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Continuous n-dimensional random variables
The results for two random variables are now extended to n random variables.
Definition Random variables Xi,...X,, are said to be jointly continuous if they have a joint

p.d.f. which is defined to be a function fy, x,.... x,(X1,...,x,) such that for any measurable set A
contained in R",

P((X1,....Xy) €A) = // X X X, (X1, oy X )dX1 .. d Xy
(X1 .00 ) EA

It is convenient to write the joint p.d.f. using vector notation as fx(x), where X and x are
n-vectors with i entries X; and x; respectively.
To obtain a marginal p.d.f. simply integrate out the variables which are not required.
Example fxy z(x,y,z) =3 for 0 <x<z, 0<y<zand0O<z<1. Then
£y (59) = fnax(ey) 3d2 = 3(1 —max(x,y)) for0 < x < 1and 0 <y < 1.
fxz(x,z) = [y3dy=3zfor0<x<z<I.
frznz) = [53dx=3zfor0<y<z<1.
Using the (marginal) joint p.d.f. for fx z(x,z), fx(x) = fx] 3zdz = %(1 —x?) for0<x< 1.
Using the (marginal) joint p.d.f. for fy z(y,z), fr(y) = fyl 3zdz = %(1 —y?) for0<y<1.
Using the (marginal) joint p.d.f. for fx z(x,z), fz(z) = [§3zdx =3z> for0 <z < 1.

Conditional p.d.f We can define the conditional p.d.f. for one set of random variables given
another set, so for 1 <m < n,

— le7"',Xn(x17...7xn)
S X (X155 Xm)

fxm+, oo X | X1y X (X5 e Xn|X1, oy Xim)

Example Consider the example above and condition on one random variable. We will consider
two out of the three cases. Foreach 0 <z < 1,

3 1

Txyiz(xy,2) = 322

for 0 <x <z 0<y<z SoX,Y|Z=zare independent random variables each with U(0,z)
distribution. We say that they are conditionally independent.

Foreach 0 < x < 1,



3 2

Trzix (vzlx) = S1-2)  (1-2)

forO0<y<zandx<z<1.

Now consider conditioning on two random variables. Again we will consider two of the three
cases. Foreach0 <x < z< 1,

3 1
x,Z = —_— = -
frixz(vlx,2) % 2

for 0 < y < z. So the conditional distribution of Y|X = x,Z = z depends only on z and is U (0, z).

Also foreachO <x<landO0<y<1,

3 1

fzx v (2lx,y) = 3(1 —max(x,y)) - (1 —max(x,y))

for max(x,y) <z < 1. Hence Z|X = x,Y =y ~ U(max(x,y), ).

Independence

Definition. ~ jointly continuous random variables X, ..., X), are said to be (mutually) indepen-
dent if fx,  x,(x1,...,x,) =[1", fx;(x;) for all xq,...,x,.

Since the p.d.f. of any subset of the X; is obtained by integrating out the other variables it
immediately follows that

‘inl s Xiy (-xil ) "'7xir) = foij (‘xij)

for all xy,,...,x;, for all possible subsets iy,...,i, and all r =2,...,n.
Then for any events 'X; € Al (i = 1,...,n) it is easily seen (by integrating over the appropriate
sets) that

P(X;; € A j=1,...,r)=[]P(X; €A)
for all possible subsets of the n events, so that the events 'X; € A; (i =1,...,n) are mutually
independent.

In addition if events 'X; € A} (i = 1,...,n) are mutually independent for all such events, if we
take A; = (x; — dx;, x;| for dx; > 0 small, then



n r

Ix1 X, (X1 o X )dxydxy 2 P('X € Aji = 1,...,n) = [ [ P('X; € A}) fo,-j (xi,)dx1 ...dx,
i=1 j=1

12

It immediately follows that Xy, ..., X, are independent.

Hence independence for the X's is equivalent saying that all events 'X; € A/, (i = 1,...,n), are
mutually independent.

Properties.

1. If Xj,...,X, are independent then the joint p.d.f. is obtained by multiplying the individual
p.d.f’s together (for jointly continuous r.v.’s the joint p.d.f. is the ’likelihood’ in statistics).

2. You can ’spot’ independence in the same way as for two random variables. X1, ..., X, are in-
dependent iff the ranges are independent and fx, .. x, (X1 eeeyXy) = [T, s (x;) for some function
gi- When this condition holds then the marginal p.d.f’s are easily obtained. fx.(x;) = cigi(x;)
for a suitable choice of cy,...,c, with [T, ¢; = 1.

