1 Fieldsand vector spaces

In this sectionwe revise somealgebraigreliminariesandestablismotation.

1.1 Divisionrings and fields

A divisionring, or skew field, is a structureF with two binary operationscalled
additionandmultiplication, satisfyingthe following conditions:

(a) (F,+) is anabeliangroup,with identity O, calledthe additivegroupof F;
(b) (F\0,-) is agroup,calledthe multiplicativegroupof F;

(c) left or right multiplicationby ary fixedelementof F is anendomorphisnof
theadditive groupof F.

Note that condition (c) expresseghe two distributive laws. Note that we must
assumdoth,sinceonedoesnotfollow from theother

Theidentity elementof the multiplicative groupis called1.

A field is adivision ring whosemultiplicationis commutatve (thatis, whose
multiplicative groupis abelian).

Exercisel.1l Provethatthecommutatvity of additionfollows from the otherax-
ioms for a division ring (thatis, we needonly assumehat (F,+) is a groupin

(@)).

Exercisel.2 A real quaternionhasthe form a+ bi + ¢j + dk, wherea,b,c,d €
R. Addition andmultiplicationare given by “the usualrules”, togethemwith the
following rulesfor multiplicationof theelementsdl, i, j, k:

S T T X
11 1 | K
ili -1 k o
ilj =k -1 |
klk j —i -1

Prove thatthe setH of realquaternionss a divisionring. (Hint: If q=a+ bi +
¢+ dk, let g* = a— bi — ¢j — dk; provethatqq® = a2+ b2+ 2+ d2.)



Multiplication by zeroinducesthe zeroendomorphisnof (F,+). Multiplica-
tion by any non-zeroelementinducesan automorphismwhoseinverseis mul-
tiplication by the inverseelement). In particular we seethat the automorphism
groupof (F,+) actstransitively on its non-zeroelements.So all non-zeroele-
mentshave the sameorder which s eitherinfinite or a prime p. In thefirst case,
we saythatthecharacteristicof F is zero;in thesecondcasejt hascharacteristic
p.

The structureof the multiplicative groupis not so straightforvard. However,
the possiblefinite subgroupscanbe determined.If F is a field, thenary finite
subgroupof the multiplicative groupis cyclic. To prove this we requireVander
mondes Theoem

Theorem 1.1 A polynomialequationof degreen over a field hasat mostn roots.

Exercisel.3 Prove Vandermonde& Theorem. (Hint: If f(a) = 0, then f(x) =

(x—2a)g(x).)
Theorem 1.2 Afinite subgoupof themultiplicativegroupof a fieldis cyclic.

Proof An elemeniw of afield F is annthrootof unityif w" = 1; it is a primitive
nth root of unity if alsow™ # 1for0 < m< n.

Let G beasubgroupof ordern in the multiplicative groupof thefield F. By
Lagranges Theoremevery elementof G is annth root of unity. If G containsa
primitive nth root of unity, thenit is cyclic, andthe numberof primitive nth roots
is @(n), wheregis Euler'sfunction. If not, thenof coursethenumberof primitive
nth rootsis zero. The sameconsiderationapplyof courseto ary divisor of n. So,
if (m) denoteghe numberof primitive mth rootsof unity in G, then

(a) for eachdivisor m of n, eithery(m) = @(m) or Y(m) = 0.
Now every elemenif G hassomefinite orderdividing n; so

(b) S W(m)=n.

min

Finally, afamiliar propertyof Euler’s functionyields:

© > o(m)=n.

min

From (a), (b) and(c) we concludethat (m) = @(m) for all divisorsm of n. In
particular (n) = @(n) #0,andGis cyclic. =
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Fordivisionrings,thepositionis notsosimple,sinceVandermondaeTheorem
fails.

Exercisel.4 Findall solutionsof theequatiorx’ + 1 = 0in H.

However, the possibilitiescanbe determined.Let G be a finite subgroupof
the multiplicative groupof thedivisionring F. We claim thatthereis anabelian
groupA suchthatG is agroupof automorphismsf A actingsemirgularlyonthe
non-zercelementsLet B bethe subgroupof (F,+) generatedy G. ThenB is a
finitely generatedbeliangroupadmittingG actingsemirgularly. If F hasnon-
zerocharacteristicthenB is elementaryabelian;take A = B. Otherwisechoose
aprime p suchthat, for all x,g € G, theelement(xg— x)p~? is notin B, andset
A=B/pB.

