
5 Unitary groups

In this sectionwe analysethe unitary groupsin a similar way to the treatment
of thesymplecticgroupsin the lastsection.Note that the treatmenthereapplies
only to the isometrygroupsof Hermitianformswhich arenot anisotropic.Soin
particular, theLie groupsSU

�
n� over thecomplex numbersarenot included.

Let V bea vectorspaceover F, σ anautomorphismof F of order2, andB a
non-degenerateσ-Hermitianform onV (thatis, B

�
y� x��� B

�
x � y� σ for all x � y � V).

It is oftenconvenientto denotecσ by c, for any elementc � F.
Let F0 denotethefixedfield of F. Therearetwo importantmapsfrom F to F0

associatedwith σ, thetraceandnormmaps,definedby

Tr
�
c��� c � c �

N
�
c��� c � c 	

Now Tr is an additive homomorphism(indeed,an F0-linear map), and N is a
multiplicativehomomorphism.As wehaveseen,theimageof Tr is F0; thekernel
is thesetof c suchthatcσ ��
 c (which is equalto F0 if thecharacteristicis 2 but
nototherwise).

Supposethat F is finite. Thenthe orderof F is a square,sayF � GF
�
q2 � ,

and F0 � GF
�
q� . Sincethe multiplicative groupof F0 hasorderq 
 1, a non-

zeroelementc � F lies in F0 if andonly if cq � 1 � 1. This holdsif andonly if
c � aq 1 for somea � F (as the multiplicative groupof F is cyclic), in other
words,c � a � a � N

�
a� . Sotheimageof N is themultiplicativegroupof F0, and

its kernelis thesetof
�
q � 1� st rootsof 1. Also, thekernelof Tr consistsof zero

andthesetof
�
q 
 1� st rootsof 
 1, thelatterbeingacosetof F �0 in F � .

TheHermitianform onahyperbolicplanehastheform

B
�
x � y��� x1y2 � y1x2 	

An arbitraryHermitianformedspaceis theorthogonaldirectsumof r hyper-
bolic planesandananisotropicspace.We haveseenthat,up to scalarmultiplica-
tion, thefollowing hold:

(a) over � , ananisotropicspaceis positivedefinite,andtheform canbetaken
to be

B
�
x � y��� x1y1 ��������� xsys;

(b) over a finite field, ananisotropicspacehasdimensionat mostone;if non-
zero,theform canbetakento be

B
�
x � y��� xy 	
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5.1 The unitary groups

Let A be the matrix associatedwith a non-degenerateHermitianform B. Then

A � A� , andthe isometrygroupof B (the unitary group U
�
V � B� consistsof all

invertiblematricesP whichsatisfyP� AP � A.
SinceA is invertible,weseethat

N
�
det

�
P����� det

�
P� � det

�
P��� 1 	

Sodet
�
P��� F0. Moreover, a scalarmatrix cI lies in theunitarygroupif andonly

if N
�
c��� cc � 1.

The specialunitary group SU
�
V � B� consistsof all elementsof the unitary

groupwhich have determinant1 (that is, SU
�
V � B��� U

�
V � B��� SL

�
V � ), andthe

projectivespecialunitarygroupis thefactorgroupSU
�
V � B��� SU

�
V � B��� Z, where

Z is thegroupof scalarmatrices.
In thecasewhereF � GF

�
q2 � is finite, wecanunambiguouslywrite SU

�
n � q�

andPSU
�
n � q� , sinceup to scalarmultiplicationthereis a uniqueHermitianform

onGF
�
q2 � n (with rank � n� 2� andgermof dimension0 or 1 accordingasn is even

or odd). (It would be morelogical to write SU
�
n � q2 � andPSU

�
n � q2 � for these

groups;wehaveusedthestandardgroup-theoreticconvention.

Proposition 5.1 (a) � U � n � q��� qn � n � 1 "! 2∏n
i # 1

�
qi 
 � 
 1� i � .

(b) � SU
�
n � q�$�%�&� U � n � q�$�'� � q � 1� .

(c) � PSU
�
n � q�$�%�&� SU

�
n � q�(�'� d, whered � �

n � q � 1� .
Proof (a)WeuseTheorem3.17,with eithern � 2r, ε �)
 1

2, or n � 2r � 1,ε � 1
2,

andwith q replacedby q2, notingthat,in thelattercase,�G0 �*� q � 1. It happens
thatbothcasescanbeexpressedby thesameformula! On thesametheme,note
that, if we replace

� 
 1� i by 1 (and q � 1 by q 
 1 in parts(b) and (c) of the
theorem),weobtaintheordersof GL

�
n � q� , SL

�
n � q� , andPSL

�
n � q� instead.

