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-1
andv=| 1 |]. Calculate the following:
2

1. Let u =

W N =

(1) [2 marks] 2u — 3v;
(ii) [2 marks| a vector of length 1 in the same direction as u;

(iii) [2 marks] a vector equation for the line through (1,3, —4) and in the same direction

as u.
1 0

2. Letu= |2 | andv= | 1 |. Calculate the following:
1 2

(i) [2 marks| u x v;

(ii) [2 marks] a non-zero vector w such that w is orthogonal to both u and v, and u, v, w

is a left-handed triple;

(iii) [3 marks] a Cartesian equation for the plane through the point (—1,4,5) and parallel

to u and v;

(iv) [4 marks| the distance of the point (1,2, 3) from the plane defined by x + 2y — 4z = 5.

3. (i) [6 marks] By reducing to echelon form, determine all solutions to the following

system of linear equations in x,y, 2:

2c + 2y + 2z = 0
2y 4+ 4z = 0.
xr + 2y + 3z = 0

(ii) [2 marks] What exactly does your answer to (i) tell you about the intersection of the

three planes defined by the equations above?

-1 1 =2
4. (i) [4 marks] Calculate det(A), where A= 2 2 3
1 -2 3
(ii) [4 marks] Find the volume of the parallelepiped with sides corresponding to w, v, w,
-1 3 —2
where u = 2 l,v=1| —-61],w= 3
1 -3 3

Are u, v, w coplanar? If u,v, w are not coplanar then are they a right-handed triple or a
left-handed triple? Justify your answers.

Next question overleaf



5. [6 marks| Consider the parallelogram ABCD, with A = (1,2,1), B = (1,—1,3), and
C = (2,1,0). Determine the area of ABCD.

1
1

i) [2 marks] calculate A2 + 315;

6. For the matrix A = <_31 ), do the following:

ii) [3 marks] determine if A is invertible, and if so, find A~1;

iii) [2 marks| determine the characteristic polynomial of A;

(
(
(
(iv) [5 marks] find all the eigenvalues of A, and for each such eigenvalue A, find the set of

all eigenvectors of A with corresponding eigenvalue .

7. (i) [2 marks] Define what it means for a function ¢ : R™ — R™ to be a linear transfor-

mation.

(i) [4 marks| Let s : R2 — R3 be a linear transformation with
1

—1o = -2,
4

and let ¢ : R? — ]R2 be a linear transformation with

1 0 0
tlo :(_43),t 1 :(§>,t 0 :G)
0 0 1

Determine the matrices representing s, t, and s o t.

8. (i) [2 marks] With respect to a fixed origin O in 3-dimensional space, what is meant by

the position vector a of a point A?

(ii) [6 marks] Let A and B be points with respective position vectors a and b, and let P
be a point on the line segment AB such that |[AP| = A|AB|. Prove that P has position
vector

= (1= Aa+ Ab.

(iii) [6 marks] Let A, B, C, D be any four points in 3-dimensional space, and let P,Q, R, S
be the respective mid-points of the line segments AB, BC,CD, DA. Prove that PQRS is
a parallelogram.

Next question overleaf



9. (i) [3 marks] Define (not using co-ordinates) the scalar product u - v of two vectors

u and wv.
U1 u1
(ii) [8 marks| Suppose vectors u,v are given in coordinates by u = | us |, v = | vo
u3 U3

State a formula (without proof) for u - v in terms of the co-ordinates of u and v.

(a)
(b) Assuming the formula in (a), prove that u - (aw + w) = a(u - v) + u - w, for all vectors
u,v,w

and scalars o.

(iii) [4 marks] Exactly which of the following statements are true? [Your answer must be

completely correct to obtain marks.]

) If u and v are vectors such that u-v = 0, then we must have u = 0 or v = 0.

) If w is a vector such that u-v = 0 for every vector v, then we must have u = 0.

(a
(b
(¢) u-v=uv-u for all vectors u,v.
(d) If w and v are non-zero vectors such that |u-v| = |u X v| then v and v must be parallel.
(e

) If w and v are non-zero vectors such that |u - v| = |u X v| then u and v must be

orthogonal.

10. (i) [2 marks] Write down the 2 x 2 matrix representing the rotation ry in the (z, y)-plane

through a counterclockwise angle 6 about the origin.

(ii) [6 marks] Prove that if 6 is not an integer multiple of 7, then 7y has no (real) eigenvalue.

(iii) [6 marks] Write down the 3 x 3 matrix representing the reflection (in 3 dimensions) in
-1

the plane II which goes through the origin and is orthogonal to [ 2
2

End of question paper



