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Model Specification and Prediction

RCR model

\/IJ = f(XU)TIBI +€U7 = 17 -y Iy J: 17 ws Mis Xij €X

> f= (A, F)"
> B; = (81, Bi) ", E(B;) = B unknown, Cov(3;) = o°D
» E(g;) =0, Var(gj) = o
> All 3; and all €j/; uncorrelated
Gladitz & Pilz (1982): 3 known

Individual response: Si=1
ni(x) = ()" B; 09 2

Special model:
mi=m & Xxj=Xx;

Maryna Prus, Rainer Schwabe Optimal Designs for Individual Prediction



Model Specification and Prediction

BLUE & BLUP in LMM

Y=XB+2Zv+e

E(v) =0, Cov(y) = G, G regular
E(e) =0, Cov(e) =R, R regular
~ and € uncorrelated
B

>
>
>
» 3 unknown

3 XTR-IX  XTR!z 1/ XTRLY
p ZTRIX Z'TR'Z+G! ZTR1Y

=:C

C = Cov ( N s ) Henderson (1975)
v
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Model Specification and Prediction

Model adaptation |
> Vi =f(x) "B +f(x)"bi + ¢

b, Bi _5

» Yi=FB+Fb;i+e¢

Yi1 €t fa) "
Yi=| e=| F= :
Yim Eim f(xm) "
> Y =(1,0F)B+(,®F)b+e
Y1 €1 b:
Y = : e = b=
Y, En bn

Problem: Cov(b) = 021, ® D may be singular
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Model Specification and Prediction

Model adaptation |l
rank(D) =g, g <p

= 3JH with D=HH' & rank(H)=gq
ci:=(H"H)"'H b;

= b;=Hc; & E(c;) =0, Cov(c;) = o2l

» Y;=F3+ FHc; +¢;

»Y =(1,®F)B+(l,® (FH)) c+e c= (clT,...,c;)T
X z

= R=0m G=0%ly
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Model Specification and Prediction

Individual prediction

Bi = B + HE;
D((F'F)™ +D) *Bija + (FTF) ((FTF) "+ D) '3

B=(FTF)FY & B=(FF)IFY,

Y= %Z?:lY"
AT

MSE Matrix for predictors (BI, BT

o? ((I — llnlj) ® (D-D((F'F)"'+D)'D) + %1n1§ ® (FTF)—l)
n
for regular D simplifies to

o? ((I - l1n11> ®(F'F+D 1)t + % (1,1)) ® (FTF)—1>
n
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Optimal Design

Individual design

Experimental settings xi,...,Xxm not necessarily all distinct

» Distinct settings: X1y eeey Xk

. k
» Numbers of replications: My, ey My, ijl mj=m

Individual design:

£: X1y eeey Xk
Wi, ..., Wi
m k
_ —
wi= & ) wi=1
j=1

Notation:

k
M(¢) = Z wif(x)F(x) " = %FTF & A:=mD
j=1
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Optimal Design

IMSE-criterion

For regular D this simplifies to
2
IMSEprea(§) = 7 tr (M(€) ™" + (n = 1)(M(§) + A7) ) V)

weighted sum of IMSE-criterion in fixed effects model and Bayesian IMSE
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Optimal Design

Optimality condition for approximate design
¢* IMSE-optimal if and only if
(= D) ME) T (M) +a) 7 ava (ME) T +a) T ME) ()
+(x) "M(E) TTVM(ET) T (x)
< tr (((n ~1a (ME) "+ a) M) (M) +a) N M(é*)’l) v)

for all x ¢ X
For regular D this simplifies to

f(x)" ((n —DME)+ATH)TVME) + a7+ M(§*)_1VM(§*)_1) f(x)

< (1= DM(E) + A7) IMENME) + A7)+ ME) T V)

For any support point x; of £&* equality holds
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Optimal Design

Special case: random intercepts

» A(x) =1
» D= dlelelT, e = (1,0, ...,O)T

Objective function:

IMSE prea(é) = 02 <r1n tr (M(€)71V) + MV(X)>

IMSE-optimal design in fixed effects model
remains IMSE-optimal for prediction
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Example:
straight line regression

Yi = Bin + Bioxj +ejj,  x; €[0,1]

Only slope is random

> B =/ 009

i=3
> D — d2e2e;|— %

Individual design:
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Optimal weight

10
» n=100
> m—10 0.8
> p=dr/(1+ db) 0.6 |
E
0.4
0.2
0.0 T T T T 1

0.0 0.2 0.4 0.6 0.8 1.0

For small values of dq

w*(di) = w* &  Bayesian optimal design: wj =1
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Efficiency
of equi-replicated design 1o -
» n =100 087
» m=10 0.6
. . . =
» Equi-replicated design: ¢ os
w=0.5
0.2 4
0.0 I I I I \

0.0 0.2 0.4 0.6 0.8 1.0

Efficiency of Bayesian optimal design
for small values of di: eff({5) =0
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Outlook

Outlook

» Exact design
» Different designs for different individuals
» Other design criteria

> ...
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Thank you for your attention!
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