(b) As we noted,detis a homomorphismfrom U
�
n � q� ontothegroupof

�
q �

1� st rootsof unity in GF
�
q2 � � , whosekernelis SU

�
n � q� .

(c) A scalarcI belongsto U
�
n � q� if cq 1 � 1, andto SL

�
n � q2 � if cn � 1. So�Z � SL

�
n � q2 �$�*� d, asrequired.

We concludethis sectionby consideringunitary transvections,thosewhich
preserve a Hermitianform. Accordingly, let T : x +, x � �

xf � a bea transvection,
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whereaf � 0. We have

B
�
xT � yT �-� B

�
x � �

xf � a � y � �
yf � a�� B

�
x � y�.� �

xf � B � y� a�/� �
yf � B � x � a�.� �

xf � � yf � B � a � a�*	
SoT isunitaryif andonly if thelastthreetermsvanishfor all x � y. Puttingy � awe
seethat

�
xf � B � a � a�0� 0 for all x, whence(since f 1� 0) wemusthaveB

�
a � a�2� 0.

Now choosingy suchthatB
�
y� a�0� 1 andsettingλ � �

yf � , wehavexf � λB
�
x � a�

for all x. Soaunitarytransvectionhastheform

x +, x � λB
�
x � a� a �

whereB
�
a � a��� 0. In particular, ananisotropicspaceadmitsnounitarytransvec-

tions.Also, choosingx andy suchthatB
�
x � a�2� B

�
y� a�2� 1, wefind thatTr

�
λ �2�

0. Conversely, for any λ � ker
�
Tr � andany a with B

�
a � a��� 0, theabove formula

definesaunitarytransvection.

5.2 Hyperbolic planes

In this sectiononly, we usetheconventionthatU
�
2 � F0 � meanstheunitarygroup

associatedwith a hyperbolicplaneover F, andσ is theassociatedfield automor-
phism,having fixedfield F0.

Theorem 5.2 SU
�
2 � F0 ��3� SL

�
2 � F0 � .

Proof Wewill show, moreover, thattheactionsof theunitarygroupon thepolar
spaceandthatof thespeciallineargroupon theprojectivespacecorrespond,and
thatunitarytransvectionscorrespondto transvectionsin SL

�
2 � F0 � . Let K �54 c �

F : c � c � 0 6 bethekernelof thetracemap;recallthattheimageof thetracemap
is F0.

With thestandardhyperbolicform, wefind thataunitarymatrix

P � 7
a b
c d 8

mustsatisfyP� AP � A, where

A � 7
0 1
1 0 8 	
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Hence
ac � ac � 0 � bc � ad � 1 � bd � bd � 0 	

In addition,werequire,thatdet
�
P��� 1, thatis, ad 
 bc � 1.

Fromtheseequationswededucethatb � b � c � c � 0, thatis, b � c � K, while
a 
 a � d 
 d � 0, thatis, a � d � F0.

Choosea fixed elementu � K. Thenλ � K if and only if uλ � F0. Also,
u � 1 � K. Hencethematrix

P† � 7
a ub

u � 1c d 8
belongsto SL

�
2 � F0 � . Conversely, any matrix in SL

�
2 � F0 � givesriseto amatrix in

SU
�
2 � F0 � by theinversemap.Sowe have a bijectionbetweenthetwo groups.It

is now routineto checkthatthemapis anisomorphism.
Representthepointsof theprojective line overF by F 9:4 ∞ 6 asusual.Recall

that∞ is thepoint(rank1 subspace)spannedby
�
0 � 1� , whilec is thepointspanned

by
�
1 � c� . Weseethat∞ is flat,while c is flat if andonly if c � c � 0, thatis, c � K.

Sothemapx +, x takesthepolarspacefor theunitarygroupontotheprojective
line over F0. It is readily checked that this maptakesthe actionof the unitary
groupto thatof thespeciallineargroup.

By transitivity, it is enoughto considerthe unitary transvectionsx +, x �
λB
�
x � a� a, wherea � �

0 � 1� . In matrix form, theseare

P � 7
1 λ
0 1 8 �

with λ � K. Then

P† � 7
1 uλ
0 1 8 �

which is a transvectionin SL
�
2 � F0 � , asrequired.

In particular, weseethatPSU
�
2 � F0 � is simpleif �F0 �<; 3.