3. If Xj,...,X,, are independent then, for any functions A; for which the expectations exist,
E [T, hi(Xi)] =TT, E[hi(X;)]. This provides useful results for the m.g.f. (see examples).

Examples.

L. fxyz(x,y,2) = kxy> =kxxy*x1for0<x<1,0<y<1,0<z< 1. The ranges are
independent and the joint p.d.f. splits as indicated. Hence X,Y,Z are independent and fx (x) =
cikxfor 0 < x < 1, fy(y) = c2y?> for 0 < y < 1 and fz(z) = ¢ for 0 < z < 1, where cjcac3 = 1.
We can find the constant k,c1,c2,c3 from the results that each marginal p.d.f. integrates to 1
and cjcpc3 = 1. Hencec3 =1,¢cy =3, kc3 =2 and ¢ = % and hence k = 6.

2. Xi,...,X, are independent with X; ~ Gamma(0,0,;). Then we can use property 3 to show
that Y = Z;?:lXj ~ Gamma <6,Z;?:1 Oc]-).

My(t)=E [ei?:le} —E

Jliller,-] :ﬁij(f): | (1_%>—Otj: <l_é>—2’}1a,-

J=1 J=1

The result that Y ~ Gamma (6, 27:1 a j) then follows from the uniqueness of the m.g.f.

3. Xi,...,X, are independent with X; ~ N(u j,(S?). Then we can use property 3 to show that
Y = 27:1 anj ~N (Z;!:l aju;, 27:1 a?G?) .

n

ﬁetanj] — HMXj (aj;)
=1

My(t) = E[e’zy:'“fxf} =E
=l

n 2 2 n 2 n 22
— Heﬂj(ajt)+(c (ajt)*/2) _ ele:Iaj,uj—i-(t /2) i, a0
Jj=1

3



The result that Y ~ N ( Terajpg, Xy a?c%) then follows from the uniqueness of the m.g.f.
Transformations of variables

Let Xi, ..., X, be n jointly continuous random variables with joint p.d.f. fx, . x,(x1,...,x,) which
has support S contained in R”. Consider random variables ¥; = g;(Xj,...,X,,) fori =1,...,n
which is a one to one mapping from S to D with inverses X; = h;(Yy,...,Y,) (fori = 1,...,n)
which have continuous partial derivatives. Then

ahl ()’17~~->)’n) ahl(y17'“7yn)
a1 aYn
fY17...7Yn(}’17---,)’n):le,...7Xn(h1(y1a---:yn)y---ahn@l»---a}’n))>< :
ahn()’l7~~>)’n) ahn()’17~~-,yn)
a1 ayn
for (y1,...,yn) € D. You can find D by rewriting the constraints on the ranges of xp,...,x, in

terms of yq, ..., yy.

Example. X;,X,X3 are independent Exp(8). So fx, x, x;(X1,X2,x3) = 93¢ 00t ntx) for
x1 >0, xp >0 and x3 > 0. Find the joint p.d.f. for Y} = X1, > =X; +Xp and V3 = X + X5 + X3.

The inverses are X; =Y}, Xo =Y, — Y and X3 = Y3 — Y>. Hence using the result above:

1 0 O
Trny(01:y2,53) = e M|l =1 1 0] =0%9
0 -1 1

The ranges x; > 0, xo > 0 and x3 > 0 become y; >0, y; —y; >0and y3 —y; > 0,1.e. 0 <y <
Y2 <y3 <.

The joint moment generating function.

The joint m.g.f. for n random variables X1, ..., X, is now defined and its properties given. Let X
and t be n-vectors (column vectors) with j' entries X ; and ¢; respectively. Then

Mx(t) :Mxl,...,x,,(l‘l, wsty) =E [ez;%:ltjxj} — E[etTX]

Properties.
1. The joint m.g.f. of a subset X;,,...X; of the X's is obtained by setting ¢; = 0 for all j not
in the set {if,...,i,}. Note that the joint m.g.f. equals one when ¢; =0 for all j =1,...,n (i.e.

Mx(0) = 1).

