Probability II. Solutions to Problem Sheet 8.

Part 1

1. We integrate over y first, for fixed 2, and then over .

P(X+Y <1)
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feviz,y)=Cl4+z+ay) for 0 <z <1land 0 <y < 1soranges are not dependent
but the joint p.d.f. cannot be written as a function of = times a function of . Hence
X and Y are not independent.

Ixy(a,y) = Ce™® ¥ = (e7*)(Ce™™) for 0 < 2 < co and 0 < y < co. The ranges
are not dependent and the joint p.d.f. can be written as g(z)h(y) where gla) =e"
and h(y) = Ce®, So X and Y are independent.

Now for some constant K, fx{z} = Kg{x) = Ke™® for 0 < z < oo and fy(y) =

Fh(y) = %6‘3@’ for 0 < 5 < oc, where K and C are such that each of the marginal

p.d.f.’s integrate to L.

1t is easily seen that X ~ Ewp{l) so that K = 1 and ¥ ~ Fap(3) so that £ =3
and hence ¢ = 3.

Ixyle,y)=Ca¥{i+y) forz >0,y >0and 2 +y < 1. The ranges are dependent
so that X and Y are not independent.

fxyv(z,y)=C e for 0 < x < co and 1 < y < oo. The ranges are not dependent
and the joint p.d.f. can be written as g(z)h(y) where g(z) = 2e™*" and h(y) = g,

) Y
So X and Y are independent.



Now for some constant K, fx(z) = Kg(z) = K ze~ ¥ for 0 < x < oo and fy(y) =
I—l(h(Y) = 7{%—2 for 1 < y < 00, where K and C are such that each of the marginal
p.d.f’s integrate to 1.
1t is easily seen that X ~ Gamma(l,2) so that K = ?}—?, = 4. Also
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Hence C = K =4 and [y (y) = ¢ % for 1 < y < oo and the p.d.f. is zero elsewhere.

Part 2

3. Consider any z > 0. I will integrate over y first, for fixed x, and then over .
. ; e ; ’

;

\
&= % -

PY - X >z} = / (/ ‘.?,e"'(""“")dy) du = / [——262""(""'*‘1’)]?2'3 dz
40 iz Jo g
— . ez Ja —(Rrz)]TER e
= /. 96"t gy g 0 )]:1::() = e

Therefore Fyp(2) = P(Z < 2) =1~ P(Z > 2z)=1—¢"* for z > 0. Also Fy(z) = 0 for
z < 0. Hence fz(z) = ﬂ%—z{f—) = ¢ % for z > 0 and fz{z) = 0 clsewhere. So Z ~ Eap(l).

4. My{t) = (1—20)""* and My (t) = (1 —2t) /%,

{a) fU=X+4Y, then

My(t) = Ble!™ ) = Elet™|B[e™] = Mx () My () = (1 - 21)""

This is the m.g.f. of a chi-squared distribution with parameter 2n (this can also be stated
as Gamma(z,n)). So U has that distribution.



(b It V = X =Y, then

My(t) = B[ = Ble¥e™] = Bl Ele™] = My () My (—t)
(1= 26721 4+ 2) P = (1 - Aty

When n = 2, My(t) =

(1 — 46~ For the double exponential with parameter ¢, the
-1
m.g.f. was M (1‘ (l (’—7—) . Therefore V has double exponential distribution with

parameter f = 5

5. X and Y have joint p.d.f. fyy(z,y) = (x+y) for 0 <z <1and 0 <y <1l Hence
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So E[Y] = {5 and Var(Y) = B[Y?] - (E[Y])? = {.

By symmetry of the joint p.d.f. in z and y, X has the same marginal distribution as
Y and so E[X] = & and Var(X) = i
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Hence Cov(X,Y) = E|XY] ~ EX|EY] =%~ & = = and so
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