5.3 Generation and simplicity

We follow thenow-familiar pattern.First we treattwo exceptionalfinite groups,
thenwe show thatunitarygroupsaregeneratedby unitarytransvectionsandthat
mostaresimple. By the precedingsection,we may assumethat the rank is at
least3.
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Thefinite unitarygroupPSU
�
3 � q� is a 2-transitive groupof permutationsof

theq3 � 1 pointsof thecorrespondingpolarspace(sinceany two suchpointsare
spannedby a hyperbolicpair) and hasorder

�
q3 � 1� q3 � q2 
 1��� d, whered ��

3 � q � 1� . Moreover, any two pointsspana line containingq � 1 pointsof the
polarspace.Thecorrespondinggeometryis calledaunital.

For q � 2, the grouphasorder72, andso is soluble. In fact, it is sharply
2-transitive: auniquegroupelementcarriesany pairof pointsto any other.

Exercise 5.1 (a) Show thattheunital associatedwith PSU
�
3 � 2� is isomorphic

to theaffineplaneoverGF
�
3� , definedasfollows: thepointsarethevectors

in a vectorspaceV of rank 2 over GF
�
3� , andthe lines arethe cosetsof

rank 1 subspacesof V (which, over the field GF
�
3� , meansthe triples of

vectorswith sum0).

(b) Show thattheautomorphismgroupof theunitalhasthestructure32 : GL
�
2 � 3� ,

where32 denotesanelementaryabeliangroupof this order(thetranslation
groupof V) and: denotessemidirectproduct.

(c) Show that PSU
�
3 � 2� is isomorphicto 32 : Q8, whereQ8 is the quaternion

groupof order8.

(d) Show thatPSU
�
3 � 2� is notgeneratedby unitarytransvections.

We next considerthegroupPSU
�
4 � 2� , andoutlinetheproof of thefollowing

theorem:

Theorem 5.3 PSU
�
4 � 2��3� PSp

�
4 � 3� .

Proof Observe first thatboththesegroupshave order25920. We will construct
a geometryfor the groupPSU

�
4 � 2� , andusethe technicalresultsof Section4.4

to identify it with the generalisedquadranglefor PSp
�
4 � 3� . Now it hasindex 2

in thefull automorphismgroupof this geometry, asalsodoesPSp
�
4 � 3� , which is

simple;sothesetwo groupsmustcoincide.
Thegeometryis constructedasfollows. LetV beavectorspaceof rank4 over

GF
�
4� carryinga Hermitianform of polarrank2. Theprojective spacePG

�
3 � 4�

derivedfromV has
�
44 
 1��� � 4 
 1�=� 85points,of which

�
42 
 1� � 43! 2 � 1��� � 4 


1�>� 45 arepointsof thepolarspace,andthe remaining40 arepointson which
theform doesnot vanish(spannedby vectorsx with B

�
x � x�>� 1). Notethat40 ��

34 
 1��� � 3 
 1� is equalto the numberof pointsof the symplecticgeneralised
quadrangleoverGF

�
3� . Let Ω denotethissetof 40points.
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Define an F-line to be a set of four points of Ω spannedby the vectorsof
an orthonormalbasisfor V (a setof four vectorsx1 � x2 � x3 � x4 with B

�
xi � xi �?� 1

andB
�
xi � x j �@� 0 for i 1� j). Note that two orthogonalpoints p � q of Ω spana

non-degenerate2-space,which is a line containingfive pointsof the projective
spaceof which threeare flat and the other two belongto Ω. Then 4 p � q 6$A is
alsoanon-degenerate2-spacecontainingtwo pointsof Ω, whichcomplete4 p � q 6
to anF-line. Thus,two orthogonalpointslie on a uniqueF-line, while two non-
orthogonalpointslie onnoF-line. It is readilycheckedthat,if L �B4 p1 � p2 � p3 � p4 6
is anF-line andq is anotherpoint of Ω, thenp hasthreenon-zerocoordinatesin
theorthonormalbasiscorrespondingto L, soq is orthogonalto a uniquepoint of
L. Thus,thepointsof Ω andtheF-linessatisfycondition(a) of Section4.4; that
is, they form ageneralisedquadrangle.

Now considertwo pointsof Ω which arenot orthogonal. The 2-spacethey
spanis degenerate,with a radicalof rank 1. So of the five pointsof the corre-
spondingprojective line, four lie in Ω andone(the radical)is flat. Setsof four
pointsof this type(whichareobviouslydeterminedby any two of theirmembers)
will be the H-lines. It is readily checked that the H-lines do indeedarisein the
mannerdescribedin Section4.4, that is, asthesetsof pointsof Ω orthogonalto
two givennon-orthogonalpoints.Socondition(b) holds.