The structureof semirgular automorphismgroupsof finite groups(a.k.a.
Frobeniuscomplemenjswas determinedby ZassenhausSeePassmanPermu-
tation Groups Benjamin,New York, 1968,for a detailedaccount.In particular
either G is metagclic, or it hasa normal subgroupisomorphicto SL(2,3) or
SL(2,5). (Thesearefinite groupsG having a uniquesubgroupZ of order2, such
thatG/Z is isomorphicto the alternatinggroupA4 or As respectrely. Thereis a
uniquesuchgroupin eachcase.)

Exercisel.5 ldentify the division ring H of real quaternionswith the real vec-
tor spaceR* with basis{1,i,j,k}. Let U denotethe multiplicative groupof unit
quaternionsthoseelementsi+ bi + ¢j + dk satisfyinga®+ b%+c2+d? = 1. Shaw
thatconjugatiorby aunit quaternioris anorthogonatransformatiorof R*, fixing
the 1-dimensionaspacespannedy 1 andinducinganorthogonatransformation
onthe 3-dimensionasubspacspannedy i,j, k.

Prove thatthe mapfrom U to the 3-dimensionabrthogonalgrouphaskernel
+1 andimagethe groupof rotationsof 3-spacgorthogonatransformationsvith
determinantl).

Henceshav thatthe groupsSL(2, 3) andSL(2,5) arefinite subgroupof the
multiplicative groupof H.

Remark This constructiorexplainswhy thegroupsSL(2,3) andSL(2,5) are
sometimegalledthebinarytetrahedial andbinaryicosahedal groups.Construct
alsoabinary octahedal groupof order48, andshaw thatit is notisomorphicto
GL(2,3) (the groupof 2 x 2 invertible matricesover the integersmod 3), even
thoughboth groupshave normal subgroupf order2 whosefactorgroupsare
isomorphicto the symmetricgroupS;.



1.2 Finite fields

Thebasicfactsaboultfinite fieldsaresummarisedh thefollowing two theorems,
dueto Wedderlirn andGaloisrespectiely.

Theorem 1.3 Everyfinite divisionring is commutative

Theorem 1.4 The numberof elementsn a finite field is a prime power Con-
versely if g is a prime power thenthere is a uniquefield with g elementsup to
isomorphism.

The uniquefinite field with a givenprime power orderq is calledthe Galois
field of orderq, anddenotedby GF(q) (or sometimedF,). If g is prime, then
GH(q) is isomorphicto Z/gZ, theintegersmodgq.

We now summarisesomeresultsaboutGF(q).

Theorem 1.5 Letq= p? whee p is primeanda is a positiveinteger. LetF =
GFa).

(a) F hascharacteristic p, and its additivegroup is an elementaryabelian p-
group.

(b) Themultiplicativegroup of F is cyclic, geneiatedby a primitive (p? — 1)th
root of unity (calleda primitive elementof F).

(c) Theautomorphisngroupof F is cyclicof ordera, geneatedbytheFrobenius
automorphisnx — xP.

(d) For everydivisorb of a, thereis a uniquesubfieldof F of order p°, consisting
of all solutionsof x*° = X; andtheseare all thesubfieldsf F.

Proof Part(a)is obvioussincetheadditive groupcontainsanelemenof orderp,
andpart (b) follows from Theoreml.2. Parts(c) and(d) aremosteasilyproved
usingGaloistheory Let E denotethe subfieldZ/pZ of F. Thenthe degreeof
F overE is a. TheFrobeniusmapo : x+— xP is an E-automorphisnof F, and
hasordera; soF is a Galoisextensionof E, ando generateshe Galoisgroup.
Now subfieldsof F necessarilgontainE; by the Fundamentalrheorenmof Galois
Theory they arethefixedfieldsof subgroup®f the Galoisgroup{c). =



For explicit calculationin F = GF(p?), it is mostcorvenientto representt
asE[x]/(f), whereE = Z/pZ, E[X] is the polynomialring over E, and f is the
(irreducible)minimum polynomialof a primitive elementof F. If a denoteghe
coset(f) +x, thena isarootof f, andhencea primitive element.