2. If Xq,..., X, are independent then



Mx(t) = E [ 51| = E

HetX] = fIMXj(tj)
j=1

3. There is a unique relationship between the joint p.d.f. and the joint m.g.f. (so one determines
the other).

4. If Mx(t) = ITi- g;j(t;) for some functions g;, j = 1,...,n, then Xi, ..., X, are independent.

Proof. If we set#; =0 for i # j, then we obtain the m.g.f. for X;, hence Mx; (t;) = g;(t;) [1:; i(0).

8/(5)

) and hence

Also setting #; = 0 for i = 1,...,n gives 1 =[] gi(0). Therefore Mx;(t;) =

Mx(t)Ing(fj)Zﬁgj( 0)Mx;(t;) = HMX ;)
- i

Hence from property 3 of the joint m.g.f., Xy, ..., X, are independent with the p.d.f. of X; deter-

mined by the m.g.f. My, (;) = ?((té)).

Use of the joint m.g.f. to obtain some important results in statistics.

1. If Xi,...,X, are independent N(u,c?) and if Z; = X";’J for j =1,...,n, then Zy,...,Z, are
independent N (0, 1).

Proof.

N

Mz(t) = E [ezgf:m(xrﬂ)/ﬁ} — I‘IIE[etj(Xj—ﬂ)/G] =] 1 <€_’utj/GMXj (tj/0)>
j= j=
T ( /0 gu(t; /) +(6%/2)(170) ) flet2/2

j=1

~.

Hence by property 4 of the joint m.g.f., Zy,...,Z, are independent with Mz, (t;) = e/ 2, which
is the m.g.f. of the N(0, 1) distribution. Hence from the uniqueness property of the m.g.f.,
Zy,...,Z, are independent N(0, 1).

2.1f Zy,...,Z, are independent N(0, 1) and Y = AZ with Z the n-vector with j" entry Z; and A

an n X n orthogonal matrix (i.e. ATA = AAT =1 where I is the n x n identity matrix), then Y
is an n-vector (entries Y1, ...,Y,) of independent N(0, 1) random variables.

Proof. Now Mz (t) = [T}_ Mz,(t;) = IT] 16’12/2 e(1/2t"t Hence

My(t) = E['Y]=E [etTAZ} —E [AA“)Tﬂ — Mz(ATt)

S/DATOT(ATE) _ 1/ AATE _ (1/2)7t _ ﬁetfﬂ
j=1



Hence using property 4 of the joint m.g.f. and the uniqueness of the m.g.f., Y1,...,Y, are inde-
pendent N (0, 1).

3. If ¥1,...,Y, are independent N(0,1) then ¥; and U = Yo sz are independent with Y| ~

N(0,1)and U ~ %7, ).

Proof. We use the result proved earlier that if ¥ ~ N(0, 1) then E[¢’ Yz] = (1—2t)""/2. Now

MYI,U(S,I) - E [ sYH—l):J 2 ,} —E

eSYlfI esz _ sYl]H Ele th

_ MYI HE 1‘Y2 _ s/ZH -1/2 _ s/2(1_2t)7(n71)/2

Hence using property 4 of the joint m.g.f and the uniqueness of the m.g.f., ¥; ~ N(0,1) inde-
pendent of U ~ x%n_l).

Theorem. If Xi,...,X, are independent N (u,6?) then /n(X —u)/c ~ N(0,1) independent of

(X - X)20? ~d.

Proof. Let Z; = (X; —u)/c for j = 1,...,n. Then \/nZ = \/n(X —p)/c and ¥_,(Z; —Z)* =
"1 (Xj—X)?/c?. Also from result (1) Zy,..., Z, are independent N (0, 1).

Use result (2) with A the n x n matrix with first row (— L . f) ThenY, = <Lf

1 1
NN n’Tﬁ""’Tﬁ)
/nZ. Also

n n
Z =Y'Y=(AZ)(AZ)=Z"ATAZ=7"7 = Zl Z;
: j:

Therefore

Y (z-

=1

I
™=
N
~

2=y V=Y r?
=2

=

Then from result (2) Y1, ..., Y, are independent N (0, 1) and from result (3) Y| = \/nZ = \/n(X —
#)/6 ~ N(0,1) independent of U = Yt , Y} =Y"_(Z; = Z)* =Y|_ (X; = X)?/c> ~ x%nfl).

Note: This provides the basis for the ¢ and % tests met in Fundamentals of Statistics 1. Or-
thogonal transformations of independent N (0, 1) variables will also be used to prove results in
Statistical Modelling 1.