Now apoint p of Ω liesin fourF-lines,whoseunionconsistsof thirteenpoints.
If q andr aretwo of thesepointswhichdonot lie onanF-linewith p, thenq and
r cannotbeorthogonal,andsothey lie in anH-line; sincep andq areorthogonal
to p, so arethe remainingpointsof the H-line containingthem. Thuswe have
condition(c). Now (d) iseasilyverifiedbycounting,andtheproofis complete.

Exercise 5.2 (a) Giveadetailedproofof theabove isomorphism.

(b) If you arefamiliar with a computeralgebrapackage,verify computation-
ally thattheabove geometryfor PSU

�
4 � 2� is isomorphicto thesymplectic

generalisedquadranglefor PSp
�
4 � 3� .

In ourgenerationandsimplicity resultswe treattherank3 caseseparately. In
therank3 case,theunitarygroupis 2-transitiveon thepointsof theunital.

Theorem 5.4 Let
�
V � B� bea unitaryformedspaceof Witt rank1, with rk

�
V �0� 3.

Assumethat thefieldF is notGF
�
22 � .

(a) SU
�
V � B� is generatedbyunitary transvections.

(b) PSU
�
V � B� is simple.
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Proof We excludethe caseof PSU
�
3 � 2� (with F � GF

�
22 � , consideredearlier.

Replacingthe form by a scalarmultiple if necessary, we assumethat the germ
containsvectorsof norm1. Take sucha vectorassecondbasisvector, wherethe
first andthird areahyperbolicpair. Thatis, weassumethattheform is

B
���

x1 � x2 � x3 �C� � y1 � y2 � y3 ����� x1y3 � x2y2 � x3y1 �
sotheisometrygroupis 4 P : P� AP � A 6
where

A �-DE 0 0 1
0 1 0
1 0 0

FG 	
Now wecheckthatthegroup

Q � HI'J DE 1 
 a b
0 1 a
0 0 1

FG
: N

�
a�.� Tr

�
b��� 0 K'LM

is asubgroupof G � SU
�
V � B� , andits derivedgroupconsistsof unitarytransvec-

tions(theelementswith a � 0).
Next we show that the subgroupT of V generatedby the transvectionsin G

is transitiveon thesetof vectorsx suchthatB
�
x � x��� 1. Let x andy betwo such

vectors. Supposefirst that N x � yO is nondegenerate.Thenit is a hyperbolicline,
anda calculationin SU

�
2 � F0 � givestheresult.Otherwise,thereexistsz suchthatN x � zO and N y� zO arenondegenerate,sowecangetfrom x to y in two steps.

Now the stabiliserof sucha vectorin G is SU
�
xA@� B�P� SU

�
2 � F0 � , which is

generatedby transvections;andevery cosetof this stabilisercontainsa transvec-
tion. SoG is generatedby transvections.

Now it follows thatthetransvectionslie in GQ , andIwasawa’s Lemma(Theo-
rem2.7)shows thatPSL

�
V � B� is simple.

Exercise 5.3 Completethedetailsin theaboveproofby showing

(a) thegroupSU
�
2 � F0 � actstransitively on thesetof vectorsof norm1 in the

hyperbolicplane;

(b) giventwo vectorsx � y of norm 1 in a rank3 unitaryspaceasin the proof,
either N x � yO is a hyperbolicplane,or thereexistsz suchthat N x � zO and N y� zO
arehyperbolicplanes.
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Theorem 5.5 Let
�
V � B� bea unitary formedspacewith Witt rankat least2. Then

(a) SU
�
V � B� is generatedbyunitary transvections.

(b) PSU
�
V � B� is simple.

Proof We follow the usualpattern. The argumentin the precedingtheorem
shows part (a) without changeif F 1� GF

�
4� . In the excludedcase,we know

thatPSU
�
4 � 2� 3� PSp

�
4 � 3� is simple,andsois generatedby any conjugacy class

(in particular, theimagesof thetransvectionsof SU
�
4 � 2� ). Theninductionshows

the result for higherrank spacesover GF
�
4� . Again, the argumentin 3 dimen-

sionsshows that transvectionsarecommutators;the actionon the pointsof the
polarspaceis primitive;andsoIwasawa’sLemmashowsthesimplicity.
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