Now every elemeniof F canbewrittenuniquelyin theform

Co+C10+ -+ Ca10®
wherecy, c1,...,Ca_1 € E; additionis straightforvardin thisrepresentatiorAlso,
every non-zeroelementof F can be written uniquely in the form a™, where
0 < m< p?-1, sincea is primitive; multiplication is straightforvard in this
representation Using the factthat f (a) = 0, it is possibleto constructa table
matchingup thetwo representations.

Example Thepolynomialx®+x+ 1 is irreducibleover E = 7 /27. Sothefield
F = E(a) haseightelementswherea satisfiesa® +a + 1 = 0 over E. We have
a’ = 1, andthetableof logarithmsis asfollows:

a® 1
al a
a? | o2

as a+1
at | a?+a
a® | a?+a+1
ab a2 +1

Hence
(@®>+a+1)(a?+1)=a’-a®=a*=a?+a.

Exercisel.6 Shav thattherearethreeirreduciblepolynomialsof degree4 over
the field Z/27Z, of which two are primitive. HenceconstructGF(16) by the
methodoutlinedabove.

Exercisel.7 Shav thatanirreduciblepolynomialof degreem over GHq) hasa
rootin GF(q") if andonly if mdividesn.
Henceshaw thatthe numberay, of irreduciblepolynomialsof degreem over
GHq) satisfies
> man= q".

min



Exercisel.8 Shaw that, if q is even, thenevery elementof GFq) is a square;
while, if g is odd, thenhalf of the non-zeroelementof GF(q) are squaresand
half arenon-squares.

If qis odd,shav that—1 is asquaren GFq) if andonlyif g=1 (mod4).

1.3 Vector spaces

A left vectorspaceover adivisionring F is a unital left F-module. Thatis, it is
anabeliangroupV, with a anti-homomorphisnfrom F to EndV) mappingl to
theidentity endomorphisnof V.

Writing scalarson the left, we have (cd)v = ¢(dv) for all c,d € F andv e V:
thatis, scalarmultiplicationby cd is the sameasmultiplicationby d followed by
multiplication by c, not vice versa. (The oppositecorventionwould make V a
right (ratherthanleft) vectorspace;scalarswould more naturally be written on
theright.) Theunital conditionsimply meanghatlv=vforallve V.

NotethatF is avectorspaceoveritself, usingfield multiplicationfor thescalar
multiplication.

If F is adivisionring, the oppositedivision ring F° hasthe sameunderlying
setasF andthe sameaddition,with multiplicationgivenby

aob=Dba

Now aright vectorspaceover F canberegardedasaleft vectorspaceoverF°.
A linear transformationT : V — W betweentwo left F-vectorspaces/ and
W is a vectorspacehomomorphismthatis, a homomorphisnof abeliangroups
which commuteswith scalarmultiplication. We write linear transformation®n
theright, sothatwe have
(ev)T =c(vT)

forall ce F, ve V. We addlineartransformationspr multiply themby scalars,
pointwise(asfunctions),and multiply thenby function composition;the results
areagainlineartransformations.

If alineartransformationT is one-to-oneand onto, thenthe inversemapis
alsoalineartransformationwe saythatT is invertibleif thisoccurs.

Now Hom(V,W) denoteshe setof all linear transformationgrom V to W.
Thedual spaceof F is F* = Hom(V, F).

Exercisel.9 Shav thatV* is aright vectorspaceoverF.



A vector spaceis finite-dimensionalf it is finitely generatedas F-module.
A basisis a minimal generatingset. Any two baseshave the samenumberof
elementsthis numberis usuallycalledthe dimensionof the vectorspaceput in
orderto avoid confusionwith a slightly differentgeometricnotion of dimension,
| will callit therankof thevectorspace TherankofV is denoteddy rk(V).

