
7 Klein correspondenceand triality

The orthogonalgroupsin dimensionup to 8 have someremarkableproperties.
Theseinclude,in thefinite case,

(a) isomorphismsbetweenclassicalgroups:

– PΩ � �
4 � q���� PSL

�
2 � q2 � ,

– PΩ
�
5 � q���� PSp

�
4 � q� ,

– PΩ � � 6 � q� �� PSL
�
4 � q� ,

– PΩ � �
6 � q� �� PSU

�
4 � q� ;

(b) unexpectedouterautomorphismsof classicalgroups:

– anautomorphismof order2 of PSp
�
4 � q� for q even,

– anautomorphismof order3 of PΩ � � 8 � q� ;
(c) furthersimplegroups:

– Suzukigroups;

– thegroupsG2
�
q� and3D4

�
q� ;

– Reegroups.

In this section,we look at the geometricalgebraunderlyingsomeof thesephe-
nomena.

Notation: we useO� � 2mF � for the isometrygroupof the quadraticform of
Witt index m on a vector spaceof rank 2m (extendingthe notationover finite
fieldsintroducedearlier).Wecall thisquadraticform Q hyperbolic. Moreover, the
flat subspacesof rank 1 for Q arecertainpointsin the correspondingprojective
spacePG

�
2m � 1 � F � ; the set of suchpoints is called a hyperbolicquadric in

PG
�
2m � 1 � F � .
Wealsodenotetheorthogonalgroupof thequadraticform

Q
�
x1 �
	
	
	�� x2m� 1 � � x1x2 ��

�� x2m� 1x2m � x2

2m� 1

by O
�
2m � 1 � F � , againin agreementwith thefinite case.
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7.1 Klein correspondence

The Klein correspondencerelatesthe geometryof the vectorspaceV � F4 of
rank 4 over a field F with that of a vector spaceof rank 6 over F carrying a
quadraticform with Witt index 3.

It worksasfollows. Let W bethespaceof all 4 � 4 skew-symmetricmatrices
overF. ThenW hasrank6: theabove-diagonalelementsof suchamatrixmaybe
chosenfreely, andthenthematrix is determined.

On thevectorspaceW, thereis a quadraticform Q givenby

Q
�
X � � Pf

�
X � for all X � W.

RecallthePfaffian from Section4.1,whereweobservedin particularthat,if X ��
xi j � , then

Pf
�
X � � x12x34 � x13x24 � x14x23 	

In particular, W is thesumof threehyperbolicplanes,andtheWitt index of Q is 3.
Thereis anactionρ of GL

�
4 � F � onW givenby therule

ρ
�
P� : X �� P� XP

for P � GL
�
4 � F � , X � W. Now

Pf
�
PXP��� � det

�
P� Pf

�
X ���

so ρ
�
P� preservesQ if andonly if det

�
P� � 1. Thusρ

�
SL

�
4 � F �
��� O

�
Q� , and

sinceSL
�
4 � F � is equalto its derived group we have ρ

�
SL

�
4 � F �
��� Ω � � 6 � F � .

It is easilychecked that the kernelof ρ consistsof scalars;so in fact we have
PSL

�
4 � F ��� PΩ � � 6 � F � .

A calculationshowsthatin factequalityholdshere.(Moreon this later.)

Theorem 7.1 PΩ � � 6 � F � �� PSL
�
4 � F � .

Examining the geometrymore closely throws more light on the situation.
SincethePfaffian is thesquarerootof thedeterminant,wehave

Q
�
X � � 0 if andonly if X is singular.

Now a skew-symmetricmatrix hasevenrank; so if Q
�
X � � 0 but X �� 0, thenX

hasrank2.
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Exercise7.1 Any skew-symmetricn � n matrixof rank2 hastheform

X
�
v� w� � v� w � w� v

for somev� w � Fn.
Hint: Let B besucha matrix andlet v andw spanthe row spaceof B. Then

B � x� v � y� w for somevectorsx and y. Now by transpositionwe seethat�
x � y� � �

v� w� . Expressx andy in termsof v andw, andusetheskew-symmetry
to determinethecoefficientsup to ascalarfactor.

