thecentrelie in conjugacy
classesof size1; all otherconjugacy classeshave sizep, sotherearep2r � p � 1
conjugacy classes.Hencethereare the samenumberof irreduciblecharacters.
But P� P# hasorder p2r , so thereare p2r charactersof degree1. It is easyto see
thattheremainingp � 1 characterseachhavedegreepr ; they aredistinguishedby
thevaluesthey takeon thecentreof P.

For p
�

2, thereis only onenon-linearcharacter, which is fixedby outerauto-
morphismsof P. Thustherepresentationof P lifts to theextensionP�Ωε 	 2r � 2
 .
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For p
�

2, supposethat P hasexponentp. The subgroupSp
	
2r � p
 of the

outerautomorphismgroupactstrivially onthecentre,sofixesthep � 1 non-linear
representations;again,theserepresentationslift to P� Sp

	
2r � p
 .

In thecaseof thelastremark,therepresentationof P� Sp
	
2r � p
 canbewritten

over GF
	
l 
 (l a primepower) providedthatthis field containsprimitive pth roots

of unity, thatis, l $ 1
	
modp
 . For thecorrespondingcasewith p

�
2,werequire

primitive4th rootsof unity, thatis, l $ 1
	
mod4
 .

Thus,if theseconditionshold, thenGL
	
pr � l 
 containsasubgroupisomorphic

to P� Sp
	
2r � p
 or P�Ωε 	 2r � 2
 (for p

�
2).

8.2 The O’Nan–ScottTheorem

TheO’Nan–ScottTheoremfor subgroupsof symmetricandalternatinggroupsis
aslightly simplerprototypefor Aschbacher’s Theorem

A groupG is calledalmostsimpleif S % G % Aut
	
S
 for somenon-abelian

finite simplegroupS.
We definefive classesof subgroupsof the symmetricgroup Sn as follows:&

1 � Sk � Sl : k � l
�

n � k � l � 1 � intransitive&
2 � Sk ' Sl : kl

�
n � k � l ( 2 � imprimitive&

3 � Sk ' Sl : kl � n � k � l ( 2 � productaction&
4 � AGL

	
d � p
 : pd � n � affine&

5 � 	 Tk 
 � 	 Out
	
T 
)� Sk 
 : k ( 2 � diagonal

In the last row of the table,T is a non-abeliansimplegroup,andthe group
in questionhasits diagonal action: the stabiliserof a point is Aut

	
T 
*� Sk

�	
Td 
 � 	 Out

	
T 
+� Sk 
 , wheretheembeddingof Td in Tk is thediagonalone,as

Td
� � 	 t � t � ����� � t 
 : t � T �,�

andtheactionof T
�

Td is by innerautomorphisms.
Now wecanstatetheO’Nan–ScottTheorem.

Theorem 8.3 LetG bea subgroupof Sn or An, notequalto Sn or An. Theneither

(a) G is containedin a subgroupbelongingto oneof theclasses
&

i , i
�

1 � ����� � 5;
or

(b) G is primitive andalmostsimple.
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Notethattheactionof G in case(b) is not specified.
We sketcha proof of the theorem.If G is intransitive, thenit is containedin

a maximalintransitive subgroup,which belongsto
&

1. If G is transitive but im-
primitive,thenit is containedin a maximalimprimitivesubgroup,which belongs
to
&

2. SowemaysupposethatG is primitive.
Let N bethesocleof G, theproductof its minimalnormalsubgroups.It is well

known andeasyto prove thata primitive grouphasat mosttwo minimal normal
subgroups;if therearetwo, thenthey areabelian.SoN is aproductof isomorphic
simplegroups.

Now thestepsrequiredto completetheproof areasfollows:- If N is abelian,thenit is elementaryabelianof orderpd for someprime p,
andN is regular, son

�
pd. ThenG % AGL

	
d � p
 � pd : GL

	
d � p
 , soG is

containedin agroupin
&

4.- If N is non-abelianbut not simple,thenit canbeshown thatG is contained
in agroupin

&
3 . & 5.- Of course,if N is simple,thenG is almostsimple.

In order to understandthe maximal subgroupsof Sn and An, thereare two
thingsto do now. The theoremshows that the maximalsubgroupsareeither in
theclasses

&
1–
&

5 or almostsimple.First,we mustresolve thequestionof which
of thesegroupscontainsanother;this hasbeendoneby Liebeck, Praeger and
Saxl. Second,we must understandhow almostsimple groupsact as primitive
permutationgroups;equivalently, we mustunderstandtheir maximalsubgroups
(sincea primitiveactionof agroupis isomorphicto theactionon theright cosets
of amaximalsubgroup).

According to the Classificationof Finite Simple Groups,most of the finite
simplegroupsareclassicalgroups. So this leadsus naturallyto the questionof
proving asimilar resultfor classicalgroups.

8.3 Aschbacher’s Theorem

Aschbacher’s Theoremis the requiredresult. After a preliminarydefinition,we
givetheeightclassesof subgroups,andthenstatethetheorem.

A subgroupH of GL
	
n � F 
 is said to be irr educibleif no subspaceof Fn is

invariantunderH. We saythatH is absolutelyirr educibleif, regardingelements

90



of H asn � n matricesoverF, thegroupthey generateis anirreduciblesubgroup
of GL

	
n � K 
 for any algebraicextensionfield K of F.