Everyvectorcanbeexpressediniquelyasalinearcombinatiornof thevectors
in abasis.In particulay alinearcombinationof basisvectorsis zeroif andonly if
all the coeficientsarezero. Thus,a vectorspaceof rankn over F is isomorphic
to F" (with coordinatevise additionandscalamultiplication).

I will assumdamiliarity with standardresultsof linear algebraaboutranks
of sumsand intersectionsof subspacesaboutranksof imagesand kernelsof
linear transformationsandaboutthe representationf linear transformation®y
matriceswith respecto givenbases.

Aswell aslineartransformationsyerequiretheconcepof asemilineartrans-
formationbetweerfF-vectorspace® andW. This canbedefinedin two ways. It
isamapT fromV toW satisfying

(@) (vi+Vv2)T =wT + VT forall vi,v2 € V;

(b) (ev)T =c°vT for all c€ F, ve V, whereo is anautomorphisnof F called
theassociateciutomorphisnof T.

Note that, if T is notidentically zero, the associatecdutomorphisms uniquely
determinedy T.

Thesecondiefinitionis asfollows. Givenanautomorphisno of F, we extend
theactionof o to F" coordinatevise:

(c1,...,€n)° = (cf,...,CP).

Hencewe have anactionof o on any F-vectorspacewith a givenbasis.Now a

o-semilineartransformatiorfromV to W is the compositionof alineartransfor

mationfromV to W with theactionof o onW (with respecto somebasis).
Thefactthatthetwo definitionsagreefollows from the obsenations

e theactionof o onF" is semilineaiin thefirst sense;

e thecompositiorof semilineatransformationss semilineaandtheassoci-
atedautomorphisms the compositionof the associate@utomorphismef
thefactors).



This immediatelyshows thata semilinearmapin the secondsenseas semilinear
in thefirst. Corversely if T is semilinearwith associatedutomorphisno, then
thecompositionof T with ot is linear, so T is o-semilinear

Exercisel.10 Provetheabore assertions.

If asemilineartransformatiorT is one-to-oneandonto,thentheinversemap
is alsoa semilinearttransformationyve saythatT is invertibleif thisoccurs.

Almost exclusively, | will consideronly finite-dimensional/ectorspaces.To
completethe picture,hereis the situationin general.In ZFC (Zermelo—Fraen$
settheorywith the Axiom of Choice),every vector spacehasa basis(a set of
vectorswith the propertythat every vector hasa uniqueexpressionas a linear
combinationof a finite setof basisvectorswith non-zerocoeficients),andary
two baseshave the samecardinalnumberof elements. However, without the
Axiom of Choice theremay exist avectorspacewhich hasno basis.

Note alsothatthereexist division rings F with bimodulesv suchthatV has
differentrankswhenregardedasaleft or aright vectorspace.

1.4 Projective spaces

It is not easyto give a concisedefinition of a projectve space sinceprojectve
geometrymeansseveral differentthings: a geometrywith points, lines, planes,
andso on; a topologicalmanifold with a strangekind of torsion; a lattice with
meet join, andorder;anabstractncidencestructureatool for computeigraphics.

Let V be a vectorspaceof rankn+ 1 over afield F. The “objects” of the
n-dimensionaprojectie spacearethesubspacesf V, apartfromV itself andthe
zerosubspacg0}. Eachobjectis assignea dimensiorwhichis onelessthanits
rank,andwe usegeometricterminology sothatpoints linesandplanesarethe
objectsof dimensiorD, 1 and2 (thatis, rank1, 2, 3respectrely). A hyperplands
anobjecthaving codimensiori (thatis, dimensiom — 1, or rankn). Two objects
areincidentif onecontainsthe other Sotwo objectsof the samedimensionare
incidentif andonly if they areequal.

Then-dimensionaprojective spaces denotedoy PG(n, F). If F isthe Galois
field GF(q), we abbreviate PG(n,GHq)) to PG(n,q). A similar conventionwill
be usedfor othergeometriesandgroupsover finite fields.

A 0-dimensionaprojective spacehasno internalstructureat all, like anide-
alisedpoint. A 1-dimensionalprojective spaceis just a setof points,onemore
thanthe numberof elementf F, with (atthe moment)no further structure.(If
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{e1,e} is abasisfor V, thenthe pointsarespannedy the vectorsie; + e (for
A € F) andey.)