Now X
�
v� w���� 0 if andonly if v andw arelinearly independent.If thisholds,

thentherow spaceis spannedby v andw. Moreover,

X
�
av � cw� bc � dw� � �

ad � bc� X � v� w��	
Sothereis a bijectionbetweentherank2 subspacesof F4 andtheflat subspaces
of W of rank1. In termsof projectivegeometry, wehave:

Proposition7.2 There is a bijectionbetweenthelinesof PG
�
3 � F � andthepoints

on the hyperbolicquadric in PG
�
5 � F � , which intertwinesthe natural actionsof

PSL
�
4 � F � andPΩ � � 6 � F � .

This correspondenceis called the Klein correspondence, and the quadricis
oftenreferredto astheKlein quadric.

Now let A be a non-singularskew-symmetricmatrix. The stabiliserof A in
ρ
�
SL

�
4 � F �
� consistsof all matricesP suchthatPAP� � A. Thesematricescom-

prisethe symplecticgroup(seethe exercisebelow). On the otherhand,A is a
vectorof W with Q

�
A���� 0, andso thestabiliserof A in theorthogonalgroupis

the5-dimensionalorthogonalgrouponA (whereorthogonalityis with respectto
thebilinearform obtainedby polarisingQ). Thus,wehave

Theorem 7.3 PΩ
�
5 � F �!�� PSp

�
4 � F � .

Exercise7.2 Let A beanon-singularskew-symmetric4 � 4 matrixoverafield F .
Prove thatthefollowing assertionsareequivalent,for any vectorsv� w � F4:

(a) X
�
v� w� � v� w � w� v is orthogonalto A, with respectto thebilinear form

obtainedby polarisingthequadraticform Q
�
X � � Pf

�
X � ;

(b) v andw areorthogonalwith respectto thesymplecticform with matrixA†,
thatis, vA†w� � 0.
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HerethematricesA andA† aregivenby

A � "##$ 0 a12 a13 a14� a12 0 a23 a24� a13 � a23 0 a34� a14 � a24 � a34 0

%'&&( � A† � "##$ 0 a34 � a24 a23� a34 0 a14 � a13

a24 � a14 0 a12� a23 a13 � a12 0

%'&&( 	
Now show thatthetransformationinducedonW by a4 � 4 matrixP fixesA if

andonly if PA†P� � A†, in otherwords,P is symplecticwith respectto A†.
Notethat,if A is thematrixof thestandardsymplecticform, thensois A†.

Now, wehavetwo isomorphismsconnectingthegroupsPSp
�
4 � F � andPΩ

�
5 � F �

in the casewhereF is a perfectfield of characteristic2. We canapplyoneand
thenthe inverseof theotherto obtainanautomorphismof thegroupPSp

�
4 � F � .

Now weshow geometricallythatit mustbeanouterautomorphism.
Theisomorphismin theprecedingsectionwasbasedon takingavectorspace

of rank 5 and factoringout the radicalZ. Recall that, on any cosetZ � u, the
quadraticform takeseachvaluein F preciselyonce;in particular, thereis aunique
vectorin eachcoseton which the quadraticform vanishes.Hencethereis a bi-
jection betweenvectorsin F4 and vectorsin F5 on which the quadraticform
vanishes.This bijectionis preservedby theisomorphism.Hence,underthis iso-
morphism,thestabiliserof apointof thesymplecticpolarspaceis mappedto the
stabiliserof apointof theorthogonalpolarspace.

Now considertheisomorphismgivenby theKlein correspondence.Pointson
theKlein quadriccorrespondto linesof PG

�
3 � F � , andit canbeshown that,given

a non-singularmatrix A, pointsof theKlein quadricorthogonalto A correspond
to flat lines with respectto the correspondingsymplecticform on F4. In other
words,the isomorphismtakesthestabiliserof a line (in thesymplecticspace)to
thestabiliserof apoint (in theorthogonalspace).

So the compositionof one isomorphismwith the inverseof the other inter-
changesthe stabilisersof pointsandlines of the symplecticspace,andso is an
outerautomorphismof PSp

�
4 � F � .

7.2 The Suzuki groups

In certaincases,wecanchoosetheouterautomorphismsuchthatits squareis the
identity. Hereis a brief account.
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Theorem 7.4 Let F be a perfectfield of characteristic2. Thenthe polar space
definedby a symplecticform on F4 itself hasa polarity if and only if F hasan
automorphismσ satisfyingσ2 � 2, where 2 denotestheautomorphismx �� x2 of
F.

