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Practice Question 1.
We have: ux (v4+w) =—((v+w) xu)=—((vxu)+ (w x u)), by assumed
right-distributivity, and this is —(—(u x v) — (u x w)) = (u X v) 4+ (u x w).

Practice Question 2. [Draw a picture to help you visualise the situation, and
hence to apply an appropriate theorem from your lecture notes. |
The vector u represented by AB is

1 1 0
1= =3]=(2],
4 1 3

4 1 3
1| -1 )= 2
0 4 —4

By a theorem in the lecture notes, the area of parallelogram ABC'D is equal to

lu x v| = | — 14i + 9j — 6k| = \/(—14)2 + 92 4 (—6)2 = V/313.

Note that you obtain the same answer if you (incorrectly) use the cross product
of the vectors represented by AB and AC instead AB and AD. Indeed, the
cross products themselves are actually equal. See the next question for why this
‘incorrect’ formula always (inadvertently) gives you the correct answer.

Practice Question 3. We suppose that 1@, AC and AD represent u, w and v
respectively, so that u = b —a, w = ¢ —a and v = d — a, with the notation
chosen so that u and v correspond to the sides of the parallelogram ABC'D and
w corresponds to a diagonal. From lecture notes, the area of the parallelogram
is lu x v|. Now w = u+ v, and so v=w — u, and so the area is

luxv|=lux(w—u)|=[(uxw)—(uxu)|=|(uxw)—0|=|uxw|,

and so in terms of a, b and c¢ the area is |[(b — a) x (c — a)].
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Practice Question 4. Using the Cartesian equations for the line, ¢ say, we set

r—4 y+2 z-1

A=
3 3 -5’
giving x =4+ 3\, y = —2+ 3\, z =1 — 5], and so the line has vector equation
4 3 3
r=|—-2]+X[ 3 |. Let P=(4,-2,1),Q =(-2,1,5), u= 3 |, and
1 -5 -5
—2 4 —6
v be represented by P_Q) Then v = 1 - -2 | = 3 |. Note that
5 1 4
P is on £, and we want to find the distance from () to £. Thus we calculate that
3 3. 3 —6 |. 3 —6 . .
u><v-’_5 4‘1—‘_5 4‘J+‘3 3‘k—271+18j+27k,

and so the distance from () to the line /¢ is

luxv| V72943244729 V1782 9v/22

u V9+9+25 V43 V43§

Practice Question 5.

(a) These lines are parallel (since their direction vectors are parallel), and so
the distance between them is the distance between one, say the first, namely

4 2
r=| —1 | +X| —3 |, and a point P, say (5,2,3), on the other. Let
-3 1
2
A=(4,-1,-3), P=(52,3),u= | —3 |, and v be represented by AP.
1
5) 4 1
Thenv=| 2 | = —1 | =1 3 |, and therefore
3 -3 6
-3 3. 2 17, 2 1 . .
uxv:‘ 1 6 1—’1 6’3—1— 3 3’k——211—113+9k,

and the so distance from P to the (first) line is

luxv| VAT+I121+81 V643

u A+9+1 V14




4 2 ) 1
(b) Leta=|[ —1 |,u=| =3 |andb=| 2 |,v=| 7 |. Then
-3 1 3 3
-3 7. 2 11, 21 . .
uxv—‘ 1 3 1—’1 3’J+‘_3 7’k——161—5‘]—|—17k,

and so the distance between the lines is

1 —16

_a). 1
((b—a)uxv)| o) [ _5 VI B ¥ 280 — —
lu x v 6 17 V570

Practice Question 6. If a =0 or b = 0 then |a x b| = y/|a[?|b|? — (a-b)? = 0,
since ax b = 0 and a-b = |a|*|b|? = 0. Else, in the general case, we let  be the
angle between a and b. We have |a x b| = |a||b|sin# > 0, and a-b = |a||b| cos .
Thus, we have:

VIaPTo? = ()7 = /[l (b —[aP[b cos”
— VIaPTBP(T = o) = \/JaP b sin?
— |a||bl[sinf| = |a x b],

where the last equality follows from the fact that sinf > 0 for 0 < 0 < 7. It is
also possible, but not very pretty, to use coordinates to do this question.