Forn> 1, PG(n,F) containsobjectsof differentdimensionsandtherelation
of incidencegivesit anon-triial structure.

Insteaddf our“incidencestructure’model,we canrepresenaprojectve space
asacollectionof subset®f aset.Let Sbethesetof pointsof PG(n,F). Thepoint
shadowof anobjectU is thesetof pointsincidentwith U. Now thepointshadov
of apoint P is simply {P}. Moreover, two objectsareincidentif andonly if the
pointshadaev of onecontainghatof the other

Thediagrambelor shovs PG(2, 2). It hassevenpoints,labelledl, 2, 3, 4, 5,
6, 7; theline shadevs are123,145,167,246,257,347 356 (where,for example,
123is anabbreiationfor {1,2, 3}).

2 6 4

The correspondencketweenpointsandspanningvectorsof the rank-1sub-
spacesanbetakenasfollows:

1 2 3 Z 5 6 7
(0,0,1) [ (0,1,0)| (0,1,1) | (1,0,0) | (L,0,1) | (1,1,0) | (L 1,1)

The following geometricpropertiesof projectve spacesare easily verified
from therankformulaeof linearalgebra:

(a) Any two distinctpointsareincidentwith auniqueline.
(b) Two distinctlinescontainedn a planeareincidentwith auniquepoint.

(c) Any threedistinctpoints,or ary two distinctcollinearlines,areincidentwith
auniqueplane.

(d) A line notincidentwith a givenhyperplananeetst in a uniquepoint.

(e) If two distinct points are both incidentwith someobjectof the projective
space,thenthe uniqueline incidentwith themis alsoincidentwith that
object.
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Exercisel.11 Provetheabore assertions.

It is usualto belessformal with thelanguageof incidence andsay*“the point
P liesontheline L”, or “the line L passeshroughthe point P” ratherthan“the
point P andthe line L areincident”. Similar geometriclanguagewill be used
withoutfurthercomment.

An isomorphisnirom a projectve spacd11 to aprojectve spacdl, isamap
from theobjectsof I to theobjectsof I, which preseresthe dimensionof ob-
jectsandalsopreserestherelationof incidencebetweerobjects.A collineation
of aprojectve spacd is anisomorphisnfrom I to IM.

The importanttheoremwhich connectshis topic with that of the previous
sectionis the Fundamentallrheoemof ProjectiveGeometry

Theorem 1.6 Any isomorphismof projective spacesof dimensionat leasttwo
is inducedby an invertible semilineartransformationof the underlyingvector
spaces. In particular, the collineationsof PG(n,F) for n > 2 are inducedby
invertiblesemilineartransformation®f therank{n+ 1) vectorspaceoverF.

This theoremwill not be proved here,but | make a few commentsaboutthe
proof. Considerfirst the casen = 2. Oneshows thatthe field F canbe recor-
eredfrom the projectve plane(thatis, the additionand multiplicationin F can
be definedby geometricconstructionsnvolving pointsandlines). The construc-
tion is basedon choosingfour pointsof which no threearecollinear Henceary
collineationfixing thesefour pointsis inducedby a field automorphism.Since
the group of invertible linear transformationsactstransitvely on quadruplesof
pointswith this property it follows thatary collineationis inducedby the com-
positionof alineartransformatioranda field automorphismthatis, a semilinear
transformation.

For higherdimensionaspaceswe shav thatthecoordinatisationsf theplanes
fit togethelin aconsistentvay to coordinatisehe whole space.

In the next chaptemwe studypropertief the collineationgroupof projectve
spacesSincewe areconcernegbrimarily with groupsof matrices] will normally
speakof PG(n— 1,F) asthe projectve spacebasedon a vectorspaceof rankn,
ratherthanPG(n, F) basedn avectorspaceof rankn+ 1.

Next we give somenumericalinformationaboutfinite projective spaces.