Proof Wetake thestandardsymplecticform

B
�
�

x1 � x2 � x3 � x4 ��� � y1 � y2 � y3 � y4 �
� � x1y2 � x2y1 � x3y4 � x4y3 	
TheKlein correspondencetakestheline spannedby thetwo points

�
x1 � x2 � x3 � x4 �

and
�
y1 � y2 � y3 � y4 � to thepoint wit coordinateszi j , for 1 � i ) j � 4, wherezi j �

xiy j � x jyi . Thispoint lieson theKlein quadricwith equation

z12z34 � z13z24 � z14z23 � 0 �
andalso(if the line is flat) on the hyperplanez12 � z34 � 0. This hyperplaneis
orthogonalto thepoint p with z12 � z34 � 1, zi j � 0 otherwise.Usingcoordinates�
z13 � z24 � z14 � z23� in p +* p, we obtaina point of thesymplecticspacerepresenting

theline. Thisgivesthedualityδ previouslydefined.
Now take a point q � �

a1 � a2 � a3 � a4 � of the original space,andcalculateits
imageunderthe duality, by choosingtwo flat lines throughq, calculatingtheir
images,andtakingtheline joining them. Assumingthata1 anda4 arenon-zero,
we canusethe lines joining q to the points

�
a1 � a2 � 0 � 0� and

�
0 � a4 � a1 � 0� ; their

imagesare
�
a1a3 � a2a4 � a1a4 � a2a3 � and

�
a2

1 � a2
4 � 0 � a1a2 � a3a4 � . Now computethe

imageof theline joining thesetwo points,whichturnsout to be
�
a2

1 � a2
2 � a2

3 � a2
4 � . In

all othercases,theresultis thesame.Soδ2 � 2.
If thereis a field automorphismσ suchthat σ2 � 2, thenδσ � 1 is a duality

whosesquareis theidentity, thatis, apolarity.
Conversely, supposethatthereis a polarityτ. Thenδτ is acollineation,hence

aproductof a lineartransformationandafield automorphism,sayδτ � gσ. Since
δ2 � 2 andτ2 � 1, wehave thatσ2 � 2 asrequired.

It canfurtherbeshown that thesetof collineationswhich commutewith this
polarityis agroupG whichactsdoublytransitivelyonthesetΩ of absolutepoints
of thepolarity, andthatΩ is anovoid (thatis,eachflat line containsauniquepoint
of Ω. If ,F ,.- 2, thenthederivedgroupof G is a simplegroup,theSuzukigroup
Sz
�
F � .
ThefinitefieldGF

�
q� , whereq � 2m, hasanautomorphismσ satisfyingσ2 � 2

if andonly if m is odd(in whichcase,2 / m� 1021 2 is therequiredautomorphism).In
this casewe have ,Ω , � q2 � 1, and ,Sz

�
q�., � �

q2 � 1� q2 � q � 1� . For q � 2, the
Suzukigroupis notsimple,beingisomorphicto theFrobeniusgroupof order20.
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7.3 Cliff ord algebrasand spinors

Wesaw earlier(Proposition3.11)that,if Q is ahyperbolicquadraticform onF2m,
thenthemaximalflat subspacesfor Q fall into two families3 � and 3 � , suchthat
if SandT aremaximalflat subspaces,thenS 4 T hasevencodimensionin Sand
T if andonly if SandT belongto thesamefamily.

In this sectionwe representthe maximalflat subspacesaspoints in a larger
projective space,basedon the spaceof spinors. The constructionis algebraic.
Firstwebriefly review factsaboutmultilinearalgebra.

Let V bea vectorspaceovera field F, with rankm. The tensoralgebra of V,
written 5 V, is thelargestassociativealgebrageneratedby V in a linearfashion.
In otherwords, 6

V �87
n 9 0

n
6

V �
where,for example, 5 2V � V : V is spannedby symbolsv : w, with v� w � V,
subjectto therelations�

v1 � v2 �;: w � v1 : w � v2 : w�
v : �

w1 � w2 � � v : w1 � v : w2 ��
cv�;: w � c

�
v : w� � v : cw	

(Formally, it is the quotientof the free associative algebraover F with basisV
by the idealgeneratedby the differencesof the left andright sidesof the above
identities.) The algebrais < -graded,that is, it is a direct sum of components
Vn � 5 nV indexedby thenaturalnumbers,andVn1 : Vn2 = Vn1 � n2.