Practice Question 7. [For Part (b), you should note when I have used an ex-
plicit (counter-)example, and when I have proved something for all quaternions
A, B, C, using symbolic computations.]

(a) Using various properties of the dot and cross products, we have:

(axb)xc=—(cx(axb))=—((c-b)a— (c-a)b)
= (c-a)b — (c-b)a = (a-c)b — (b-c)a.

(b) To see that quaternion multiplication is non-commutative, we exhibit an
explicit example when the product does not commute. Let A and B be the
quaternions (1,1) and (0, j) respectively. We have AB = (0, j + k), whereas
BA = (0,j — k). [Note that there are pairs of quaternions A and B such
that AB = BA, for example A = (1,—i) and B = (2,3i) when we have
AB = BA = (5,—1).]



For associativity, we let A = («a,a), B = (,b) and C' = (7, c) be general
quaternions. We evaluate A(BC') and (AB)C' as follows:

A(BC) = (a,a).((8,b).(7,¢))
= (o,a).(fy —b-c,fc+vb+Db x c)
= (afy — a(b-c) — f(a-c) —y(a-b) —a-(b x c),
afc+ ayb+ a(b x ¢) + fya— (b-c)a
+G(axc)+y(axb)+ax(bxc))

and

(AB)C = ((@,a).(6,b)).(7,¢)
= (aff —a-b,ab+ fa+a x b).(v,c)
— (@87 —~(a-b) — a(b-c) — Bla-c) — (ax b)-c,
afic — (a-b)c + yab + yfBa + y(a x b)
+a(b xc)+ faxc)+ (axb)xc).

The scalar components of A(BC') and (AB)C are equal since a-(b x ¢) =
(a x b)-c for all vectors a, b, c. Comparing the vector components, we
see that they are equal if and only if —(b-c)a+a x (b x ¢c) = —(a-b)c +
(ax b) x c. But both sides of this equality are —(b-c)a+ (a-¢c)b — (a-b)c,
hence quaternion multiplication is associative.

Feedback Question.

(a) Let P = (2,5,1), Q@ = (=5,2,—1), R = (1,—2,—4), let u be represented

-7 -1
by ]Y) and v be represented by PR. Thenu= [ -3 | andv=[ -7
—2 -5

We require a Cartesian equation for the plane through P = (2,5,1) and
parallel to u and v. A vector equation for this plane is r-n = p-n, where
n = u x v and p is the position vector of P. We can take n = u x v =

i — 33j + 46k.
2 1
Nowpn=| 5 |-| =33 | = —117, so a vector equation for the plane is
1 46
1
r- | —33 | = —117, and a Cartesian equation is x — 33y + 462z = —117.
46

Note: Any nonzero scalar multiples of the above equations are correct.



(b) Let P = (3,—-1,-2),Q = (4,1,—-3), R = (2,3, —1), let u be represented by
1 -1
PTQ) and v be represented by PR. Then u = 2 and v = 4
-1 1

We require a Cartesian equation for the plane through A = (—4,2,1) and
parallel to u and v. A vector equation for this plane is r-n = a-n, where
n = uxv and a is the position vector of A. We can take n = uxv = 6i+6k.
In fact, we can take n to be any nonzero scalar multiple of u x v, and so
we choose n = $(u x v) =i+ k instead.

—4 1
Now a-n = 2 -1 0 | = -3, and so a vector equation for the plane
1 1
1
isr-| 0 | =-3, and a Cartesian equation is z + z = —3.
1

Note: Any nonzero scalar multiples of the above equations are correct.
With n = u x v, we would have algorithmically obtained the Cartesian
equation 6x 4+ 6z = —18, which is of course equivalent to x + z = —3. The
points P, @) and R lie on the plane x + z = 1.
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