
6 Orthogonal groups

We now turn to theorthogonalgroups.Thesearemoredifficult, for two related
reasons.First, it is notalwaystruethatthegroupof isometrieswith determinant1
is equalto its derivedgroup(andsimplemoduloscalars).Secondly, in character-
istic differentfrom 2, thereareno transvections,andwe have to usea different
classof elements.

WeletO
�
Q� denotetheisometrygroupof thenon-degeneratequadraticformQ,

andSO
�
Q� thegroupof isometrieswith determinant1. Further, PO

�
Q� andPSO

�
Q�

arethequotientsof thesegroupsby thescalarsthey contain.WedefineΩ
�
Q� to be

thederivedsubgroupof O
�
Q� , andPΩ

�
Q��� Ω

�
Q��� � Ω �

Q��� Z � , whereZ consists
of the scalarmatrices. SometimesΩ

�
Q��� SO

�
Q� , andsometimesit is strictly

smaller;but our notationservesfor bothcases.
In the casewhereF is finite, we have seenthat for even n thereis a unique

type of non-degeneratequadraticform up to scalarmultiplication, while if n is
even there are two types, having germ of dimension0 or 2 respectively, We
write O	 � n 
 q� , O

�
n 
 q� andO � � n 
 q� for the isometrygroupof a non-degenerate

quadraticform onGF
�
q� n with germof rank0, 1, 2 (andn even,odd,evenrespec-

tively). Weusesimilarnotationfor SO,PΩ, andsoon. Thenwewrite Oε � n 
 q� to
meaneitherO	 � n 
 q� orO � � n 
 q� . Notethat,unfortunately, thisconvention(which
is standardnotation)makesε thenegativeof theε appearingin our generalorder
formula(Theorem3.17).

Now theorderformulafor thefinite orthogonalgroupsreadsasfollows.

�
O
�
2m  1 
 q� � � d

m

∏
i � 1

�
q2i � 1� q2i � 1

� dqm2
m

∏
i � 1

�
q2i � 1��
�

O	 � 2m
 q� � � m

∏
i � 1

�
qi � 1� � qi � 1  1� q2i � 2

� 2qm� m� 1� � qm � 1� m� 1

∏
i � 1

�
q2i � 1��
�

O� � 2m
 q� � � 2
�
q  1� m� 1

∏
i � 1

�
qi � 1� � qi 	 1  1� q2i
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� 2qm� m� 1� � qm  1� m� 1

∏
i � 1

�
q2i � 1��


whered � �
2 
 q � 1� . Note that thereis a singledifferencein sign betweenthe

final formulaefor Oε � 2m
 q� for ε ��� 1; wecancombinethetwo andwrite�
Oε � 2m
 q� � � 2qm� m� 1� � qm � ε � m� 1

∏
i � 1

�
q2i � 1���

We have
�
SO

�
n 
 q� � � �

O
�
n 
 q� � � d (exceptpossiblyif n is oddandq is even).

This is because,with thisexclusion,thebilinearform B associatedwith Q is non-
degenerate;andtheorthogonalgroupconsistsof matricesP satisfyingP� AP � A,
whereA is thematrixof thebilinearform, sothatdet

�
P����� 1. It is easyto show

that, for q odd, thereareorthogonaltransformationswith determinant� 1. The
excludedcasewill bedealtwith in Section6.2. We seealsothat theonly scalars
in O

�
Q� are � I ; and,in characteristicdifferentfrom 2, we have � I � SO

�
Q� if

andonly if the rankof theunderlyingvectorspaceis even. Thus,for q odd,we
have �

SO
�
Q� � � �

PO
�
Q� � � �

O
�
Q� � � 2 


and �
PSO

�
Q� � � �

SO
�
Q� � � � n 
 2���

For q andn evenwehaveO
�
Q��� SO

�
Q��� PO

�
Q��� PSO

�
Q� .

Exercise 6.1 Let Q bea non-degeneratequadraticform overa field of character-
istic differentfrom 2. Show that O

�
Q� containselementswith determinant� 1.

[Hint: if Q
�
v���� 0, thentake thetransformationwhich takesv to � v andextendit

by theidentityon v� (in otherwords,thereflectionin thehyperplanev� ).]