If
�
e1 �
	
	
	�� em� is abasisfor V, thenabasisfor 5 nV consistsof all symbols

ei1 : ei2 : 

 : ein �
for i1 �
	>	
	>� in �@? 1 �
	
	
	�� mA ; thus,

rk
� n
6

V � � mn 	
Theexterior algebra of V is similarly defined,but we addanadditionalcon-

dition, namelyv B v � 0 for all v � V. (In thisalgebrawewrite themultiplication
as B .) Thus,theexterioralgebraC V is thequotientof 5 V by theidealgenerated
by v : v for all v � V.
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In theexterioralgebra,wehavev B w � � w B v. For

0 � �
v � w�DB � v � w� � v B v � v B w � w B v � w B w�

andthe first andfourth termson the right arezero. This meansthat, in any ex-
pressionei1 B ei2 B >
 B ein, we canrearrangethe factors(possiblychangingthe
signs),andif two adjacentfactorsareequalthentheproductis zero.Thus,thenth
componentC nV hasabasisconsistingof all symbols

ei1 B ei2 B >
 B ein

wherei1 ) i2 )E	
	>	F) in. In particular,

rk
� nG

V �IH m
n J �

sothat C nV � ? 0 A for n - m; and

rk
� G

V � � m

∑
nK 0

H m
n J � 2m 	

Notethatrk
� C mV � � 1. Any lineartransformationT of V inducesin anatural

way a linear transformationon 5 nV or C nV for any n. In particular, the trans-
formation C mT inducedon C mV is a scalar, andthis providesa coordinate-free
definitionof thedeterminant:

det
�
T � � mG

T 	
Now let Q bea quadraticform onV. We definetheClifford algebra C

�
Q� of

Q to bethelargestassociativealgebrageneratedbyV in which therelation

v  v � Q
�
v�

holds. (We use  for themultiplicationin C
�
Q� . Notethat, if Q is thezeroform,

thenC
�
Q� is just theexterioralgebra.If B is thebilinearform obtainedby polar-

isingQ, thenwehave
v  w � w  v � B

�
v� w��	

This followsbecause

Q
�
v � w� � �

v � w�  � v � w� � v  v � v  w � w  v � w  w
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andalso
Q
�
v � w� � Q

�
v� � Q

�
w� � B

�
v� w��	

Now, whenwearrangethefactorsin anexpressionlike

ei1  ei2 

 ein �
we obtaintermsof degreen � 2 (andhencen � 4 � n � 6 �
	
	>	 aswe continue).So
againwecansaythatthenth componenthasabasisconsistingof all expressions

ei1  ei2 

 ein �
where i1 ) i2 )L	
	
	M) in, so that rk

�
C
�
Q�
� � 2m. But this time the algebrais

not gradedbut only N 2-graded.That is, if we let C0 andC1 be the sumsof the
componentsof even(resp.odd)degree,thenCi  C j = Ci � j , wherethesuperscripts
aretakenmodulo2.

SupposethatQ polarisesto a non-degeneratebilinearform B. Let G � O
�
Q�

andC � C
�
Q� . The Clifford group Γ

�
Q� is definedto be the groupof all those

unitss � C suchthats
� 1Vs � V. NotethatΓ

�
Q� hasanactionχ onV by therule

s : v �� s
� 1vs	

Proposition7.5 Theactionχ of Γ
�
Q� onV is orthogonal.

Proof

Q
�
s
� 1vs� � �

s
� 1vs� 2 � s

� 1v2s � s
� 1Q

�
v� s � Q

�
v�O�

sinceQ
�
v� , beingascalar, lies in thecentreof C.

Westatewithoutproof:

Proposition7.6 (a) χ
�
Γ
�
Q�
� � O

�
Q� ;

(b) ker
�
χ � is themultiplicativegroupof invertiblecentral elementsofC

�
Q� .