Theorem 1.7 (a) Thenumberof pointsin the projectivespacePG(n— 1,q) is
(@"-1)/(a-1).
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(b) Moregeneally, thenumberof (m— 1)-dimensionasubspacesf PG(n—1,q)
is
(@=D@-g--(@"=q™h)
(@"-1)(@™-a)--- (g™ —qm 1)
(c) Thenumberof (m— 1)-dimensionakubspacesf PG(n— 1,q) containinga

given(l — 1)-dimensionakubspaces equalto the numberof (m—1 — 1)-
dimensionabubspacesf PG(n—1| —1,q).

Proof (a) Theprojectve spacds basedon a vectorspaceof rankn, which con-
tainsq" vectors. Oneof theseis the zerovector andthe remainingg” — 1 each
spanasubspacef rank 1. Eachrank1l subspaceontainsg— 1 non-zerovectors,
eachof which spanat.

(b) Countthe numberof linearly independentn-tuplesof vectors. The jth
vectormustlie outsidethe rank (j — 1) subspacapannedy the precedingvec-
tors, sothereareq” — g/~ choicesfor it. Sothe numberof suchm-tuplesis the
numeratorof the fraction. By the sameargument(replacingn by m), the num-
ber of linearly independenim-tupleswhich spana givenrank m subspaces the
denominatoof thefraction.

(c) If U is arankl subspacef the rank m vectorspaceV, thenthe Second
IsomorphismTheoremshaows thatthereis a bijection betweerrank m subspaces
of V containingU, andrank (m—1) subspacesf therank (n—1) vectorspace
V/U. =

Thenumbergivenby tr?efraction in part(b) of thetheoremis calleda Gaus-
sian coeficient, written [m] . Gaussiarcoeficientshave propertiesesembling

thoseof binomialcoeficients,to which they tendasq — 1.

Exercisel.12 (a)Provethat

n nkil| N _[n+1
[Jq+q [k-Jq_[ kK Jg

(b) Provethatforn> 1,

n|j1+qx Zq (k=1) /2[ ] XK.

(This resultis known as the g-binomial theoem sinceit reducesto the
binomialtheoremasq — 1.)
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If we regarda projective spacePG(n— 1, F) purelyasanincidencestructure,
the dimensionf its objectsarenot uniquelydetermined.This is becausé¢here
is anadditionalsymmetryknown asduality. Thatis, if we regardthe hyperplanes
aspoints,anddefinenen dimensiongy dim*(U) = n—2—dim(U), we again
obtaina projectve spacewith the samerelationof incidence.Thereasorthatit
is aprojective spacds asfollows.

LetV* =Hom(V,F) bethedualspaceof V, whereV is theunderlyingvector
spaceof PG(n—1,F). RecallthatV* isarightvectorspaceoverF, or equivalently
aleft vectorspaceoverthe oppositefield F°. To eachsubspacé) of V, thereis a
correspondingubspace T of V*, theannihilator of U, givenby

Ut={fev*:uf =0forallueU}.

The correspondencd — UT is a bijection betweerthe subspacesf V andthe
subspacesf V*; we denotethe inversemapfrom subspacesf V* to subspaces
of V alsoby t. It satisfies

@ UuhT=u;
(b) U1 < Uy if andonly if U > U;
(©)rk(UT) = n—rk(U).

Thuswe have:

Theorem 1.8 Thedual of PG(n— 1,F) is the projectivespacePG(n — 1,F°). In
particular, if n > 3, thenPG(n— 1,F) is isomorphicto its dual if andonlyif F is
isomorphicto its oppositeF°.

Proof Thefirstassertiorfollowsfrom ourremarks.Thesecondollowsfrom the
first by useof the Fundamentalheoremof Projectve Geometry m

Thus,PG(n—1,F) is self-dualif F iscommutatve,andfor somenon-commutatie
divisionringssuchasH, but therearedivisionringsF for whichF 2 F°.
An isomorphisnfrom F to its oppositeis a bijectiono satisfying

(a+b)° = a’+hb°,
(ab)° = b°a’,

for all a,b € F. Suchamapis calledananti-automorphisnof F.

Exercisel.13 Shav thatH 2 H°. (Hint: (a+ bi +¢j +dk)° = a— bi — ¢j — dk.)
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