6.1 Some small-dimensional cases

We begin by consideringsomesmall cases.Let V be a vectorspaceof rank n
carryingaquadraticform Q of Witt index r, whereδ � n � 2r is thedimensionof
thegermof Q. Let O

�
Q� denotetheisometrygroupof Q, andSO

�
Q� thesubgroup

of isometriesof determinant1.

Case n � 1, r � 0. In this casethe quadraticform is a scalarmultiple of x2.
(Replacingq by a scalarmultiple doesnot affect the isometry group.) Then
O
�
Q����� � 1 ! , a group of order 1 or 2 accordingas the characteristicis or is

not2; andSO
�
Q� is thetrivial group.
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Case n � 2, r � 1. The quadraticform is Q
�
x1 
 x2 ��� x1x2, and the isometry

groupG � O
�
Q� is "$#

λ 0
0 λ � 1 % 
 # 0 λ

λ � 1 0 % : λ � F &(')

agroupwith asubgroupH of index 2 isomorphicto F & , andsuchthatanelement
t � G * H satisfiest2 � 1 and t � 1ht � h � 1 for all h � H. In otherwords,G is
a generaliseddihedral group. If F � GF

�
q� , thenO

�
2 
 q� is a dihedralgroupof

order2
�
q � 1� . NotethatH � SO

�
Q� if andonly if thecharacteristicof F is not2.

Case n � 2, r � 0. In thiscase,thequadraticform is

αx2
1  βx1x2  γx2

2 

whereq

�
x��� αx2  βx  γ is anirreduciblequadraticoverF. Let K beasplitting

field for q overF, andassumethatK is a Galoisextension(in otherwords,thatq
is separableoverF: this includesthecaseswhereeitherthecharacteristicis not2
or thefield F is finite). Then,up to scalarmultiplication,theform Q is equivalent
to theK � F normon theF-vectorspaceK. Theorthogonalgroupis generatedby
themultiplicativegroupof elementsof norm1 in K andtheGaloisautomorphism
σ of K overF .

In the caseF � GF
�
q� , this groupis dihedralof order2

�
q  1� . In the case

F �,+ , the -.� + normis
z /0 zz � �

z
� 2 


andsotheorthogonalgroupis generatedby multiplicationby unit complex num-
bersandcomplex conjugation.In geometricterms,it is thegroupof rotationsand
reflectionsabouttheorigin in theEuclideanplane.

AgainweseethatSO
�
Q� hasindex 2 in O

�
F � if thecharacteristicof F is not2.

Exercise 6.2 Prove that, if K is a Galoisextensionof F, thenthedeterminantof
theF-linearmapx /0 λx onK is equalto NK 1 F �

λ � . [Hint: if λ �� F, theeigenvalues
of this mapareλ andλσ.]

Case n � 3, r � 1. In this caseandthenext, we describea grouppreservinga
quadraticform andclaim without proof that it is thefull orthogonalgroup.Also,
in this case,weassumethatthecharacteristicis notequalto 2.
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LetV � F2, andletW bethevectorspaceof all quadraticformsonV (notnec-
essarilynon-degenerate).Thenrk

�
W ��� 3; atypicalelementof W is thequadratic

form ux2  vxy  wy2, wherewe have representeda typical vectorin V as
�
x 
 y� .

Weusethetriple
�
u 
 v
 w� of coefficientsto representthisvectorof w. Now GL

�
V �

actsonW by substitutionon thevariablesin thequadraticform. In otherwords,
to thematrix

A � #
a b
c d % � GL

�
2 
 F �

correspondsthemap

ux2  vxy  wy2 /0 u
�
ax  cy� 2  v

�
ax  cy� � bx  dy�2 w

�
bx  dy� 2� �

ua2  vab  wb2 � x2  �
2uac  v

�
ad  bc�3 2wbd� xy �

uc2  vcd  wd2 � y2 

which is representedby thematrix

ρ
�
A���546 a2 2ac c2

ab ad  bc cd
b2 2bd d2 78 � GL

�
3 
 F ���

Weobserveseveralthingsaboutthis representationρ of GL
�
2 
 F � :

(a) Thekernelof therepresentationis � � I ! .
(b) det

�
ρ
�
A����� �

det
�
A�9� 3.