Thestructureof C
�
Q� canbecalculatedin specialcases.Theonewhich is of

interestto usis thefollowing:

Theorem 7.7 Let Q be hyperbolicon F2m. ThenC
�
Q� �� End

�
S� , where S is a

vectorspaceof rank2m over F called the spaceof spinors. In particular, Γ
�
Q�

hasa representationonS, calledthespinrepresentation.
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Thetheoremfollows immediatelyby inductionfrom thefollowing lemma:

Lemma 7.8 SupposethatQ � QP � yz,wherey andzarevariablesnotoccurring
in QP . ThenC

�
Q� �� M2 Q 2

�
C
�
QP �
� .

Proof LetV � V PSR �
e� f � . ThenV P generatesC

�
QPT� , andV PU� e� f generateC

�
Q� .

Werepresentthesegeneratorsby 2 � 2 matricesoverC
�
QPT� asfollows:

v �� H v 0
0 � v J �

e �� H 0 1
0 0 J �

f �� H 0 0
1 0 J 	

Somecheckingis neededto establishtherelations.

Let S be the vectorspaceaffording the spin representation.If U is a flat m-
subspaceof V, let fU be theproductof theelementsin a basisof U . (Note that
fU is uniquelydeterminedup to multiplication by non-zeroscalars;indeed,the
subalgebraof C

�
Q� generatedby U is isomorphicto the exterior algebraof U .)

Now it canbe shown thatCfU and fUC areminimal left andright idealsof C.
SinceC �� End

�
S� , eachminimal left idealhasthe form ? T : VT = X A andeach

minimal right idealhastheform ? T : ker
�
T �WV Y A , whereX andY aresubspaces

of V of dimensionandcodimension1 respectively. In particular, a minimal left
idealandaminimal right idealintersectin asubspaceof rank1.

Thuswe have a mapσ from the setof flat m-subspacesof V into the setof
1-subspacesof S.

Vectorswhichspansubspacesin theimageof σ arecalledpurespinors.

Theorem 7.9 S � S�YX S
�

, where rk
�
S� � � rk

�
S
� � � 2m� 1. Moreover, anypure

spinor lies in eitherS� or S
�

according as thecorrespondingmaximalflat sub-
spacelies in 3 � or 3 � .

Furthermore,it is possibleto definea quadraticform γ on S, whosecorre-
spondingbilinearform β is non-degenerate,sothatthefollowing holds:Z if m is odd, thenS� andS

�
areflat subspacesfor γ, andβ inducesa non-

degeneratepairingbetweenthem;
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Z if m is even, then S� and S
�

are orthogonalwith respectto β, and γ is
non-degeneratehyperboliconeachof them.

We now look briefly at thecasem � 3. In this case,rkS� � rk
�
S
� � � 4. The

Clifford grouphasa subgroupof index 2 fixing S� andS
�
, and inducingdual

representationsof SL
�
4 � F � on them. We have heretheKlein correspondencein

anotherform.
Thiscasem � 4 is evenmoreinteresting,asweseein thenext section.

7.4 Triality

Supposethat, in the notationof the precedingsection,m � 4. That is, Q is a
hyperbolicquadraticform onV � F8, andthespinorspaceS is thedirectsumof
two subspacesS� andS

�
of rank8, eachcarryinga hyperbolicquadraticform of

rank8. Soeachof thesetwo spacesis isomorphicto theoriginal spaceV. There
is anisomorphismτ (the triality map) of order3 which takesV to S� to S

�
to V,

andtakesQ to γ ,S� to γ ,S� to Q. Moreover, τ inducesanouterautomorphismof
order3 of thegroupPΩ � � 8 � F � .

Moreover, wehave:

Proposition7.10 A vectors � Sis a purespinorif andonly if

(a) s � S� or s � S
�
; and

(b) γ
�
s� � 0.

Henceτ takesthestabiliserof a point to thestabiliserof a maximalflat sub-
spacein 3 � to thestabiliserof amaximalflat subspacein 3 � backto thestabiliser
of apoint.

It canbeshown that thecentraliserof τ in theorthogonalgroupis thegroup
G2

�
F � , anexceptionalgroupof Lie type, which is theautomorphismgroupof an

octonionalgebraoverF .

Furtherreferencesfor this chapterarein C. Chevalley, TheAlgebraic Theory
of SpinorsandClifford Algebras(CollectedWorksVol. 2), Springer, 1997.
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