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Practice Question 1. [It is extremely important that you do not mix up what
is a vector and what is a scalar in an expression involving scalar products. |

(a) a-b =642 —28 = —20.
(b) cosf = a-b/(|a||b]) = —20/(v/21v/62) = —20/+/1302.

2 9 3 129
(©) (@@a+byb= | -1 || =5 | |b=a3| —2 | = —s6
—4 -5 7 301

Practice Question 2. [Note how we must handle separately the case u = 0 or
v=0]

We first handle the case when u = 0 or v = 0. In this case, [u| =0 or |v| =0,
and also u-v = 0 (by definition), and so we have

ju-v| =0 = ullv].

Now suppose that u and v are nonzero vectors, so that we can talk about the
angle 6 between them, and have by definition that u-v = |u||v|cosf. Then we
have

[u-v| = [(|Ju]|v]cos0)| = [ul|v||cos ] < |u]|v],

since |u||v| > 0 and |cos#| < 1 no matter what the angle @ is.

Practice Question 3. [These proofs are similar to some in your Week 3 lecture

notes. |
Uy 0 w1
(a) Letu=| uy |,v=1| vo |,andw= | wy |. Then we have:
Usg U3 w3
up + vq wy
(ut+v)w=| uy+uve || we
Uz + U3 W3

= (u1 + vl)wl + (UQ + UQ)U)Q + (Ug + Ug)wg

= U1W1 + VW1 + UWa + VaWs + U3W3 + V3W3

= (wwy + ugws + ugws) + (V1wy + Vaws + Vaws)
=uwW-+V-W.



Uy (%1

(b) Letu= | uy |,v= | vg |, and let a be a scalar. Then we have:
us U3
auy o
(au)-v= [ auy | - | v2 | = (qur)vy + (qug)vs + (Qusz)vs

aUs (R}
= a(uivy) + a(ugvs) + alugvs)
= a(uyv1 + ugvy + uzvs3)
= a(u-v).

Feedback Question. [Some appropriate calculations and explanations should
have been given. Note that any nonzero scalar multiple of the given equation for
the plane is correct.]

1 -2
(@ | =3 - 5 | =0)(-2)+(=3)(5)+(=7)(—=6) = 25, and so a Carte-
-7 —6
sian equation for II is
—2x 4+ by — 62 = 25.

(b) The point (6,1, 3) is not on II since
—2(6) +5(1) — 6(3) = —25,
and so the Cartesian equation for II is not satisfied.
(¢) The point (—6,—1,—3) is on II since
—2(—6) + 5(—1) — 6(—=3) = 25,

and so the Cartesian equation for II is satisfied.

Alternative solutions to Parts (b) and (c) are:

6 —2 —6 —2
1 ]| 5 | =-25+#£25 and —1 || 5 | =25
3 —6 -3 —6

(d) This distance is

3 —2 —2
1] 5 | -2 / 5 = |—29 — 25|/v/65 = 54//65.
3 —6 —6



(e) This distance is

0 —2 —2
—1 | 5 | -25 / 5 = |25 — 25|/v/65 = 0.
-5 —6 —6

Alternatively, we have —2(0) + 5(—1) — 6(—5) = 25, and so (0, —1,—5) is
on II. Therefore the distance is 0.

(f) [It is perfectly acceptable to use the vector equation of II here, except when
a Cartesian equation is specifically called for.]

The general form of a Cartesian equation for Il is ax + by + cz = d, where
a,b,c,d € R and (a,b,c) # (0,0,0). Now we suppose there is a vector
u such that the points U = (uy,us,u3) and U = (—uy, —ug, —u3) with
position vectors u and —u respectively are both on II. Then

d = a(—uy) + b(—ug) + c(—us) (as U’ is on II)

= —(auy + buy + cug) (by standard properties of R)
=—d (as U is on II).
Thus d = —d and so d = 0. Therefore, the most general form of a Cartesian

equation for II is
ar + by + cx = 0,

where (a,b,c¢) # (0,0,0). (Actually, we have only shown that the condition
d = 0 is necessary for Il to have the required property. We have not
shown this condition is sufficient. But the working below, together with
the observation that II does have a point on it [such as (0,0,0)] shows
this.) So now if (uy,us,us) is on II we get a(—uy) + b(—ug) + c¢(—u3) =
—(auy 4 bug + cuz) = —0 = 0, showing that (—uy, —ug, —us) is on II.
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