(c) Thequadraticform Q
�
u 
 v
 w��� 4uw � v2 is multiplied by a factordet

�
A� 2

by theactionof ρ
�
A� .

Hencewe find a subgroupof O
�
Q� which is isomorphicto SL: � 2 
 F ���3� � I ! ,

whereSL: � 2 
 F � is the groupof matriceswith determinant� 1. Moreover, its
intersectionwith SL

�
3 
 F � is SL

�
2 
 F �9�3� � 1 ! . In fact, theseare the full groups

O
�
Q� andSO

�
Q� respectively.

Weseethatin this case,

PΩ
�
Q��;� PSL

�
2 
 F � if

�
F
�=<

2 

andthisgroupis simpleif

�
F
�><

3.
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Case n � 4, r � 2. Our strategy is similar. We take the rank 4 vectorspace
over F to be thespaceM2 & 2 � F � , thespaceof 2 ? 2 matricesover F (whereF is
any field). The determinantfunction on V is a quadraticform: Q

�
X �(� det

�
X � .

ClearlyX is thesumof two hyperbolicplanes(for example,thediagonalandthe
antidiagonalmatrices).

Thereis anactionof thegroupGL
�
2 
 F �@? GL

�
2 
 F � onX, by therule

ρ
�
A 
 B� : X /0 A � 1XB �

We seethatρ
�
A 
 B� preservesQ if andonly if det

�
A��� det

�
B� , andρ

�
A 
 B� is the

identity if andonly if A � B � λI for somescalarλ. So we have a subgroupof
O
�
Q� with thestructure�9�

SL
�
2 
 F �A? SL

�
2 
 F �9�CB F &D�9�3� � λI 
 λI � : λ � F &E!��

Moreover, themapT : X /0 X � alsopreservesQ. It canbeshown that together
theseelementsgenerateO

�
Q� .

Exercise 6.3 Show thattheabovemapT hasdeterminant� 1 onV, while ρ
�
A 
 B�

hasdeterminantequalto det
�
A� � 2det

�
B� 2. Deduce(from the informationgiven)

thatSO
�
Q� hasindex 2 in O

�
Q� if andonly if thecharacteristicof F is not2.

Exercise 6.4 Show that,in theabovecase,wehave

PΩ
�
Q��;� PSL

�
2 
 F �A? PSL

�
2 
 F �

if
�
F
�><

3.

Exercise 6.5 Use the order formulaefor finite orthogonalgroupsto prove that
thegroupsconstructedon vectorspacesof ranks3 and4 arethe full orthogonal
groups,asclaimed.

6.2 Characteristic 2, odd rank

In the casewherethe bilinear form is degenerate,we show that the orthogonal
groupis isomorphicto asymplecticgroup.

Theorem 6.1 LetF beaperfectfieldofcharacteristic2. LetQbeanon-degenerate
quadratic form in n variablesoverF, wheren is odd.ThenO

�
Q��;� Sp

�
n � 1 
 F � .
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Proof We know that thebilinear form B is alternatingandhasa rank1 radical,
spannedby a vectorz, say. By multiplying Q by a scalarif necessary, we may
assumethatQ

�
z��� 1. Let G bethegroupinducedonV � Z, whereZ �GF zH . Then

G preservesthesymplecticform.
ThekernelK of thehomomorphismfrom G to G fixeseachcosetof Z. Since

Q
�
v  az��� Q

�
v�3 a2 


andthemapa /0 a2 is a bijectionof F, eachcosetof Z containsonevectorwith
eachpossiblevalueof Q. ThusK � 1, andG ;� G.

Conversely, let g be any linear transformationof V � Z which preserves the
symplecticform inducedby B. Theabove argumentshows that thereis a unique
permutationg of V lifting the actionof g andpreservingQ. Note that, sinceg
inducesg on V � Z, it preservesB. We claim thatg is linear. First, take any two
vectorsv
 w. Then

Q
�
vg  wg�I� Q

�
vg�3 Q

�
wg�2 B

�
vg
 wg�� Q

�
v�3 Q

�
w�2 B

�
v
 w�� Q

�
v  w�� Q
�9�

v  w� g� ;
andthe linearity of g shows thatvg  wg and

�
v  w� g belongto thesamecoset

of Z, andsothey areequal.A similar argumentappliesfor scalarmultiplication.
SoG � Sp

�
n � 1 
 F � , andtheresultis proved.