For example,thegroup

SO
	
2 ��/*
 �1032 cosθ � sinθ

sinθ cosθ 4 : θ �5/76
is irreduciblebut notabsolutelyirreduciblesince,if wewrite it relativeto thebasis	
e1 � ie2 � e1 � ie2 
 , thegroupwouldbe032 eiθ 0

0 e� iθ 4 6 �
Now we describethe Aschbacherclasses.The examplesof groupsin these

classeswill referparticularlyto thegenerallineargroups,but thedefinitionsapply
to all theclassicalgroups.We let V bethenaturalmodulefor theclassicalgroup
G. &

1 consistsof reduciblegroups,thosewhichstabiliseasubspaceW of V. In
GL

	
V 
 , thestabiliserof W consistsof matriceswhich, in block form (thebasisof

W comingfirst), haveshape 2 A O
X B 4 �

whereA � GL
	
k � F 
 , B � GL

	
l � F 
 (with k � l

�
n), andX anarbitraryl � k matrix;

its structureis Fkl :
	
GL

	
k � F 
+� GL

	
l � F 
�
 .

Notethat,in aclassicalgroupwith asesquilinearform B, if thesubspaceW is
fixed,thensois W 8 W 9 . Sowe mayassumethateitherW 8 W 9 � � 0 � (so that
W is non-degenerate)or W % W 9 (sothatW is flat).&

2 consistsof irreduciblebut imprimitive subgroups,thosewhich preserve
adirectsumdecomposition

V
�

V1 : V2 :<;�;�;=: Vt �
whererk

	
Vi 
 � m andn

�
mt; elementsof the group permutethesesubspaces

amongthemselves.Thestabiliserof thedecompositionin GL
	
n � F 
 is GL

	
m� F 
 '

St .
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&
3 consistsof superfieldgroups. That is, a group in this classis a classi-

cal groupactingon GF
	
qr 
 m, whererm

�
n, andit is embeddedin GL

	
n � q
 by

restrictingscalarson the vectorspacefrom GF
	
qr 
 to GF

	
q
 . Elementsof the

Galoisgroupof GF
	
qr 
 overGF

	
q
 arealsolinear. Soin GL

	
n � q
 , asubgroupof

this form hasshapeGL
	
m� qr 
 : Cr . For maximality, wemaytake r to beprime.

In the caseof the classicalgroup,we mustsometimesmodify the form (by
takingits tracefrom GF

	
qr 
 to GF

	
q
 ); this maychangethetypeof theform.&

4 consistsof groupswhich preserve a tensorproductstructureV
�

Fn1 >
Fn2, with n1n2

�
n. The appropriatesubgroupof GL

	
n � F 
 is the centralprod-

uct GL
	
n1 � F 
 " GL

	
n2 � F 
 . We canvisualisethis examplemosteasilyby taking

V to be the vector spaceof all n1 � n2 matrices,and letting the pair
	
A � B
?�

GL
	
n1 � F 
)� GL

	
n2 � F 
 actby therule	

A � B
 : X @� A � 1XB �
Thekernelof theactionis theappropriatesubgroupwhich hasto befactoredout
to form thecentralproduct.&

5 consistsof subfieldgroups, that is, subgroupsobtainedby restrictingthe
matrixentriesto asubfieldGF

	
q0 
 of GF

	
q
 , whereq

�
qr

0 (andwemaytake r to
beprime).&

6 consistsof groupswith extraspecialnormalsubgroups.We saw in the
sectionon extraspecialgroupsthatthegroupP� Sp

	
2r � p
 or (if p

�
2) P�Ωε 	 2r � 2


canbeembeddedin GL
	
pr � l 
 if p (or 4) divides l � 1. These,togetherwith the

scalarsin GF
	
l 
 , form thegroupsin this class.&

7 consistsof groupspreservingtensordecompositionsof theform

V
�

V1 > V2 > ;�;�; > Vt �
with rk

	
Vi 
 � mandn

�
mt . Thesearesomewhatdifficult to visualise!&

8 consistsof classicalsubgroups.Thus,any classicalgroupactingon Fn

canoccurhereasa subgroupof GL
	
n � F 
 provided that it is not obviously non-

maximal(e.g. we excludeΩε 	 2r � q
 for q even,sincethesegroupsarecontained
in Sp

	
2r � q
 . However, thesegroupswould occur asclass

&
8 subgroupsof the

symplecticgroup.
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Now somenotationfor Aschbacher’s Theorem. We let X
	
q
 denotea clas-

sical groupover GF
	
q
 , andV

�
GF

	
q
 n its naturalmodule. Also, Ω

	
q
 is the

normal subgroupof X
	
q
 such that Ω

	
q
 modulo scalarsis simple; and A

	
q


is the normaliserof X
	
q
 in the group of all invertible semilineartransforma-

tions of GF
	
q
 n. A bar over the nameof a groupdenotesthat we have factored

out scalars. Note that A
	
q
 is the automorphismgroup of Ω

	
q
 except in the

casesX
	
q
 � GL

	
n � q
 (wherethereis an outerautomorphisminducedby dual-

ity), X
	
q
 � O� 	 8 � q
 (wherethereis anouterautomorphisminducedby triality),

andX
	
q
 � Sp

	
4 � q
 with q even(wherethereis anouterautomorphisminduced

by theexceptionaldualityof thepolarspace).

Theorem 8.4 With theabovenotation,let Ω
	
q
A% G % A

	
q
 , andsupposethatH

is a subgroupof G notcontainingΩ
	
q
 . Theneither

(a) H is containedin a subgroupin oneof theclasses
&

1 � ����� � & 8; or

(b) H is absolutelyirr educibleandalmostsimplemoduloscalars.

KleidmanandLiebeck,TheSubgroupStructureof theFiniteClassicalGroups,
London MathematicalSocietyLectureNote Series129, CambridgeUniversity
Press,1990,givesfurtherdetails,includinganinvestigationof whichof thegroups
in theAschbacherclassesareactuallymaximal.
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