We concludethat,with thehypothesesof thetheorem,O
�
Q� is simpleexcept

for n � 3 or n � 5, F � GF
�
2� . HenceO

�
Q� coincideswith PΩ

�
Q� with these

exceptions.

We concludeby constructingsomemore2-transitive groups.Let F bea per-
fect field of characteristic2, andB a symplecticform on F2m. Thentheset J �

B�
of all quadraticformswhichpolariseto B isacosetof thesetof “square-seminilear
maps”onV, thosesatisfying

L
�
x  y�K� L

�
x�2 L

�
y��


L
�
cx�K� c2L

�
x�

(thesemapsarejust thequadraticformswhichpolariseto thezerobilinearform).
In thefinite case,whereF � GF

�
q� (q even),therearethusq2m suchquadratic

forms, and they fall into two orbits underSp
�
2m
 q� , correspondingto the two
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typesof forms. Thestabiliserof a form Q is thecorrespondingorthogonalgroup
O
�
Q� . Thenumberof formsof eachtypeis theindex of thecorrespondingorthog-

onalgroupin thesymplecticgroup,which canbecalculatedto beqm �
qm  ε ��� 2

for a form of typeε.
Now specialisefurther to F � GF

�
2� . In this case,“square-semilinear”maps

arelinear. So,givenaquadraticform Q polarisingto B, we haveJ �
B���L� Q  L : L � V MN!��

Further, eachlinearform canbewrittenasx /0 B
�
x 
 a� for somefixeda � V. Thus,

thereis an O
�
Q� -invariantbijection between J �

B� andV. By Witt’ s Lemma,
O
�
Q� hasjust threeorbitsonV, namely� 0 !�
 � x � V : Q

�
x��� 0 
 x �� 0 !�
 � x � V : Q

�
x��� 1 !��

SoO
�
Q� hasjust threeorbitson J �

B� , namely� Q !�
 J ε � B�3*.� Q !�
 J � ε � B��

whereQ hastypeε and J ε � B� is thesetof all formsof typeε in J �

B� .
It followsthatSp

�
2m
 2� acts2-transitivelyoneachof thetwosetsJ ε � B� , with

cardinalities2m� 1 � 2m  ε � . Thepointstabiliserin theseactionsareOε � 2m
 2� .
Exercise 6.6 Whatisomorphismsbetweensymmetricandclassicalgroupsareil-
lustratedby theabove2-transitiveactionsof Sp

�
4 
 2� ?

6.3 Transvections and root elements

Wefirst investigateorthogonaltransvections, thosewhichpreservethenon-degenerate
quadraticform Q on theF-vectorspaceV.

Proposition 6.2 TherearenoorthogonaltransvectionsoverafieldF whosechar-
acteristicisdifferentfrom2. If F hascharacteristic2, thenanorthogonaltransvec-
tion for a quadratic form Q hastheform

x /0 x � Q
�
a� � 1B

�
x 
 a� a 


whereQ
�
a�O�� 0 andB is obtainedbypolarisingQ.
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Proof Supposethatthetransvectionx /0 x  �
xf � a preservesthequadraticform

Q, andlet B betheassociatedbilinearform. Then

Q
�
x  �

xf � a��� Q
�
x�

for all x � V, whence �
xf � 2Q

�
a�2 �

xf � B �
x 
 a��� 0 �

If xf �� 0, we concludethat
�
xf � Q �

a�D B
�
x 
 a�P� 0. Sincethis linear equation

holdson thecomplementof a hyperplane,it holdseverywhere;that is, B
�
x 
 a�@�� �

xf � Q �
a� for all x.

If thecharacteristicis not 2, thenB
�
a 
 a�@� 2Q

�
a� . Substitutingx � a in the

above equation,usingaf � 0, we seethat B
�
a 
 a��� 0, so Q

�
a�P� 0. But then

B
�
x 
 a��� 0 for all x, contradictingthenondegeneracy of B in this case.
Sowemayassumethatthecharacteristicis 2. If B

�
x 
 a��� 0 for all x � V, then

Q
�
a�Q�� 0 by non-degeneracy. Otherwise,choosingx with B

�
x 
 a�Q�� 0, weseethat

againQ
�
a���� 0. Then

xf � � Q
�
a� � 1B

�
x 
 a��


andtheproof is complete.(Incidentally, thefactthat f is non-zeronow showsthat
a is not in theradicalof B.)

Exercise 6.7 In the characteristic2 case,replacinga by λa for a �� 0 doesnot
changetheorthogonaltransvection.

The fact that, if Q is a non-degeneratequadraticform in threevariableswith
Witt rank 1 shows that we canfind analoguesof transvectionsactingon three-
dimensionalsectionsof V. Thesearecalledroot elements, andthey will beused
in our simplicity proofs.

A rootelementis a transformationof theform

x /0 x  aB
�
x 
 v� u � aB

�
x 
 u� v � a2Q

�
v� B �

x 
 u� u
whereQ

�
u�R� B

�
u 
 v�R� 0. Thegroupof all suchtransformationsfor fixedu 
 v sat-

isfying theabove conditions,togetherwith theidentity, is calleda root subgroup
Xu S v.
Exercise 6.8 Prove that the root elementsare isometriesof Q, that they have
determinant1, and that the root subgroupsare abelian. Show further that, if
Q
�
u��� 0, thenthegroup

Xu �GF Xu S v : v � u� H
is abelian,andis isomorphicto theadditivegroupof u�(�DF uH .
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Exercise 6.9 WritedowntherootsubgroupXu S v for thequadraticformQ
�
x1 
 x2 
 x3 �T�

x1x3
� x2

2 relative to to thegivenbasis� e1 
 e2 
 e3 ! , whereu � e1 andv � e2.

Now the detailsneededto apply Iwasawa’s Lemmaaresimilar to, but more
complicatedthan, thosethat we have seenin the casesof the other classical
groups.We summarisethe importantsteps.Let Q bea quadraticform with Witt
rank at least2, andnot of Witt rank 2 on a vectorspaceof rank 4 (that is, not
equivalentto x1x2  x3x4). We alsoexcludethecasewhereQ hasWitt index 2 on
a rank5 vectorspaceoverGF

�
2� : in thiscasePΩ

�
Q� ;� PSp

�
4 
 2� ;� S6.

(a) Theroot subgroupsarecontainedin Ω
�
Q� , thederivedgroupof O

�
Q� .

(b) TheabeliangroupXu is normalin thestabiliserof u.

(c) Ω
�
Q� is generatedby therootsubgroups.

(d) Ω
�
Q� actsprimitively on thesetof flat 1-spaces.

Notethattheexceptionof thecaseof rank4 andWitt index 2 is really necessary
for (d): thegroupΩ

�
Q� fixesthetwo familiesof rulingsonthehyperbolicquadric

shown in Figure1 onp. 41,andeachfamily is asystemof blocksof imprimitivity
for this group.

Thenfrom Iwasawa’s Lemmaweconclude:

Theorem 6.3 LetQ bea non-degeneratequadratic formwith Witt rankat least2,
but notof Witt rank2 oneithera vectorspaceof rank4 or a vectorspaceof rank5
overGF

�
2� . ThenPΩ

�
Q� is simple.

It remainsfor us to discover theorderof PΩ
�
Q� over a finite field. We give

theresulthere,anddefertheproof until later. Thefactsareasfollows.

Proposition 6.4 (a) LetQ haveWitt index at least2, andlet F havecharacter-
istic differentfrom2. ThenSO

�
Q�9� Ω

�
Q�E;� F & � � F & � 2.

(b) Let F be a perfectfield of characteristic 2 and let Q haveWitt index at
least2; excludethecaseof a rank4 vectorspaceoverGF

�
2� . Then�

SO
�
Q� : Ω

�
Q� � � 2.
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Theproof of part(a) involvesdefininga homomorphismfrom SO
�
Q� to

F & � � F & � 2 called the spinor norm, andshowing that it is onto and its kernel is
Ω
�
Q� exceptin theexcludedcase.
In theremainingcases,wework over thefinite field GF

�
q� , andwrite O

�
n 
 q� ,

understandingthatif n is eventhenOε � n 
 q� is meant.

Proposition 6.5 Excludingthecaseq evenandn odd:

(a)
�
SO

�
n 
 q� : Ω

�
n 
 q� � � 2.

(b) For q odd, � I � Ωε � 2m
 q� if andonly if qm ;� ε
�
mod4� .

The lastpart is provedby calculatingthespinornormof � I . Puttingthis to-
getherwith theorderformulafor SO

�
n 
 q� alreadynoted,weobtainthefollowing

result:

Theorem 6.6 For m U 2, excludingthecasePΩ 	 � 4 
 2� , wehave�
PΩε � 2m
 q� � � V qm� m� 1� � qm � ε � m� 1

∏
i � 1

�
q2i � 1�XWZY �

4 
 qm � ε ��

�
PΩ

�
2m  1 
 q� � � V qm2

m

∏
i � 1

�
q2i � 1�XW[Y �

2 
 q � 1���
Proof For q odd,have alreadyshown that theorderof SO

�
n 
 q� is givenby the

expressionin parentheses.Wedivideby 2 onpassingto Ω
�
n 
 q� , andanother2 on

factoringout thescalarsif andonly if 4 dividesqm � ε. For q even,
�
SO

�
n 
 q� � is

twice thebracketedexpression,andwe losethefactor2 on passingto Ω
�
n 
 q���

PΩ
�
n 
 q� .
Now wenotethat

�
PΩ

�
2m  1 
 q� � � �

PSp
�
2m
 q� � for all m. In thecasem � 1,

thesegroupsareisomorphic,sincethey arebothisomorphictoPSL
�
2 
 q� . Wehave

alsoseenthatthey areisomorphicif q is even.Wewill seelaterthatthey arealso
isomorphicif m � 2. However, they arenon-isomorphicfor m U 3 andq odd.
This follows from theresultof thefollowing exercise.

Exercise 6.10 Let q beoddandm U 2.

(a) ThegroupPSp
�
2m
 q� has \ m� 2]� 1 conjugacy classesof elementsof or-

der2.
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(b) ThegroupPΩ
�
2m  1 
 q� hasm conjugacy classesof elementsof order2.

Hint: if t � Sp
�
2m
 q� or t � Ω

�
2m  1 
 q�(� PΩ

�
2m  1 
 q� satisfiest2 � 1, then

V � V 	_^ V � , wherevt � λv for v � Vλ; andthe subspacesV 	 andV � areor-
thogonal.Show that therearem possibilitiesfor thesubspacesV 	 andV � up to
isometry;in thesymplecticcase,replacingt by � t interchangesthesetwo spaces
but gives the sameelementof PSp

�
2m
 q� . In the casePSp

�
2m
 q� , thereis an

additionalconjugacy classarisingfrom elementst � Sp
�
2m
 q� with t2 � � 1.

It follows from the Classificationof Finite Simple Groupsthat thereare at
mosttwo non-isomorphicsimplegroupsof any givenorder, andtheonly instances
wheretherearetwo non-isomorphicgroupsare

PSp
�
2m
 q�Q�;� PΩ

�
2m  1 
 q� for m U 3, q odd

and
PSL

�
3 
 4���;� PSL

�
4 
 2��;� A8 �

Thelecturecoursewill notcontaindetailedproofsof thesimplicityof PΩ
�
n 
 q� ,

but at leastit is possibleto seewhy PSO	 � 2m
 q� containsa subgroupof index 2
for q even.Recallfrom Chapter3 that,for thequadraticform

x1x2 `B�B9BX x2m� 1x2m

of Witt index m in 2m variables,theflat m-spacesfall into two families a 	 anda � , with thepropertythattheintersectionof two flat m-spaceshasevencodimen-
sion in eachif they belongto the samefamily, andodd codimensionotherwise.
Any elementof the orthogonalgroupmustfix or interchangethe two families.
Now, for q even, SO	 � 2m
 q� containsan elementwhich interchangesthe two
families: for example,the transformationwhich interchangesthe coordinatesx1

andx2 andfixesall the others. So SO	 � 2m
 q� hasa subgroupof index 2 fix-
ing the two families,which is Ω 	 � 2m
 q� . (In the casewhereq is odd, sucha
transformationhasdeterminant� 1.)
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